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A first step into theoretical physics 



Theoretical physics is a branch of physics whose ultimate goal is to formulate a (hopefully) 
unified theory that would be able to describe all phenomena that surround us, all laws 
of Mother Nature. One could picture it as the search for the DNA code of Nature. Our 
most serious candidate for this unified theory, the "theory of everything", is known as 
String Theory. As of today, the ideas developed in theoretical physics may rather sound 
like mathematical curiosities disconnected from reality. However, one should be aware 
that a certain amount of mathematical abstraction has always been required to construct 
theories that describe phenomenas of Nature. This awkward feeling one may experience 
with respect to contemporary theoretical physics is certainly strongly correlated to the 
absence of experimental verifications of the theories developed and studied by the actual 
community of theoretical physicists. 

Once upon a time, physicists used to formulate theories to describe phenomena of Nature 
they could experience. Isaac Newton's theory of classical mechanics and law of universal 
gravitation were formulated in 1687 relying upon experiments. However, we know today 
that Newton's theory of classical mechanics only describes systems of particles at sizes and 
velocities we can experience in daily life. An experimentally tested theory is a valid theory 
if it gives a good description of some phenomena "within the limits of accuracy of the 
experiments one can design to check its validity" . 

The first hint that Newton's classical mechanics is only useful to describe systems in 
specific regimes appeared through the formulation of the laws of electromagnetism, describ- 
ing electric, magnetic and optical phenomena, as given by James Clerck Maxwell in 1861. 
Prom one point of view, the theory of electromagnetism is clearly different from classical 
mechanics as it is a field theory where the variables can depend on the time coordinate but 
also on the coordinates of space. From another point of view, electromagnetism is also a 
theory whose formulation was dictated by experiments. As such, if the theories of both 
Maxwell and Newton were describing physical systems, they should rely on the same un- 
derlying physics. The discovery of electromagnetic plane waves, as solutions of Maxwell's 
equations, and the Michelson-Morley experiment led to conclude that light was an electro- 
magnetic wave that traveled at the same velocity in any Galilean reference frame. This was 
obviously in contradiction with the underlying concepts of Newton's classical mechanics. 
This situation is maybe one of the most illustrative examples where inconsistency between 
theories relying on experiments was dealt with through theoretical considerations. 

The resolution of this contradiction was brought in by Einstein in 1905 in his theory 
of special relativity. Einstein postulated that one can not go faster than light and that 
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physics should be equivalent in every inertial reference frame. To agree with this, one has 
to generalize the notion of Galilean reference frames. Rclativistic classical mechanics is 
a generalization of Newton's classical mechanics that takes into account effects predicted 
by special relativity. The beauty of special relativity is that Maxwell's field theory of 
electromagnetism was already cast in a form that agrees with Einstein's theory. As such, 
Maxwell's theory is a relativistic field theory. 

From experimental facts, it was already quite clear at the time that Newton's theory of 
classical mechanics was also not valid to describe very small sized objects such as subatomic 
particles. The description of such systems was explained through the theory of quantas at 
the beginning of the XX*'* century. The quantum theory of electromagnetism, a relativistic 
quantum field theory, required the matching of the quantum theory of particles with special 
relativity. The formulation of such a theory led to the construction of relativistic quantum 
field theories which provide a unified framework to describe field-like objects and particle- 
like objects. 

Along the XX*'* century, two new interactions known as the weak and strong interactions 
were uncovered. The range of these interactions is very small. This makes them purely 
quantum-like in Nature. Just like electromagnetism, these interactions are also described 
by specific quantum field theories. The unification of the electromagnetic, weak and strong 
interactions is formulated by the Standard Model of particles. In this model, the interactions 
mediate the dynamics of the elementary parts of matter, called elementary particles. These 
elementary particles are understood as sources of the fields. 

In this whole discussion, we have left aside Newton's law of universal gravitation. Along 
with the discovery of special relativity, it seemed logical that one should modify such a 
law in a way that takes into account relativistic effects. Instead of dealing with such 
a reformulation, Einstein introduced a totally new concept of space and time based on 
the principle of equivalence, which roughly states that all observers fall the same way in 
a gravitational field. Its main idea was to translate the free-fall trajectory followed by an 
object submitted to a gravitational field into a trajectory in a curved spacetime background. 
The gravitational field is also understood as the curving of spacetime, while energy acts as 
its source. This theory of General Relativity was formulated by Einstein in 1915. 

The experiments one can design today allow us to appreciate the beauty of the quantum 
field theories of the electromagnetic, weak and strong interactions but also of the theory of 
General Relativity describing the gravitational interaction. These theories could be thought, 
at our time, just like Newton's law at the time it was formulated; they are valid theories 
in the sense that they have survived all experimental tests one was able to design to check 
their validity. 

However, there is a main difference. Indeed, for example, the theory of general relativity 
has predicted its own domain of validity through the existence of black hole singularities. 
For describing such entities, one needs an understanding of the gravitational interaction at 
the quantum level. Also, the formulated quantum field theories are not well understood in 
non-perturbative regimes. As such, and in the "absence" of experimental facts, new insight 
is required. 

In the last thirty years or so, theoretical physics has become more and more a branch of 
physics in itself which tries to approach the formulation of a quantum theory of gravitation. 
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and the description of non-perturbative phenomena, through the study of symmetries, dual- 
ities and correspondences between various theories. The most famous theory that has come 
out of these analyses is known as String Theory. In this theory, one considers elementary 
particles and interactions as different vibrations of extremely small unidimensional strings. 
The main success of string theory is that it provides a quantum theory that contains gravity, 
i.e. the spin 2 particle is also understood as a mode of the vibrating string. 

To deal with the many puzzling phenomena Nature wants to reveal us, one needs to 
be equipped with appropriate mathematical tools. The work presented in this thesis deals 
with aspects of the theory of General Relativity and its symmetries. I would like to consider 
this work as a piece of the puzzle. 
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About this thesis 



The research I conducted during these last four years, which is reported in this thesis, was 
motivated by the apphcation of the electromagnetic duality idea to general relativity. It has 
been shown, in 2004, that such a duality symmetry exists at the level of the linearized action 
of general relativity [Ij. It is known as gravitational duality. The hope that gravitational 
duality could be a symmetry of the non-linear theory finds its origin in the existence of a 
solution of the non-linear Einstein's equations, known as the Lorentzian Taub-NUT metric, 
which seems to describe a gravitational monopole. This solution presents several aspects 
of an ill-behaved solution of Einstein's equations, as described by the usual notions and 
tools introduced by general relativity, and is often rejected on physical grounds. However, if 
general relativity predicts its existence, I believe that this may not be the correct attitude. 
Indeed, I think one should rather try to explain how it can be described or, at least, try 
to formulate the appropriate framework where one could deal with such solutions. This 
thesis addresses the gravitational duality symmetry in the linearized theory and highlights, 
from several different perspectives, the problems underlying a complete understanding of 
gravitational duality, and the description of dyonic solutions, in the non-linear theory. 

During my work on gravitational duality, I got interested in the study of charges associ- 
ated to asymptotically flat spacetimes at spatial infinity in general relativity or supersym- 
metric extensions of it. The usual "Noether" charges one defines in general relativity are 
referred to as "electric" charges. The topological ones, which we were able to define at the 
linearized level through gravitational duality, are referred to as "magnetic" charges. It is 
using a specific framework, known as the Beig-Schmidt formalism, that I started wonder- 
ing about a possible formulation of topological charges at the non-linear level. However, 
I realized that, even nowadays, some subtleties in the definitions of "electric" conserved 
charges at spatial infinity or in hypotheses underlying validity of variational principles are 
not completely settled. In the last two years, I have mainly focused on trying to clarify 
these issues. The history will tell us if this was of any help in understanding "magnetic" 
charges at the full non-linear level. 

This thesis describes the work that was presented in the following publications, given in 
chronological order, 

1. "Super symmetry and Gravitational duality" 
R. Argurio, F. Dehouck, L. Houart 

rarXiv:0810.4999v3 [hep-th] Phys. Rev. D79: 125001, 2009. 

2. "Boosting Taub-NUT to a BPS NUT-wave" 
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R. Argurio, F. Dehouck, L. Houart 



arXiv:0811.0538|yl [hep-th] JHEP 0901:045,2009. 



"Why not a di-NUT ? or Gravitational duality and rotating solutions" 
R. Argurio, F. Dehouck 

[arXiv:0909.054^ [hep-th] Phys. Rev. D81:064010,2010. 

"Gravitational duality in General Relativity and Supergravity theories 

F. Dehouck 

[arXiv:1101.4020 [hep-th] Nucl.Phys.Proc.Suppl.216:223-224,2011. 

"On Asymptotic Flatness and Lorentz Charges" 

G. Compere, F. Dehouck, A. Virmani 



arXiv:1103.4078l [gr-qc] Class. Quant. Grav.28:145007,2011. 



6. "Relaxing The Parity Conditions of Asymptotically Flat Gravity" 
G. Compere, F. Dehouck 



arXiv: 1 106.4045 [hep-th] Class. Quant. Grav. 28:245016, 2011. 



We have chosen to spht this thesis into three parts, in a way that seemed more appro- 
priate for a presentation of conserved charges in gravity theories, as we now detail. 



Part I - Electric side: Asymptotic flatness and Poincare charges 

The first part deals with the definition of "electric" charges for asymptotically flat space- 
times at spatial infinity. As we have not been able to make sense of "magnetic" charges 
in the non-linear context, we will not have much to say about them in this first part. The 
original work presented here is contained in the two more recent publications listed here 
above. 

Conserved charges for gauge field theories can be constructed from the consideration 
of asymptotic gauge transformations, which act as "global" transformations at large dis- 
tances. As a consequence, the study of such charges must proceed through the description 
of the asymptotic properties of the fields. In more technical terms, we deal with specific 
boundary conditions which specify a particular class of solutions that behave asymptotically 
in the same way. Given a set of such boundary conditions, one can study the asymptotic 
symmetries and construct the "Noether" charges generated by these symmetries, in terms 
of surface integrals. 

General Relativity is a non-linear theory of space and time that is invariant under 
diffeomorphisms, i.e. under local reparametrizations of coordinates. It is thus also possible 
to define conserved charges as we have just explained. However, this theory presents two 
major difficulties. The first problem is related to the fact that the field in question is 
the metric. The background field is now also the dynamical field. For constructing charges 
associated to asymptotic diffeomorphisms, one has to describe first in what sense asymptotic 
properties of the metric should be understood. Secondly, because it is a non-linear theory, 
conserved charges associated to specific asymptotic symmetries might turn out to present 
non-linearities in the asymptotic fields. The analysis is thus more complicated than for 
linear gauge field theories, such as electromagnetism. 
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The study of conserved charges in general relativity was initiated by considering a class 
of spacetimes that approach Minkowski spacetime, in two different regimes known as null 
infinity and spatial infinity. These solutions are referred to as asymptotically fiat space- 
times. We only restrict in this first part to considerations at spatial infinity. The study of 
asymptotically flat spacetimes at spatial infinity has a long history. Nevertheless, the topic 
has constantly been evolving through the years, see e.g. [2l|3llll[5l|6l[7l[8] for a relevant 
sample of classic works before the eighties, I9l[l0l[lll[13[l3l[ll[l5l[l6l[17l[l8l[l9] for a 
sample of works in the last thirty years. The traditional approach presented in the literature 
can be summed up as follows. The set of boundary conditions are fixed so that they define 
a set of physically interesting spacetimes, such as the Schwarzschild or Kerr black holes, 
and so that charges can be made finite and conserved. These works have all found that 
the non-trivial asymptotic symmetries restrict to the isometrics of the Minkowski metric. 
As such, one obtains a description of asymptotically fiat spacetimes at spatial infinity in 
terms of Poincare charges. One important feature of all these constructions is that the set 
of conserved charges are linear in the fields. 

The specification of the asymptotic symmetries, through the choice of specific boundary 
conditions, is however a quite difficult task. In this first part, we would like to emphasize 
the importance of the study of the equations of motion to see what restrictions should be 
imposed on the asymptotic fields. Also, we will discuss the problem of regulation of infini- 
ties which seems to have been, up to now, the main guideline in the choice of boundary 
conditions. Through the study of the equations of motion and the definition of a good vari- 
ational principle, we achieve a description of a class of asymptotically flat metrics that is 
more general than previously considered in the literature. Our conserved and finite charges 
represent a larger asymptotic symmetry group than the Poincare group. Also, we find that 
the Lorentz charges may present non-linearities in the asymptotic fields. 

Chapter 1: This first chapter is intended as a broad review of conserved charges asso- 
ciated to global and gauge symmetries of an action as described by Noether's theorem. We 
mainly focus on the construction of "global" charges for general relativity. For example, 
we review the construction of Abbott and Deser [10] who defined charges associated to 
isometrics of a background metric. In the asymptotically fiat regime, we present a review 
of the methods used to describe the asymptotic properties of Minkowski spacetime. At 
spatial infinity, we present the work of Regge and Teitelboim [B] who first obtained, from 
the Hamiltonian action, Poincare surface charges as generators of asymptotic symmetries. 

Chapter 2: We review the Beig-Schmidt formalism to describe asymptotically flat 
spacetimes at spatial infinity. We propose an extension of their definition of asymptotic 
flatness by considering an extended class of metrics. We study the generic construction of 
independent, conserved, finite, and non-trivial charges one can built for such spacetimes 
through the study of the equations of motion in the asymptotic expansion. 

Although we recover the standard results for the "usual" boundary conditions, we stress 
that the equations of motion do impose less stringent restrictions. 

Chapter 3: This chapter elaborates on the considerations presented in chapter 2 while 
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making use of covariant methods to construct charges associated to asymptotic symmetries. 
Our first result is a clear understanding of the equivalence between counter-term charges 
constructed from the stress-energy tensor of Mann and Marolf |17| and the construction 
of Ashtekar and Hansen [8j. From the study of the symplectic structure for our class of 
spacetimes, we show that the Einstein-Hilbert variational principle is ill-defined when spe- 
cific parity conditions are not imposed. We propose a regulation of the phase space for a 
class of spacetimes, where we do not impose these parity conditions, through a fixation of 
the ambiguity in the off-shell Einstein-Hilbert action and the symplectic structure obtained 
from this action. This analysis generalizes the constructions that are present in the liter- 
ature and provides a new way of looking at spatial infinity in the asymptotically flat regime. 



Part II: Magnetic theory through duality 

Gravitational duality is a symmetry of the linearized Hamiltonian action of General Rela- 
tivity. If we can define "electric" charges, one should be able to define "magnetic" charges 
to characterize the solutions obtained through duality transformations. It is in this sense 
that the linearized Taub-NUT solution was first understood as a gravitational dyon, see for 
example [201 |2ll [22] . 

The second part of this thesis deals with gravitational duality in the linearized theory. 
We use it as a playground to construct topological charges and study the sources of dual 
solutions obtained through duality rotations. 

Chapter 4: This chapter is a review of the electromagnetic duality as a classical sym- 
metry of Maxwell's equations. We also briefly comment on the great successes of this 
theoretical construction, such as the explanation of the quantization of the electric charge. 

Chapter 5: In here, we review the gravitational duality as a symmetry of the equations 
of motion. We propose a definition of ten "magnetic" charges at spatial infinity, these are 
referred to as the dual Poincare charges. We use this construction as a playground to study 
the dual solutions of some "electric" solutions such as the Schwarzschild and Kerr black 
holes, and the shock pp- waves. In the presence of topological contributions, we point out 
the difficulty, already at the linearized level, of a definition of Lorentz charges in terms of 
surface integrals. 



Part III: Gravitational duality and Supersymmetry 

Supersymmetry has been one of the major ingredients in providing evidence for dualities 
in the realm of string theories and M-theory. In particular, there is a very tight relation 
between U-duality [23j, the most general duality encompassing electric- magnetic duality, 
S-duality and T-duality, and the existence of BPS bounds following from the most general 
maximally extended supersymmetry algebra. This relation follows from the fact that states 
(or supergravity solutions) which preserve some supersymmetries also saturate a BPS bound 
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which takes the form M = |Z|, where Z is a U-duahty invariant combination of all the 
possible charges arising in the specific theory one is considering. These charges, which 
correspond to possibly extended charged objects, arise in the supersymmetry algebra as 
central extensions |24j, i25j. and this is the reason why they enter in the BPS bound. 

It is however striking that U-duality acts only on the right hand side of the BPS bound, 
while it leaves the left hand side, M, invariant. It is natural to ask whether there are more 
general duality transformations that also act on M. It is because of these considerations 
that we believe gravitational duality, which maps the mass M to a magnetic mass A^, may 
play an important role, see also [flESlETlEHlESlEQlEIlES] 

It is the purpose of this part III to study the "magnetic" solutions as supersymmetric 
solutions of supergravity theories and their "topological" contributions to the BPS bounds 
and the supersymmetry algebras. 

Chapter 6: To deal with solutions of supergravity theories, we start by a review of 
several aspects relevant to the original work presented in the next chapter. We review how 
supergravities are local supersymmetric theories and present the M = 1 and N = 2 super- 
gravities. We then elaborate on the construction of bosonic solutions to these theories. We 
then comment on a specific method to solve for the Kiling spinors, parameters of super- 
symmetry transformations. 

Chapter 7: In this last chapter, we establish the supersymmetry properties of the 
Lorentzian charged Taub-NUT solution in = 2 supergravity and review the appearance 
of the NUT charge in the BPS bound. We also recover the expressions for the dual mo- 
menta established in Part II by considering a complexified Witten-Nester two-form. This 
construction also illustrates how the NUT charge copes with the N = 2 supersymmetry 
algebra. We end up by discussing these considerations in = 1 supergravity through the 
study of pp-waves solutions. 
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Part I 



Electric side: Asymptotic flatness and 
Poincare charges 



1 



Chapter 1 



General relativity and conserved charges 



In this chapter, our main concern will be to review the fact that, for general relativity, 
conserved charges can be expressed as surface integrals and are associated to asymptotic 
symmetries which are to be understood as asymptotic diffeomorphisms that preserve the 
form of a given class of metrics at infinity. 

To arrive at such statements, we first review, in section [Llj the Lagrangian and Hamil- 
tonian reformulations of Newton's classical mechanics. This allows us to state Noether's 
theorem which shows that to any differentiable symmetry of an action, one can associate a 
conserved charge, known as the Noether charge. The study of the conserved charges of a 
system can thus be engineered from the study of the symmetries of the action. In Hamil- 
tonian formalism, we see that the Noether charges of the system are also the generators of 
the symmetries of the action. To describe gauge systems, we briefly review the Hamilto- 
nian formulation of constrained systems. We obtain that gauge symmetries are generated 
by first class constraints and are thus vanishing on-shell. In section 1.2, we present the 
Lagrangian and Hamiltonian formulations of General Relativity. We also review how Ein- 
stein's equations can be brought into a system with a well-posed initial value formulation. 
In section 1.3 we apply Noether's theorem to gauge fields theories and show that conserved 
charges should be associated to asymptotic symmetries. For general relativity, we review 
the construction of Abbott and Deser |10] who constructed conserved charges associated to 
isometrics of a background metric. The section 1.4 is devoted to the study of the asymp- 
totic region of Minkowski spacetime, the spacetime of special relativity. We discuss the 
presence of two separated regions at infinity known as null and spatial infinity. Focusing 
on spatial infinity, we review two different ways the information reaching this region can be 
described by means of a limiting procedure of information contained on three-dimensional 
hypersurfaces. The seminal work of Regge and Teitelboim [6j which established the role of 
surface integrals as generators of asymptotic symmetries at spatial infinity is reviewed in 
section 1.5 Eventually, we end up in section 1.6 by a brief summary and a discussion about 
several aspects concerning the determination of asymptotic symmetries. This discussion is 
also intended as a motivation for the original work presented in the next two chapters. 
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1.1 Gauge symmetries and associated charges 



Gauge theories are theories that are invariant under local transformations of the variables. 
In more formal language, one says that gauge transformations map an allowed state, de- 
scribed by the observables (in the case of electromagnetism by the values of the electric and 
magnetic fields,...), to another allowed equivalent state. There is thus some redundancy in 
the description of the physical variables. The fact that gauge transformations are maps 
between equivalent states is to be understood in constrast with global symmetries which 
are symmetries of the theory but do change the state of the system. 

In this section, we review basic facts about the Lagrangian and Hamiltonian formalisms 
of classical mechanics. We stress out how Noether's theorem is expressed in those two 
languages. In the Hamiltonian formalism, we see that the Noether charge, associated to a 
symmetry of the Hamiltonian action, is also the generator of that symmetry. We then see 
how gauge systems are constrained Hamiltonian systems and briefly review the study of 
such systems. The main result of this section is the expression of the generator of a gauge 
symmetry, i.e. the conserved charge. We see that the generating function can be expressed 
in the basis of (first class) constraints. It is thus zero on-shell. In the next section, we 
will comment on how these considerations are generalized to field theories and how one can 
make sense of non-trivial conserved charges associated to asymptotic gauge symmetries. 

We should stress that the considerations in this section are largely borrowed from the 
book of M. Henneaux and C. Teitelboim [33j and also from unpublished notes prepared for 
lectures I gave in September 2010, in collaboration with C. Troessaert, at the sixth Modave 
Summer School, Modave, Belgium. 

1.1.1 Lagrangian and Hamiltonian formalisms 

The Lagrangian and Hamiltonian formalisms are reformulations of the theory of classical 
mechanics of Newton. The basic tool of the Lagrangian formalism is to use, instead of the 
usual coordinates used in Newton's classical mechanics (and leading to vectorial equations), 
generalized coordinates qi. When some of Newton's equations may be redundant and way 
more complicated to solve, the use of these independent coordinates describe the real degrees 
of freedom of the system and simplify greatly its study. The Euler-Lagrange equations 
(1788), desribing a system with A'^ degrees of freedom, were obtained by re-expressing 
d'Alembert's principle of virtual works using variational calculus. The result is 



where i = 1...N. Newton's vectorial equations are reduced to a system of second order 
differential equations. Here, L is the Lagrangian 



where T and V are respectively the kinetic and potential energy of the system. 

During his work on reformulating Lagrange classical mechanics, as we review below, 
Hamilton noticed that Euler-Lagrange equations can actually be obtained from an action 




d dL dL 
dt dqt dqi 




L = L{qi,qi) = T -V, 
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principle. This is known as Hamilton's principle and states that starting from the action 



S 



Ldt 



[1.1.3) 



and demanding that the variation of this action is zero, or asking stationarity of this action, 
6S = we recover Euler-Lagrange equations. Derivation of equations of motion by means 
of a variational principle is by now a central concept in physics. We say that an action 
possesses a good variational principle if the variation of the action is zero upon imposing 
the equations of motion. 

What Emmy Noether proved in 1918, is that to every symmetry of the action, one can 
associate a conserved charge. By invariance of the action we mean that under a transfor- 
mation of the generalized coordinates 



Qi qiiq,s) = qiiq,0) + 



ds 



s + 0(s^ 



:i.l.4) 



s=0 



where qi{qj,0) = qi{0), the action is such that 5S = 0. Alternatively, this means that the 
variation of the Lagrangian is equal to a total derivative 



6L 



dL 
d.s 



s=0 



4f 
dt 



(1.1.5) 



To recover Noether's result, we see that from considering a generic variation of 5L, we can 
write 



dL _ dL dq' dL dq^ _ df 
ds dq^ ds dcf ds dt ' 

and that, upon using the Euler-Lagrange equations of motion, we have 



d_ 
'dt 



dL dq' 
dq^ ds 



f 



. 



:i.i.6) 



:i.i.7) 



A constant of the motion, or a conserved charge Q, is a function such that dQ/dt = 0. We 
have thus proven that when a general transformation is a symmetry of the action, one can 
define an associated conserved charge which is 



Q 



dL dq' 



:i.i.^ 



dq"^ ds 

As an example, let us suppose we want to deal with a system that is invariant under 



translations of time. We set the parameter s = t and from (1.1.6) we have / = L in the 
above demonstration. The conserved charge is just 



dH 

~dt 



0, 



H 



dL dq^ 
dcf dt 



L 



Pi 



L. 



[1.1.9) 



We will see in the following that H is known as the Hamiltonian. It represents the energy 
of the system. Through Noether's theorem, we see that the conserved energy of a system 
is associated to the invariance of this system under time translations. 
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Rowan Hamilton (1805-1865) noticed that the Lagrangian formaHsm may be confusing 
because the generahzed velocities qk = dq^/dt seem at first sight to depend on the gener- 
alized coordinates. However, given the 2N initial coordinates q and q, we would like to 
specify, using the Euler-Lagrange equation^ the future of the system at any time t. If this 
can be done, we say that the system has a good initial value formulation. We thus see that 
the qi{t) are depending on the N initial conditions qi{0) of the generalized velocities but 
not on the generalized coordinates qi. Hamilton's reformulation of the Lagrangian formal- 
ism resides in a change of variables to get rid of this potential confusion and set the 2N 
coordinates on the same footing. He introduced a set of 2A'' independent coordinates qi and 
Pi where pi are the conjugate momenta defined as 

dL 

dqi 

We will refer to these coordinates as the canonical coordinates. To formulate the theory in 
terms of these canonical variables, Hamilton defines the function H, called the canonical 
Hamiltonian 

H,= p,ci-L, (1.1.11) 

where L is the Lagrangian. The easiest way to see that H \s a. function of q and p is to 
realize that the Hamiltonian is the Legendre transform of the Lagrangian which maps the 
space (g, 4) to the so-called "phase space" ((?,p) and vice- versa. 

The Legendre transform of a function / is the function / defined by 

f{Q,P,y) = rriax[py-f{q,y)], (1.1.12) 
y 

and depends a priori on the three variables q,p,y- However, one easily sees that the right 
hand side of this last equation is maximized when 

^{py-fiy))=P-^ = o^P = ^, (1.1.13) 

dy dy dy 

which means that if we invert this last relation to obtain y as a function of p, the Legendre 
transform only depends on q and p and is defined by 

f{q,p)=py{p)-f{q,y{p))- (i.i.u) 



Said that, and given the definition (1.1.11), one easily verifies that the Hamiltonian 



H = H{q,p) is indeed the Legendre transform of the Lagrangian L{q,q) for the variable 
y = q. Doing this transformation, we have replaced the coordinate q by the coordinate p. 



^Note that the initial conditions are supposed to be completely independent here. This is not always the 
case as there can be relations between them, that we call constraints. Constrained systems will be discussed 
in the following. 
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The Lagrangian formalism starts from the definition of a Lagrangian, the conjugate 
momenta and the Euler-Lagrange equations 



L = L{qi,qi) , 

d dL dL 
dt dqi dqi 



V 



dL 

dqi ' 



. 



(1.1.15) 



The properties of the Legendre transform ahow to recover, from the Hamiltonian, ah the 
information about the Lagrangian through the inverse relations that express the velocities 
in terms of the coordinates and the momenta. In Hamiltonian formalism, we have the 
Hamiltonian and Hamilton's equations 



H{qi,Pi) = Pi(i - L 
dH 



dH _ dL 
dq^ dq^ 



dH 

dp^ 



P 



where the last two equations in (1.1.16) come from the following two variation^ 



5H 



dH 
d(t' 



+ —6p" 

QpU 



dT 

6H = qn5p^ - —5q^ . 



The relation (1.1.17) is a rewriting of Lagrange's equations 

d dL dL „ dL „ dH 

= = p = p -\ . 

dt dqn dqn dqn dq^ 

One easy way to recover Hamilton's equations is from the variational principle 



(1.1.16) 
(1.1.17) 

(1.1.18) 

(1.1.19) 



= 5S = 6 j Ldt = 5 j (p"g„ - H)dt 



+ (1.1.20) 



Note that we also need to set 6qi{ti) = 5qi{t2) = 0. Here, the action S is called the 
Hamiltonian action. 

An important object one can define on the phase space {q,p) is the Poisson bracket 



dF dG dF dG 



QqU Qp^ Qp^ QgU ' 



fl.1.21) 



where F and G are functions of the canonical variables p and q. Using this bracket, the 
equations of motion take the simpler and more compact form 



F = [F,H], 



(1.1.22) 



The first equation is the formal variation of a quantity H while the second one is the variation of 
H = p,q' - L. 
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whith F = p or F = q, or more generally F = F{q,p). We see that the Poisson bracket 
defines the evolution of the dynamical variables F{q,p). 

An important property of this bracket is that for every function G{q, p, t) on phase space, 
we have 

dG dC . dG dG dG 

where in the second equality we made use of Hamilton's equations. As we already said, a 
function G{q,p,t) is a constant of motion if it fulfills dG/dt = 0. The Poisson bracket of 
two constant of motions will thus be another constant of motion. Indeed, given Gi and G2, 
two constants of motion, we have 

[[Gi,G2],F] = [Gi,[G2,//]] + [[Gi,i7],G2] = [Gi,-^] + [-^,G2] 

= -^[^1,^2], (1.1.24) 



where we used the Jacobi identity, which the Poisson bracket satisfies, and (1.1.23). This 
result states nothing else than 

;|1.„, ^.0,G3.P.,G., . f^O. ,1,1.25) 

In other words, we have shown that the constants of motion form a closed algebra under 
the Poisson bracket. Note eventually that if a function G does not depend explicitly on 
time, the condition for G to be a constant of motion reduces to 

dC 

[H,G]=O^G = — = , (1.1.26) 

meaning that it must Poisson commute with H. This also implies that if the Hamiltonian 
does not depend on time, it is automatically a constant of motion. 

Let us now revisit Noether's theorem in the Hamiltonian formalism. Here, one could try 
to generalize the change of coordinates that left the Lagrangian action invariant by defining 
a general transformation of the form 

6qi = Qi{q,p,t) , 5pi = Pi{q,p,t) , (1.1.27) 

that would leave the Hamiltonian action invariant. As previously said, we look foij^ 

6L=^^^^. (1.1.28) 
dt 

Now, by computing 6L = 5{piq^ — H), we get 

6L = P^q'+p'^a - ^P - ^Q. = % . (1.1.29) 
dt opi oqi dt 



^Actually, one could also take a function / that depends on q and p as we are off-shell. However, one 
can show that redefinitions, involving trivial symmetries of the equations of motion, permit to get rid of this 
dependence. 



8 



By further expanding the total time derivatives, one obtains 



dQ^ df , 



dQi df ,dQi df dH dH 



OfF-sheU, the g's and the p's are independent of the g's and p's. One sees that the equation 
actuahy decouples into a set of three equations, the first two terms can easily be seen to 
rewrite as 



d_ 
dqi 



iPjQ' - f) , 



Qi 



d_ 



iPjQ' - f) ■ 



(1.1.31) 



Defining G = pjQ^ — f and using the definition of the Poisson bracket, we can write 

Sq^ = Qi = h, G] , 6pi = Pi = [pi, G] . (1.1.32) 



If we now plug this last result into the last term of (1.1.30), we obtain 
^{p'Q^ - f) dH 







dG_ 
~dt 



dt 

+ [G,H] 



p. _ - ^ + dH_dG _ dH dG 

dpi * dqi * dt dpi dqi dqi dpi 



(1.1.33) 



which is the same as saying that G is a constant of motion. 

From (1.1.32), we see that symmetries of the action are generated by a function G = 
PjQ^ — /. We refer to them as the generators of the symmetries or the generating func- 
tions. Note that transformations that are generated by a function G are called canonical 
transformations as they leave the canonical Poisson bracket invarianl|^ What Noether's 
theorem tells us is that to each symmetry of the action, one associates a conserved charge, 
or constant of the motion, which is also G. 



The role of G is thus twofold: It is the generator of a symmetry of the action and also 
the conserved charge associated to this symmetry. 



In this thesis, we will always be concerned with symmetries of the action and their 
associated charges. For a specific symmetry, we will thus no longer make any distinction 
between its generator or its associated conserved charge. 

Let us now see how one can describe gauge systems as Hamiltonian systems where some 
additional constraints are imposed. 

''Canonical transformations will leave the equations of motion invariant if we also have SH = 0. In this 
case, they are generated by a symmetry of the action which is a constant of motion. Note that equations of 
motion could a priori also possess symmetries that are not canonical. These will however not have Noether 
charges associated to it. 
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1.1.2 Gauge systems as constrained Hamiltonian systems 



As we already emphasized, gauge theories are theories that are invariant under local trans- 
formations. In Lagrange's formalism, one sees that the presence of a gauge symmetry implies 
that the evolution of the dynamical quantities may allow for arbitrary functions of time. 
A gauge system is a system where the values of the generalized coordinates and velocities 
are given but where some transformations do not change the values of the accelerations 
which describe the physical quantities. In a sense, there are less degrees of freedom than 
the apparent ones, i.e. the qi. Mathematically, gauge systems can be recognized as follows. 
If one starts from Lagrange's equations 

d dL dL ^ 

, (1.1.34) 



and plugs in 



dt dq^ dq^ 



^ d(]t>_ _d_ dq^ _d_ (^ -[ ^r.) 

dt dt dqi dt dqi ' y ■ ■ ) 



the Euler-Lagrange equations write 

q^ = — - (1 1 36) 

dq^dq^ dq^ dqidq^ 

From this equation, one sees that the accelerations q^ at a given time are uniquely deter- 
mined by the velocities and positions at that time if 

det(^)^0, (1.1.37) 

meaning that this matrix can be inverted. Gauge systems will precisely fall into the class 
of systems where this matrix cannot be inverted. 

To discuss gauge systems, we consider systems for which the matrix 

is non-invertible, or not of maximal rank. We will fix the rank, assumed to be constant 
throughout (g,^)-space, of the matrix A to be 2N — M. By using the definition of the 
conjugate momenta, we see that 



det(T^T^) = ^ det(j;,) = det{dpi/dq^) = , (1.1.39) 



'^dcf' dq^ 

meaning that the determinant of the Jacobian Jij of the transformation from the pi to 
the qi is zero. Alternatively said, this means that the Legendre transform is not invertible 
or equivalently that, from p = dL/dq, one can not determine uniquely the velocities as 

functions of the canonical variables jo, q. One immediate consequence is that the conju- 
gate momenta are not all independent but there rather exists some relations between the 
canonical coordinates that we call "primary constraints" 

<^m(g,p)=0, (1.1.40) 
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where we let m = 1...M in agreement with the rank of A. The name "primary constraint" 
comes from the fact that the equations of motion are not used and imply thus no restrictions 
on the or q*. Here and in the following, we will always assume that the constraints are all 
independent. In full generality, one could also imagine a (reducible) system of constraints 
where only some of them are independent. We refer the reader to [33] for a study of reducible 
systems. 

An Hamiltonian system in the presence of a general set of constraints is called a con- 
strained Hamiltonian system. Although we have understood gauge systems as constrained 
Hamiltonian systems, one should pay attention to the fact that the latter system is a more 
general one as not all constrained Hamiltonian systems can be obtained from a gauge prin- 
ciple. 

The rest of this section aims at reviewing the theory of constrained Hamiltonian systems. 
Especially, we point out how one can recover the invertibility of the Legendre transform, 
the classification of constraints into primary and secondary constraints and then into first 
and second class constraints, and how one can "solve" for the constraints. As previously 
mentioned, our aim is to show that first class constraints generate gauge symmetries. Indeed, 
reviewing Noether's theorem, we see that global symmetries are associated to first class 
functions which are constant of the motion while gauge symmetries are associated to first 
class functions which can be decomposed into the basis of first class constraints. As a 
consequence of this last result, the gauge symmetries are thus associated to trivial charges. 



Recovering invertibility of the Legendre transform 

To deal with constrained Hamiltonian systems, defined from a Lagrangian, one must see at 
what cost the invertibility of the Legendre transform can be recovered in the presence of 
primary constraints. 

The first thing to notice is that the properties of the Legendre transform imply that 
H = priQ^ — L is a function of the canonical variables because 

SH = r6pn-6q-—. (L1.41) 

However, in the presence of constraints, it is only a uniquely defined function of the canonical 
variables on the primary constraint surface, the (2A^ — M)-dimensional submanifold defined 
by (pm = 0. 

If we want to restore the invertibility of the Legendre transform, we need to introduce 
M extra variables, in agreement with the fact that the Legendre transformation can only be 
well defined between spaces of the same dimensionality. To achieve this, we will impose that 
the primary constraint surface is smoothly embedded in phase space and that it satisfies 
some regularity conditions that, roughly said, allows us to use the primary constraints as a 
local set of coordinates in the vicinity of the constraint surface. Under these assumptions, 
one can check the following two theorem^ 

Theorem 1: If a (smooth) function G on phase space vanishes on the primary con- 
straint surface, then (locally) G = g^4)m- 

^Proofs of these theorems can be found in |33| . 
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Theorem 2: If Xn^q"' + fi"'dpn = for arbitrary variations 6pn, then 

An 



u 



dpn 



for some u"*. These equahties are true on the primary constraint surface. 



(1.1.42) 



With the help of the second theorem, it is easy to see that by using (1.1.18) 
,dH dL 



, „ .dH 



.)Sp'' = 



we obtain the defining relations of the inverse Legendre transformation 



q^ = q^ 



dH 



dL 



dH 



+u 



(1.1.43) 



(1.1.44) 



which now defines a transformation between spaces of the same dimension 2N . From (g, 
space to the primary constraint surface of phase space, we have 



9" = 'Z" , 



dL 



,m ,,m 



u^{q,q). 



(1.1.45) 



We have thus achieved our goal of restoring invertibility of the Legendre transformation 
by adding the extra independent variables n"^ thereby permitting a transformation between 
two spaces of same dimensionality. 



With this in hand, we can go from the Euler-Lagrange equations to Hamilton's equations 

and we get 



■n ^ dH ^ ^rnd<t>m 
QpU Qp^ 



dH 
~d(f 



-u 



dq"- 



'Pm{p,q) = 



where the equations of motion can be written using the Poisson bracket as 

F=[F,H]+u"'[F,cP^] . 



(1.1.46) 



(1.1.47) 



The first relation in (1.1.46) permits to recover the q"' when given the momenta (upon 
imposing (pm = 0) and the u"^. Because the dcpm/dpn are assumed to be independent, two 
different sets of u™" must give two different sets of This also implies that the u"^ can in 
principle be expressed as u"^{q, q). 

Note that these equations of motion could also be obtained from the variational principle 



S f\qyn-H-u^^m)=0, 
Jti 



(1.1.48) 



under arbitrary variations Sq, Sp, and Su'^ with Sqn{ti) = 5qn{t2) = 0. Here, the appear 
as Lagrange multipliers enforcing the primary constraints. 
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The consistency algorithm: a full set of primary and secondary constraints 



If we look at the equations of motion (1.1.46) for a constrained system, we see that a 



necessary requirement is that every primary constraint also satisfies 

</.„ = [0„,i?]+u" 0„] = O. (1.1.49) 

Depending on the appearance of the parameters n™ in the above expression, this re- 
quirement provides us with a secondary constraint N{p, g) = 0, a relation involving only 
the g's and the p's and independent of the primary constraints, or with a relation involving 
the u's and thus restricting these parameters. Also, as an iterative consistency algorithm, 
if there is a secondary constraint N{q^ p) we also need to check that 

N =[N,H]+u"'[N,cl)^] = , (1.1.50) 

does not bring new secondary constraints. In the end, we are left with a total sytem of J 
constraints (primary and secondary) that we collectively denote by 

^j, j = I...M, M + 1...M + K{= J) , (1.1.51) 

where K of them are secondary constraints. Note that we also assume in the following that 
the regularity conditions discussed above for the primary constraints apply to the full set 
of primary and secondary constraints. Remember that the constraints are assumed to be 
all independent such as to form an irreducible set of constraints. 

Towards a more fundamental classification of constraints: first and second class 

Having determined the full set of constraints, the set of J nonhomogeneous equations linear 
in the M unknown (M < J) parameters u™" 

[^j,H]+U^[^j,cl)rr,]^0, (1.1.52) 

should possess solutions. Otherwise, this would mean that the system desribed by the 
Lagrangian is inconsistent. In the last equation, the sign ~ refers to an equality that is only 
true on the primary constraint surface. We say that the expression is "weakly vanishing". 
One important consequence of Theorem 1 is that two functions that are the same on the 
constraint surface should be related by 

F^G^F-G = c\q,p)^k, (1.1.53) 

where the sign = denotes equality on the full phase space. A function on phase space that 
is = is said to be "strongly vanishing" . Also, for three quantities A, B, and C with C « 0, 
we have, using the Jacobi identity, 

[A, BC] = B[A, C] + [A, B]C « B[A, C] B[A, C] « [A, BC] . (1.1.54) 



The general solution to the non-homogeneous first order differential equation (1.1.52) is 
given by 

^ U"" + v^'V^ , (1.1.55) 
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where U"^ is a particular solution and V"^ = v"'V^ is the general solution of the associated 
homogeneous system 







(1.1.56) 



J 1 'rm\ 

written in the basi^of linearly independent solutions V^. Upon solving this system, we 
have achieved a split between what is fixed by the consistency conditions, the C/™, and what 
is left totally arbitrary, i.e. the coefficients f". 

One particularly interesting thing to notice is that both the primary constraints (j)a = 
and H' = H + U'^(j)rm defined using (1.1.55), Poisson commute with the general set 



of constraints 



. 



(1.1.57) 



Indeed, this can be seen by plugging the general solution (1.1.55) into the consistency 
conditions (1.1.52) and using (1.1.54). Doing so, we obtain 



[<I>,-,if'] + 7;"[cI>,-,0,]«O. 



(1.1.58) 



However, (pa is also a basis of primary constraints which are solutions of the homogeneous 
equation 

V''[^j,(ka\-^ . (1.1.59) 

implying that [<I>j,(/)a] ~ 0. To complete our proof, we just need to implement this last 
relation into (1.1.58). 

The fact that (pa and H' Poisson commute with the general set of constraints is a 
motivation to introduce a more interesting classification of constraints which makes direct 
use of the Poisson bracket. 

A function F{q,p) is said to be first class if its Poisson bracket with every constraint 
vanishes weakly 



[F,cl>,]«0. 



(1.1.60) 



If it is not first class we will call it second class. A first class function on phase space is 
said to Poisson commute with all the constraints. Our first examples of first class functions 
are thus (j)a and H' . In the following, we split the full set of constraints $j into first class 
constraints 7a and second class constraints Xct- 

Before proceeding, let us define the total Hamiltonian as being the sum of the first 
class Hamiltonian H' = H + U^cpm and the first class primary constraints (pa multiplied by 
arbitrary factors v"" 



Ht = H' + V^^a- 

One can check that the equations of motion reduce to 

F =[F,H]+u^[F,4>m]^[F,H + u'' 



[F,Ht] , 



(1.1.61) 



(1.1.62) 



Note that we actually need to require ["I>j, (j>m] to be of constant rank so that VJ" is fixed on the constraint 



surface. 
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upon using (1.1.54) 



An important property of the definition of first class constraints is that it is preserved 
under the Poisson bracket operation. The Poisson bracket of two first class constraints is 
first class. This is shown by making use of Theorem 1 and the Jacobi identity. This result 
is indeed crucial because we will now show that first class constraints are generators of 
symmetries and thus form an algebra. Also, by Noether's theorem, charges associated to it 
should form a closed algebra under the Poisson bracket operation. 

First class functions as generators of symmetries 

It is easy to see that no second class functions but only first class functions can be generating 
symmetries. Indeed, a symmetry of the equations of motion is a variation of the dynamical 
variables that leaves the equations invariant. As such they should map an allowed state 
to another (equivalent or non-equivalent) allowed state. Because an allowed state sits on 
the constraint surface, we should have by consistency of the theory that ~ 0. If this 
last statement is not true, then we would allow for symmetry transformations that bring 
us out of the constraint surface, an inconsistent statement. For a canonical transformation, 
we have 

OQn Opn OQu Opn 

which is precisely the requirement that the generating function be a first class function. 
When looking at symmetries of the action, we will see that first class functions that are 
constant of the motion generate global symmetries. Let us for now review how first class 
constraints are understood as generators of gauge transformations. Later, we will recover 
these results through Noether's theorem. 

As already stated before, given an initial set of canonical variables describing a physical 
state at time Iq, we expect the equations of motion to fully determine the physical state 
at other times. However, we know that, in the presence of constraints, different sets of 
canonical variables can describe the same physical state as it is reflected in the definition 
of the total Hamiltonian by the set of arbitrary functions v"". 

What this means is that any ambiguity in the value of the canonical variables at a 
time ti should be a physically irrelevant ambiguity, also called a gauge transformation. In 
mathematical language, by picking ti = to + ^t, and using the time evolution of dynamical 
variables with two different choices of v"', denoted v"" and v"", in the total Hamiltonian 
expression, we have 

6F = AF{ti,t2,v^)-AF{ti,t2,vn 

= i[F,H']+v''[F,(t>a])At-{[F,H'] + v''[F,4>,])At 

= e''[F,^a], (1.1.64) 

where = {v"" — v"')At is an arbitrary function of time. We say that first class primary 
constraints generate gauge transformations. Here, we see that this transformation will not 
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modify the physical state at the later time ti. One obvious question is "what about first 
class secondary constraints" ? 

There exists no general proof that first class secondary constraints do generate gauge 
transformations. At most, one can show that in principle they could. This led Dirac to 
conjecture that all first class constraints generate gauge transformations (this is known 
as Dirac's conjecture). We will not discuss the fate of first class secondary constraints in 
details here. We will rather assume that all first class constraints generate gauge symmetries, 
although one should be aware that counter-examples do exist, see [33] . 

If we assume that all first class constraints (primary and secondary) are generators of 
gauge transformations, then the most general physically permissible motion should also 
allow for general gauge transformations. To this end, we define the extended Hamiltonian 
as 

He = H' + u^ja , (1.1.65) 
where ja denote first class constraints. From the extended action principle 

Se = j {Piq' - H' - u'^^)dt , (1.1.66) 

where the sum is understood over all the constraints, we get the equations of motion for 
the extended formalism, see [33j . 

F^[F,He]^ «0. (1.1.67) 

Let us mention that the extended formalism is really a new feature of the Hamiltonian 
formalism that takes into account all the gauge freedom of the theory while the Lagrangian 
(or equivalently total Hamiltonian) just restricts to the gauge freedom introduced by the 
primary constraints. Indeed, when considering any physically relevant dynamical variable 
O, also called observable, which is by definition gauge- invariant, we should have 50 « 0, 
which means that its Poisson bracket is weakly zero with all the first class constraints. Its 
evolution is thus the same when expressed with respect to He, Ht or H' . But this is not 
true for gauge-variant dynamical variables where evolution should be described using He 
which takes into account all the gauge freedom of the theory. 

Solving the constraints 

Before moving to Noether's theorem, let us briefly comment on how constraints can be 
solved, as often implemented in the study of constrained Hamiltonian systems. In short, 
first class constraints can be gauge- fixed by introducing new ad- hoc constraint^ and second- 
class constraints are dealt with by reformulating the theory in terms of the Dirac bracket. 

Solving the first class constraints, generators of gauge symmetries, permits to establish 
a one-to-one correspondence between physical states and values of the canonical variables, 
by avoiding a multiple counting of states. It also allows one to describe the true degrees 

'^Note that this procedure can not always be implemented because there does not always exist gauge 
fixing conditions that are globally well defined. This phenomena is known as the " Gribov obstruction" . 
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of freedom of the theory under consideration. To implement this, one introduces new 
constraints, i.e. gauge fixing conditions. It can be checked that to obtain a satisfying set of 
gauge fixing conditions, that wc denote by Ch{q,p) ~ 0, we need a number of independent 
gauge conditions that is precisely equal to the number of independent first class constraints. 

If such a set of gauge fixing conditions has been determined, one consistency requirement 
is that there must not exist gauge transformations other than the identity that preserve the 
set of gauge conditions and by this we mean 

5n"[a,7a]~0^(5M" = 0. (1.1.68) 

This last statement is true when the above Poisson bracket defines an invertible matrix such 
that 

det{[Cb,7a])^0, (1.1.69) 

which alternatively means that the introduced gauge fixing conditions are second class but 
that also our previously first class functions ja have now become second class. In this case, 
we have completely fixed the gauge freedom and first class constraints have become second 
class. 

Without entering into details, it was noticed by Dirac that to deal with second class 
constraints, one can just replace the Poisson bracket by a new one. This new bracket is 
known as the Dirac bracket 

[F,Gr = [F,G]-[F,Xa]C^^[xp,G] , 
where 0^/3 is the Poisson bracket of second class constraints 

Ca/3 = [Xa,X/3] , (1-1.71) 

and C"^ is the inverse matrix such that C"^C^^ = S^. By definition, the determinant of 

the antisymmetric matrix Ca/s should not be zero. This implies that it has to be a n X n 
matrix with n even, i.e. second class constraints should always come in pairs. 

To check that the introduction of the Dirac bracket permits to get rid of second class 
constraints, one readily checks that the Dirac bracket of any dynamical variable F{q,p) 
with a second class constraint is strongly zero 

[F, = [F, X7] - [F, Xa]C''^[xrJ, X7] = [F, X7] - [F, XajC^C^^ = . (1.1.72) 

This means that we can always set the second class constraints to zero either before or after 
evaluating a Dirac bracket. The equations of motion become 

F^[F,HE]^[F,HEr . (1.1.73) 

The most trivial example illustrating this procedure is a system with two second class 
constraints, i.e. constraints such that p 0, g but \p,q] = 1. One checks that the 
introduction of the Dirac bracket permits to completely forget about these coordinates. 



(1.1.70) 
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Let us make a few additional comments: 



Firstly, we have said that getting rid of the constraints is sometimes useful. One can 
choose to solve all constraints, and especially fix the gauge freedom of the theory, or only 
solve the second class constraints. However, it is also interesting to remember that while 
getting rid of first class constraints, we made them become second class. Second class 
constraints could thus be reformulated as gauge degrees of freedom before gauge fixation. 
This procedure can present some advantages as it permits to bypass the introduction of the 
Dirac bracket whose quantum realization may be highly non-trivial. Actually, even in the 
absence of second class constraints, the introduction of extra gauge degrees of freedom can 
be interesting, for example when one wants to make some hidden symmetry manifest. 

We also said at the beginning tliat the solving the constraints permits to single out the 
true degrees of freedom of our theory. Indeed, we see that a constrained Hamiltonian of 2N 
independent canonical variables with n first class constraints and m second class constraints 
has D degrees of freedom 

D = N -n- {m/2) , (1.1.74) 

where D is always an integer because m is always even. From the above counting, one often 
says that first class constraints strike twice. This is understood from the fact that we had to 
introduce n extra ad-hoc gauge conditions who implied that the set of first class constraints 
became second class, a "new" set of n constraints. 

Eventually, let us mention that one can also study constrained Hamiltonians using sym- 
plectic manifolds, i.e. manifolds equipped with a closed non-degenerate differential two-form 
Wq/j, the symplectic form. A generic bracket between two functions F and G is defined as 

In this context, one can give a geometrical meaning to the Dirac bracket. It is the bracket 
defined using as symplectic structure the pullback of the phase space symplectic structure 
onto the constraint surface. 



1.1.3 Noether's theorem 

Let us now formulate Noether's theorem for a generic set of symmetries of the extended 
action. Here, we show that the set of gauge and global symmetries of the extended action are 
generated by first class generating functions that are respectively the first-class constraints 
and the general functions on phase space that are constant of the motion. 
To show this, we consider the variation of the extended action 

SE[q^{t),Pn{t),u\t),u''{t)\ = J {pnit -H- u'^^a - u''Xa)dt , (1.1.76) 

under an infinitesimal transformation 

= , 6pn = Pn , Su" = U" , 5m" = , (1.1.77) 
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where the Qn, Pn,U^, are functions of q,p,t and u and their derivative^ 

The invariance of the action states that the variation of the Lagrangian for a given 
symmetry is zero up to a total derivative 



6L = crp^ + ^^{p^Q^^)-Q^p^-5H-U''^a-u''5^a-U''Xa-u''5xc 
dt ' 

Now, let us first introduce 



(1.1.78) 



D d d d d d 

— = ^ + + + ... + -u"-^ + ii"-^ + ... . (1.1.79) 

This definition permits to replace time derivatives in the above variation as 

d D „ d „ d , , 



It is easy to see that the rhs of (1.1.78) will split, like in the unconstrained case, into 
three terms. The first two terms, i.e. the ones that multiply q and p, will tell us that the 
transformation must be canonical 

dC BC 

5qn = Q'' = T^ = [qn, G] , 5pn = Pn = -J^ = [Pn, G] , (1.1.81) 

OPn Oqn 

where G = pjQ-' — f. Because = laiQ,?), Xa = XailiP) and H = H(p,q) are functions 
on phase space, this also implies that 

Sla = ha,G], SXa = [Xa,G], 6H=[H,G]. (1.1.82) 

Replacing this in the third term, coming from the split of ( 1.1.78[ ), immediately gives us an 
additional condition on the generating function G 

DC 

— + [G, H] + u'^iG, 7a] + W'iG, Xa] = W'ja + U'^Xa ■ (1-1.83) 

As one can show, it is equivalent to deal with this equation after having set to zero the second 
class constraints which we will assume from now on, see [33]. With a lot of courage, one 
can show by solving the above equation, upon looking at its dependence in derivatives of u, 
that the general solution to the equation (1.1.83) is the sum of a particular solution Gpart = 
G{q,p,t) of the non-homogeneous equation with the general solution of the homogeneous 
part of this equation [33] 

G = g''{q,p,t,u,u,u, ...ha + G{q,p,t) , (1.1.84) 

where the particular solution Gpart = G{q, p, t) must be first class and a constant of motion 
on the constraint surface 

BG 

[G,7a]~0, — + [G,H]f^O. (1.1.85) 



*For the same reason as in the unconstrained case, we can get rid of the dependence in q and p by means 
of redefinitions which are trivial symmetries of the equations of motion. Note that, technically, this can only 
be implemented under the assumption of locality, which we assume here. 
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The first term in (1.1.84) represents the charges associated to gauge transformations 
while the second term represents the charges associated to global symmetries. 

In the end, we have shown that global symmetries of the extended action are generated 
by functions G{q,p,t) which are first class and constants of the motion. Noether associates 
to it the conserved charge G. We have also checked, as previously announced, that gauge 
symmetries are generated by (linear combination of) first class constraints. 

One important consequence of this last result is that gauge symmetries have trivial 
associated conserved charges as the generators of these symmetries are on-shell vanishing. 
After a brief review of the Lagrangian and Hamiltonian formulations of general relativity, 
we will see that this is not always true for gauge field theories, such as general relativity. 



1 . 2 Einstein s th eory o f gra vity 

General Relativity is a theory for a spin 2 field that was designed to describe the gravitational 
interaction at the classical level. The celebrated equations of Einstein can be written as 

R,^u - ^Rgt^u = SttGT^^ . (1.2.1) 

For the vacuum equations, in the absence of sources T^, = 0, the Lagrangian formulation 
was established by Hilbert. The Lagrangian is known as the Einstein-Hilbert Lagrangian 

S = j d'^x^R. (1.2.2) 

Asking stationarity of the Einstein-Hilbert action, one recovers Einstein's equations in the 
vacuum. Actually, this last statement is only true when boundary contributions are dis- 
carded. Alternatively, one says that the variational principle is valid, i.e. it gives the 
Einstein's equations, only when boundary contributions can be neglected. We show, in 



section 1.5, that this is not always the case. As we will see in the following, the importance 
of these boundary terms are primordial to the construction of non-trivial conserved charges 
for general relativity. 

The formulation of the Hamiltonian theory for classical systems, constrained or not, 
implicitly required a specification of time. The theory of general relativity is a theory of 
space and time where there is a priori no preferred time direction. To be able to cast it into 
an Hamiltonian form by understanding how one can single out a time direction, we first 
review the closely related problem of establishing that general relativity has a well-posed 
initial value formulation. Indeed, a positive answer was provided by considering a splitting 
of space and time as we now review. 

A well-posed initial value formulation 

A system possesses a well-posed initial value formulation if an allowed state of that system 
can be unambiguously described at a future time ti, upon using the equations of motion, 
given a set of initial conditions at time to and if small fluctuations of these initial conditions 
at Iq do not alter drastically the state at time ti. One of the successes of general relativity 
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is that it has a well-posed initial value formulation when considering, as we explain below, 
globally hyperbolic spacetimes. In here, we do not pretend to be rigorous as we are only 
interested in reviewing some concepts we will use in the following. 

Given a manifold M , a Cauchy surface S is a space-like surface (meaning that all points 
on this surface are space-like separated) such that 

M =P~(S) U S U , (1.2.3) 

where 2?^(E) represent respectively the future and past regions of that surface S. The 
future region of the surface S is the region of space-time that can be reached from any 
point lying on the surface S when going along time-like or null directions. A spacetime 
which possesses a Cauchy surface is a globally hyperbolic spacetime. To understand the 
importance of such a definition, let us comment on the case of AdS which is not a globally 
hyperbolic spacetime. In AdS, the information at a given point of spacetime may not 
be characterized by the information coming from a specified three-surface as information 
arriving from infinity may also contribute. However, Anti de Sitter spacetime has what is 
called a Cauchy horizon, a region of spacetime where one can define a Cauchy surface. 

The Arnowitt-Deser-Misner [5] (ADM) splitting of space-time precisely achieves this 
initial value formulation for globally hyperbolic spacetimes (see also chapter 10 of [34] ) of 
general relativity through the consideration of Cauchy surfaces. Indeed, the ADM decom- 
position of spacetime is a 3-1-1 space-like slicing of space and time. It permits to consider 
the information that lies on a Cauchy surface to be the dynamical information and study its 
evolution through the introduction of a preferred arrow of time. The four dimensional met- 
ric is split into a three dimensional metric ^gij which is the induced metric on the Cauchy 
surface. The other components of the metric are seen to describe deformations of S. They 
are known as the lapse and the shift Aj. In terms of the four-dimensional metric g^jy, we 
have 

%j = gij, Ni = goi, AT = (-50°)-'/^ (1.2.4) 

Eventually, to describe the evolution of the Cauchy surface, we need a notion of its em- 
bedding into spacetime. This is the role of the extrinsic curvature Kij, which measures the 
difference between a normal vector to S at a point p and a normal vector (at a point q) 
that has been parallel transported to p. 

It has been proved that the initial conditions can be described by the triplet (S, ^gij, 
Kij) when subject to additional initial value constraints. These additional constraints are 
the first class constraints obtained from varying the shift and the lapse in the Hamiltonian 
action of general relativity, which we now review. 



Hamiltonian formulation 



Because general relativity is a theory invariant under diffeomorphisms, its Hamiltonian 
should be constrained. Using ADM coordinates (1.2.4), one constructs the Hamiltonian of 
general relativity from its Lagrangian formulation. One checks that it depends on the three- 
dimensional metric ^gij, its associated conjugate momenta vr*-' (which can be expressed in 
terms of the extrinsic curvature), a lapse N and a shift Aj. Note that the lapse and shift 
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functions do not have associated conjugates as the action does not contain time derivatives 
of these functions. They are thus non-dynamical quantities. The Hamiltonian is 



Ho{%j,7r'^,N,N') = J d\[N{x)U{x) + N\x)Ui{x)) , (1.2.5) 



where 



Hi = -2 7r.\ =-2 %k7r'''.- {2 ^gkij-%kj,i)7T^' , (1-2.6) 



and where the column denotes the covariant derivative associated to ^gij, TZ is the three- 
dimensional Ricci scalar associated to ^gij and Gijki is the DeWitt supermetric 



Qijkl ^ ^3^1/2^ 3gik 3gjl 3gil ^ k _ 2 ^^ij 



2 



G'^^'Gklmn = <5L=^(« + W- (1-2.7) 



Hamilton's equations take the generic form 



^g,ij{x) = 5 (Hamiltonian) /(Jvr*-' (x) = yljj, 

7r*J(x) = -(5(Hamiltonian)/(525jj(x) = -B'^ . (1.2.8) 



In our case, one finds 

%j = 2NY^'''{'^ij-\%3'^) + Ni\j+N^\i, 



= _A^V^(7^^^■-^7^35,,) + ^V'/'¥^■(7r-"7^„„-^7^2) + (7^^^■iV-)|^ 



(1.2.9) 

while variations with respect to the lapse and the shift give the Hamiltonian and momentum 
constraints 

nix) = , Tiiix) = . (1.2.10) 

These last equations are constraints as they do not describe the time evolution of some 
quantity. The lapse and shift are seen as Lagrange multipliers that enforce the constraints. 
In our previous notation, we say that ^(x) « and y.i{x) « 0. One can check that the 
bracket of any two of these constraints gives another such constraint, implying that the 
bracket is also weakly vanishing. By definition, this implies that all the constraints are first 
class. 
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In their work, Arnowitt, Deser and Misner were motivated to cast the theory in an 
Hamiltonian form as a first step towards the quantizatiorj^ of general relativity. Far from 
technicalities, to implement this they introduced gauge conditions to solve for the con- 
straints, i.e. to fix the gauge freedom. In particular, their analysis recovered the fact that 
the theory is a theory of a spin 2. This is so because the metric only has two dynamical 
degrees of freedom when all the redundancy of the theory has been eliminated. From an- 
other perspective, their approach also permitted to give the first expressions for the energy 
and momentum |^ for a specific class of spacetimes we will discuss in the following. 

General considerations about the definition of conserved charges for field theories and 
especially for general relativity is the topic of the next section. 



1.3 Conserved charges for general relativity 

We have seen for classical mechanics that one can associate to each symmetry of the action, 
a conserved charge. In the case of a gauge symmetry, the generator of the symmetry is 
vanishing on account of the equations of motion. 

When looking at a specific field theory with a given set of gauge symmetries, one could 
also try to apply Noether's theorem. The generalization of our previous result to field 
theories provides us with the conservation of a current which is vanishing on-shell up to 
the divergence of a superpotential. We will not reproduce the derivation here but it can 
be found, for example, in the introduction section of [18] (see also exercise 3.4. of [33]). 
Roughly speaking, we have 

Classical Mechanics Field theories 

^ = 0, ^ V = 0. (1.3.1) 

The Poincare Lemma actually tells us that the current is on-shell vanishing up to the 
divergence of this "arbitrary" superpotential k^'^^^. We can write 

« d^k"'' , (1.3.2) 

such that d^jf^ = by antisymmetry of the superpotential. 

For field theories, the charges are thus ill-defined as they can be expressed in terms of 
an arbitrary superpotential upon using Stoke's theorem 



Q= i,j = d, ★A; , (1.3.3) 
where dT, is the boundary of S. This phenomena is known as the Noether puzzle. 



From (1.3.3), one however realizes that non-trivial conserved charges could be defined 



as the flux of the superpotential through the boundary dT,. It thus only depends on the 



^Here, we do not want to enter into any discussion about the problems of a canonical quantization of 
general relativity and refer the reader to the book of Wald 04], see especially chapter 14. 
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properties of k near that boundary. This is a hint that, for gauge field theories, one should 
define charges through "surface" integrals by picking the right superpotential. One neces- 
sary requirement is that this superpotential be asymptotically, i.e. close to the boundary, 
a conserved quantity. 

The construction of charges associated to gauge symmetries, through the determination 
of the right superpotential, is however a very difficult problem. Actually, we believe it is 
fair to say that there is currently no general understanding of how this can be implemented 
for a completely generic gauge field theory, i.e. where no assumptions have been made at 
first. The most generic well-established statement about the definition of conserved charges 
associated to gauge symmetries in field theories can be stated as follows 



Under the assumption of asymptotic linearity, every non-trivial asymptotically conserved 
superpotential k is related to an asymptotic symmetry of the background fields. 

Altough we do not want to enter into specific details right away, let us just comment on 
two important points. 

Firstly, the asymptotic symmetries, also known as large gauge or improper gauge trans- 
formations, can be understood as specific gauge transformations which act asymptotically 
like global transformations, i.e. they act on the physical state of the system. In classical 
mechanics, we have seen that conserved charges associated to gauge symmetries are trivial. 
However, for field theories, one sees that it is possible to associate possibly non-trivial con- 
served charges to some asymptotic, "global", transformations. Indeed, as we have reviewed 
previously, charges associated to global transformations may turn out to be non-trivial. 

Secondly, in the above statement, asymptotic linearity means that the charges can be 
constructed from the linearized theory and are expressed in terms of linear combinations of 
the fields. The above statement is thus obviously generic for gauge theories that are linear 
such as electromagnetism. However, it clearly imposes restrictions if one deals with non- 
linear theories. Let us insist here on the fact that the assumption of asymptotic linearity 
is not a necessary requirement to the construction of charges. Indeed, conserved charges 
that are non-linear in the fields have already been considered in the literature. As we 
already pointed out, what this assumption really reflects is our lack of a completely general 
treatment of non-trivial conserved charges associated to gauge symmetries of non-linear 
field theories. In this thesis, we will only discuss the case of general relativity. As it is a 
non-linear theory, we will pay much attention to the possible restrictions this assumption 
may impose. 

The case of general relativity: Abbott-Deser charges 

For general relativity, one understands that Noether's theorem states that charges associ- 
ated to diffeomorphisms are zero on-shell up to a divergence of a superpotential, and that 
conserved charges should thus be associated to asymptotic Killing vectors of a background 

^"This formulation is mainly inspired from the results of Barnich and Brandt stated in [TH], see also 
references in that paper. Note that there does exist a quite recent work by Barnich and Compere [19] which 
discusses the removal of the condition of asymptotic linearity. 
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metric. The characterization of the charges of a given solution of Einstein's equations will 
thus require much more work. With all we have said, our task in the rest of this chapter 
can be split into the following three steps 

(1) Define what we mean by asymptotic Killing vectors of a background metric. 

(2) Understand how a solution is said to approach a background metric asymptotically. 

(3) Determine the form of the conserved superpotential, i.e. the expressions of the con- 
served charges, and show they are generated by the asymptotic Killing vectors of a 
background metric. 

Because the aspects related to asymptotics are probably less trivial to introduce, we pro- 
pose to start the discussion by a general construction of conserved charges, when asymptotic 
linearity holds, in a way that somehow evades the precise formulation of asymptotic notions, 
as referred in (1) and (2). We will see that this construction partially answers step (3). 

The construction of Abbott and Deser |10j is indeed a quite generic construction of 
charges associated to exact Killing vectors, i.e. isometries, of a given background metric. 
As such, it evades considerations about the asymptotics of the Killing vectors to which we 
will return in the following. However, it is of great interest as we will see that it reproduces 
the correct expressions of conserved charges associated to asymptotic Killing vectors when 
one assumes asymptotic linearity. 

In their paper, Abbott and Deser started by writing the four-dimensional metric in 
terms of fluctuations /i^j^ around a flxed background metric 

9^iu = Qfjiu + , (1.3.4) 

where the background metric g^y is understood to be a solution of Einstein's equations. 
The Killing vectors of a background metric g^u are the vectors which satisfy 

C-^9^.. = Df^Cu + = , (1.3.5) 

where is the covariant derivative associated to ^^j^ and C is the Lie derivative. To 
construct their conserved charges, they started from Einstein's equations with a cosmological 
constant 

Rfiu - ^Rgtiu + J^gixv = , (1.3.6) 
and linearized them such that the left hand side becomes 

Rf,u L -\Rh^,, -'^RL9^.u + ^h^, + 0{h''). (1.3.7) 

By simplifying this last expression with R = +4A and relabeling all non-linear terms 0{h'^) 
by T^!/, understood as the energy- momentum tensor density of the gravitational field, Ein- 
stein's equations are 

- ^RlQ^'' - Kh^"" = {-g)-^/'^T^"' . (1.3.8) 
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From this, the conserved charges associated to the KiUing vectors of the background are 
defined as 



:i.3.9) 



These are the right quantities to be considered as conserved charges because the Bianchi 
identity imposes D^T^^ = and thus 



but also because T^^^^^y is a vector density such that 

D^iT^'^i,) = ^ d^iT^'^i,) = . 



(1.3.10) 



(1.3.11) 



The conservation is thus really understood as a conservation with respect to the partial 
derivative, and not the covariant one, of a contravariant density. 



Using (|1.3.8|), it is quite straightforward to show that (|1.3.9|) can actually be written as 

(1.3.12) 



a surface integral [10] 
where 



2 ' 



(1.3.13) 
(1.3.14) 



The charges (1.3.12) are known as the Abbott-Deser (AD) conserved charges. What the 
work of Abbott-Deser has achieved can be stated as follows 

Under the assumption of asymptotic linearity, one can derive a set of (potentially) non- 
trivial conserved charges related to the exact Killing vectors of a given background metric. 

The only difference with our previous statement resides in the fact that we have derived 
charges associated to the exact Killing vectors of the background instead of the asymptotic 
Killing vectors. However, this also means that if one is given a set of asymptotic Killing 
vectors and assumes asymptotic linearity, the expressions of the conserved charges associ- 



ated to the asymptotic Killing vectors should be equivalent to the expressions (1.3.12) when 



evaluated on each asymptotic Killing vector. We will see that this is indeed the case when 
the background metric under consideration is Minkowski. 

Asymptotic Killing vectors versus exact Killing vectors 

As we have already said, we want to describe the set of charges that characterize an "asymp- 
totic state" . By asymptotic state, we mean a specific solution of Einstein's equations, as 
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seen from infinity, that approaches a given background metric. What we want to empha- 
size at this point, as it may not be enough clear from the above discussions, is that the 
charges that describe an "asymptotic state" are reahy obtained by taking into account all 
the charges constructed from the asymptotic Killing vectors of the background metric and 
not just the ones associated to exact background Killing vectors. The difference stands in 
the fact that 

The asymptotic Killing vectors of a given background metric may not be expressed as 
exact background Killing vectors of any background metric. 

To appreciate the difference between charges associated to exact or asymptotic sym- 
metries, it is interesting at this point to introduce the notion of the asymptotic symmetry 
group. The asymptotic symmetry group is defined as the group of asymptotic symmetries 
associated to non-trivial conserved charges modulo the (trivial) asymptotic symmetries that 
are associated to trivial charges. Given this definition, one can be faced to three different 
possibilities whether the asymptotic symmetry group is generated by the exact Killing vec- 
tors of the background metric, of a background metric, or if it is generated by Killing vectors 
that are not isometries of any background metric. 

To illustrate our discussion, let us briefly comment on the very famous case of AdS^. 
In that case, the group generated by the exact Killing vectors of the background is 0(2, 2). 
However, for a specific class of spacetimes that approach the one of AdS at infinity, it 
was found by J.D. Brown and M. Henneaux in [35j that the asymptotic symmetry group 
can be extended to the full conformal group. This asymptotic symmetry group can not be 
generated by the isometries of any given background metric. Note that this study also led to 
the discovery of a central extension of the algebra of asymptotic symmetries. The presence 
of a central charge has been an important clue of the celebrated AdS/CFT correspondence. 
We hope we have convinced the reader that the study of the asymptotic symmetries is of 
physical relevance and is not just a technicality. 



1.4 A path to the infinity of Minkowski spacetime 

In the rest of this thesis, we will be concerned with asymptotically flat spacetimes that are 
spacetimes approaching, at large distances, the boundary metric of Minkowski. We know 
from special relativity that the exact Killing vectors of Minkowski generate the Poincare 
group. So, if the asymptotic symmetry group is just the Poincare group, then one can say 
that the class of asymptotically flat spacetimes are characterized by the charges associated to 
the exact Killing vectors of the Minkowski background. If one moreover assumes asymptotic 
linearity, these charges should be equivalent to the AD expressions. 

We will see in the following that the determination of the asymptotic symmetry group is 
a rather complicated problem as it strongly depends on the determination of the asymptotic 
Killing vectors of the background metric and the choice of a good set of so-called boundary 
conditions. Note that these specifications precisely correspond to the first two steps of the 
program depicted in the previous section. 
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To obtain the asymptotic Killing vectors of the background, one first needs to know how 
to reach infinity. This will be the subject of this section. It will allow us to answer the step 
(1) of our program for the particular case of Minkowski spacetime. 

To know what are the allowed asymptotic symmetries and the asymptotic symmetry 
generators which form part of the asymptotic symmetry group (assuming that such charges 
can be constructed), one needs to specify a set of boundary conditions that defines our class 
of asymptotically flat spacetimes. The boundary conditions thus refer to the set of con- 
ditions that defines "spacetimes that approach asymptotically the asymptotic form of the 
background metric", in our case the boundary of Minkowski. Boundary conditions usually 
amount to the specification of the asymptotic form of a class of metrics. In some cases, ad- 
ditional restrictions may also be imposed on the boundary fields. The allowed asymptotic 
symmetries are the transformations that map an allowed state to another allowed state, 
i.e. a state that satisfies the boundary conditions. A specific construction of an asymp- 
totic symmetry group, given a set of asymptotically Killing vectors and specific boundary 
conditions, will be reviewed in the next section. 

For the moment, let us focus on the description of the asymptotic region of the Minkowski 
spacetime, i.e. flat spacetime. 

The boundary of Minkowski spacetime 

The structure of Minkowski spacetime at infinity is best understood through its so-called 
Carter-Penrose diagram. To characterize infinity in a more mathematical framework, one 
would like to possess concepts such as "the neighborhood at infinity". As pointed out by 
R. Penrose in [36|: "from the point of view of the metric structure of space-time, there is 
no such thing as a point at infinity, since such a point would be an infinite distance from its 
neighbors". In [36j, Penrose evades these issues by proposing to work with the conformal 
structure of space-time, which implies that only ratios of neighboring infinitesimal distances 
are to have significance. The idea can be summed up as follows. We bring what we have 
called "infinity" to a finite distance by considering a new "unphysical" metric (7^1/ which is 
related to the physical metric g^i, by 



where is the conformal factor. One says that both metrics are conformally related to 
each other. The "infinity part", or boundary J of our spacetime M, has been brought to 
a finite distance. It lies at $7 = 0. Note that Q-fj, 7^ 0. 

For Minkowski spacetime, one can check that on J' we have 



telling us that the boundary is a null hypersurface. As illustrated on Fig. 1.1., one distin- 
guishes five disjoint parts on this null hypersurface : the three points /~, I^, which 
represent past, spatial and future infinity and the two null hypersurfaces J" and which 
represent the past and future null infinities. The conformal structure of a space-time is 
often represented by a small diagram called the Carter-Penrose diagram (see Fig. 1.1.). 





n.pQ'P = 0, 
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Figure 1.1: Carter- Penrose diagram of Minkowski spacetime. 

In this approach, a spacetime is thus specified by the bulk metric, the metric describing 
the geometry of the inside, and the boundary, an hypersurface attached to the manifold. 
The method just described is known as the conformal (or Penrose) completion of spacetime. 

Prom this analysis, we thus see that Minkowski is a quite non-trivial case as there exists 
two different ways one can reach infinity. Indeed, to characterize a given solution, that we 
may understand as a source, we make the distinction between 

• Null infinity J^: region situated at very large null separations from the source. 

• Spatial infinity: region situated at very large spacelike distances from the source. 

Null infinity was first considered for the study of gravitational waves. Indeed, as com- 
pared to spatial infinity, gravitational radiation can escape through this boundary. The 
study of asymptotic symmetries revealed a much richer structure than expected as first dis- 
covered by Bondi, Metzner and Sachs (BMS). The group of asymptotic symmetries at null 
infinity is known as the BMS group (see |37] and [38]). It is the semi-direct product of the 
group of globally defined conformal transformations of the unit 2-sphere, which is isomor- 
phic to the orthochronous homogeneous Lorentz group, times the abelian normal subgroup 
of so-called supertranslations. This result was revisited in |39] (see also |40l I4H H2]) where 
it was shown that local conformal transformations can actually be considered. 

In this thesis we will restrict ourselves to considerations about spatial infinity. Let 
us just mention that for null infinity, one reaches it by considering null three-dimensional 
hypersurfaces. However, on the Carter-Penrose diagram, we just saw that spatial infinity 
is a point. If we want to approach spatial infinity as a limiting procedure of data given 
on 3-surfaces, we are faced with the dilemma of choosing whether the 3-surface used to 
describe spatial infinity should be spacelike or timelike. Let us now comment on these two 
approaches. 
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Hamiltonian description of spatial infinity: Cylindrical (ADM) slicing 

The first description of spatial infinity was establislied by Arnowitt, Deser and Misner |4j. 
As we liave discussed previously, they considered a splitting of space and time so that one 
can formulate Einstein's theory in terms of a well-posed initial formulation. In their work, 
spatial infinity is described by taking r — )• oo on a specific Cauchy slice of spacetime. 

Going through the Hamiltonian formalism, after fixation of the first class constraints, 
they obtained expressions for the charges associated to energy and momentum. We do not 
want to enter into details of their procedure as we will review the Regge-Teitelboim con- 
struction which recover the ADM expressions, and agree with the Abbott-Deser expressions, 
in the next section. 

Criticisms (see for example [8]) towards this approach to spatial infinity rely on the 
fact that the formalism is not covariant and does not permit comparison with conserved 
quantities defined at null infinity, such as the Bondi energy [37] . 

Covariant description of spatial infinity: Hyperbolic slicing 

A way to deal with these drawbacks was first formulated by Ashtekar and Hansen [B] who 
developed a formalism, known as the formalism. This formalism deals with spatial infinity 
as the vertex of the light cone representing future and past null infinities As such, they 
were able to compare quantities defined at null and spatial infinity. The comparison with 
the 3-|-l description was described by Ashtekar and Magnon in [43j. However, the Ashtekar- 
Hansen formalism considers spatial infinity as a point and as such awkward differentiability 
conditions have to be imposed at i^. 

A way to overcome these awkward differentiability conditions, in a coordinate-dependent 
way, was provided by the formalisnj^ of Beig and Schmidt [44j . This led Ashtekar and 
Romano [12] to formulate spatial infinity, in a coordinate-indepedent way, as a limit of 
timelike 3-surfaces. Their formalism is a reformulation of Penrose's conformal approach 
(of null infinity) to deal with spatial infinity. In this sense, they gave a more geometrical 
formulation of spatial infinity. 

In [12], the way spatial infinity is described is through a specific compactification that 
permits to deal with spatial infinity in terms of a limiting procedure of timelike hypersur- 
faces. The first thing to notice is that if one starts with Minkowski spacetime in cartesian 
coordinates 

df = -dt^ + dx^ + dy'^ + dz^ , (1.4.3) 

one can introduce, in the region of Minkowski spacetime exterior to the light cone at the 
origin, the standard hyperbolic coordinates 

t = p sinh r, x = p cosh r sin 6 cos 0, 
y = p cosh r sin 9 sin (p, z = p cosh r cos 9. (1-4-4) 

In this chart, the metric takes the form 

(is2 ^ fif^^dx^'dx" = dp^ + p^h^^^dcl)''d(l)\ (1.4.5) 

^'^We refer the reader to the next chapter for a description of this formahsm. 
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where h^^jj is the unit time hke hyperboloid metric 

hf^^d^^dcl)^ = -dr^ + cosh^ T{de^ + sin^ 9d(t>^). (1.4.6) 

Following Penrose's approach described above, since spatial infinity is at p — )• oo, one defines 

Q = 1/p. Doing this, spatial infinity is at = 0. In these new coordinates, the physical 
metric is such that 

ds'^ = fjf.^dxf'dx" = n-^V^nVM dxf'dx" + fl-^h^^^ dc^^dcji^ (1.4.7) 
and it is singular at $7 = 0. 



It is obvious from (1.4.7) that the usual conformal completion we described above will 
not work. Indeed, it would tell us to introduce an unphysical metric as a conformal rescaling 
of the physical one such as fj^y = Q'^-q^y As such, the surface 17 = will have zero volume 
with respect to the unphysical metric. Spatial infinity would then be described by a single 
point, which is not what we were aiming at. 



Looking again at (1.4.7), and because we want something like g^i, = n^ri;^ + /i^j,, the 
solution to this problem is to rescale the 3-metric and the normals to the 17 =cst 3-surfaces 
by different powers of 17. Indeed, the induced metric on this timelike hypersurface is 

hab = ^~^qab = flab - I'^V a^V b^ , (1-4.8) 

where / = ?7"''Va$7V{,17 and qat is a general 3-metric which reduces to h^^^j for Minkowski. 
As we just said, this scaling can not be applied to the full metric as 17^r/a6 does not admit 
a smooth extension to the 3-surface = 0. However, the rescaled 3-metric 

hab = ^^kb , (1-4.9) 
is well defined on the boundary. Now, the contravariant normal to these 3-surfaces 

r'Vbn = n^[-^y , (1.4.10) 

needed to extract information off the 17 =cst surfaces can be rescaled such that 

n" = 17-^??'*''Vbl7 , (1.4.11) 

because {d/dVt)"' is well defined on the boundary. By rescaling the 3-metrics and the normals 
to 17 =cst surfaces by different powers of 17, we have achieved a description of spatial infinity 
in terms of timelike 3-surfaces. 

Asymptotically flat spacetimes at spatial infinity are understood as spacetimes that 
resemble Minkowski spacetime sufficiently so as to admit a completion in which the fields 
hab and rf" have smooth limits to the boundary. 

We will not discuss how asymptotic symmetries and charges can be constructed in this 
geometrical way and refer the reader to the original paper. However, we will study in 
the next two chapters the Beig-Schmidt formalism which is understood as a coordinate- 
dependent formulation of the Ashtekar-Romano formalism. This will be motivated by the 
fact that this formalism is easier to deal with when concerned with solutions of equation of 
motions. 
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1.5 The Regge-Teitelboim approach 



For general relativity, we have reviewed the construction of the Abbott-Deser conserved 
charges associated to exact Killing vectors of a background metric. However, to describe the 
charges of a specific class of spacetimes, one needs to consider the charges associated to their 
asymptotic symmetries. In this section, we review the work of Regge and Teitelboim who 
recovered the Poincare group as the asymptotic symmetry group of a class of asymptotically 
flat spacetimes at spatial infinity. 

To find the set of asymptotic symmetries, we said that one needs to: (1) describe 
how one reaches infinity and (2) give a set of boundary conditions. In [6], T. Regge and 
C. Teitelboim considered asymptotically fiat spacetimes at spatial infinity, using an ADM 
slicing of spacetime. The class of spacetimes they considered are asymptotically of the form 

r— >CXD -J ^ 

TT^^ ^ ,^' + ,^"^ +0(r-(3+^)), (1.5.1) 

r— >oo r r 

where ^gij is the three-dimensional metric on the Cauchy surface and vr*-' is the conjugate 
momenta to the three- metric "^Qij- Note that vr*-' is a tensorial density of weight -|-1. They 
also restricted their study to spacetimes which also obey the following parity conditions 

/i«(-n) = /ig)(n) , vr(2)^i(-n) = -vr(2)^J-(n), rv = r-\x,y, z) , (1.5.2) 



i.e. h -- must be of even parity and vr^^^ ^-^ of odd parity. The specifications (1.5.1) and 



(1.5.2) are referred as the boundary conditions. 

One can now derive the group of asymptotic symmetries or allowed diffeomorphisms 
at infinity, i.e. diffeomorphisms that map an allowed configuration at infinity to another 
allowed one. It was shown in [6] that the most general deformations of the hypersurface, on 



which the state is defined (see also section 1.2), that leave the form of (1.5.1) and (1.5.2) 
invariant are 

ATM ^ a^ + ii>^:,i + ^i^(^n) + 0{l/r), fi ^ = -^, ^M(_n) = -^/^(n) . (1.5.3) 

The parameters are the four translations, the /3^j are six parameters associated to boosts 
and rotations, while the are (parity odd) supertranslations. As we have explained in the 
previous section, this is again a manifestation that asymptotic symmetries are not always 
equivalent to background Killing vectors. Indeed, the background Minkowski metric only 
has ten Killing vectors associated to translations, rotations and boosts, i.e. the ten Poincare 
transformations, while our class of asymptotically flat spacetimes at spatial infinity admits 
a richer set of transformations as an infinite class of (parity-odd) supertranslations are also 
allowed transformations. 

In section [LTj we have seen that Noether associates a conserved charge to a symmetry of 
the action. If the Abbott-Deser charges associated to asymptotic symmetries are really the 
generators of these asymptotic symmetries, one should be able to associate them to symme- 
tries of an action. Actually, even before the Abbott-Deser construction, this is precisely how 
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Poincare charges for asymptotically flat spacetimes at spatial infinity were constructed by 
Regge and Teitelboim. Starting from the Hamiltonian action, they studied the definition of 
a good variational principle for asymptotically flat spacetimes and obtained the conserved 
charges as generators of the asymptotic symmetries of the Hamiltonian action. Doing so, 
they recovered the previous expressions given by ADM. 



Regge and Teitelboim showed in [B] that starting from the Hamiltonian (1.2.5), and al- 



lowing asymptotic transformations of the form (1.5.3) for the class of spacetimes described 



by (1.5.1), Hamilton's principle is not a good variational principle as it is not station- 



ary under variations including all these allowed trajectories. Actually, a good variational 
principle can be achieved if and only if specific surface integrals are supplemented to the 
original Einstein-Hilbert action. These surface integrals are understood as the generators 
of the asymptotic symmetries, i.e. the Noether charges, when evaluated on solutions of the 
constraint equations. 

To have a well-defined variational principle, it is necessary that the variation of the 
Hamiltonian, under any variation allowed in our phase space, takes the form 



:i.5.4) 



where A^^ and Bij were defined in (1.2.8). However, one can compute this variation from 



(1.2.5) and realize that this is true up to surface integral terms. By using 



:i.5.5) 



and the following quantities 



:i.5.6) 



we find 



d^x5{NGijM7T'^7r''') = j d^x {2NY'^\7rij - \ %))5tt'^ 



2 " " ' 2 
d^x Ny^g V'SiUi,) = j> dhi G'^'^^N 5%^k " N^Aj) 

+ / d'x y^g{N'^ - V'N\pS%j 



(1.5.7) 



33 



In the end, one rapidly obtains 



:i.5i 



From this, we see that Hamilton's equations can not be obtained from asking stationarity 
of the Hamiltonian action 



5n 



d^x - Ho 



[1.5.9) 



and reproduce Einstein's equations, unless the surface integrals are vanishing. This is 
obviously true for closed space-times and in this case Hamilton's principle is well-defined 
when one starts from the Hamiltonian (1.2.5). However, it is not the case for the class 



of asymptotically flat spacetimes under consideration and the Hamiltonian has thus to 
be supplemented with the non-vanishing parts of these surface integrals to give a good 
variational principle and reproduce Hamilton's equations. 

One can now evaluate those surface integrals for each particular asymptotic transforma- 



tion given in (1.5.3). Plugging (1.5.1) and (1.5.3) into those integrals, it was realized that 



some surface integrals might potentially linearly diverge. This is why Regge and Teitelboim 



imposed the additional parity conditions (1.5.2). For the divergences to cancel, one should 



have hlj and vr^^^*-^ of opposite parities. The fact that h - is chosen to be parity even is 
only motivated by the fact that the Schwarzschild solution hes in the phase space of allowed 
metrics. Imposing these additional parity conditions, the linearly divergent parts of the 
surface integrals identically vanish as the integrands are of odd parity. Non-linear terms 
that would have appeared otherwise in the expressions for the Lorentz charges vanish for 
the same reasons. In the end, they find that the correct extended Hamiltonian should be 

Ho - a^'P^ + Ipf^'M^, , (1.5.10) 



H 



where are the four momenta, generators of translations, and M^j, are the six Lorentz 
charges associated to boosts and rotations. Note that charges associated to parity-odd 
supertranslations are always zero because of the parity conditions they imposed on the first 
order fields in the asymptotic expansion. Here, parity-odd supertranslations, associated to 
trivial charges, are true gauge transformations. 

For the energy, associated with the invariance of the action under a time translation, 
we have A^j_ = a±, Ni = 0, and only the first integral in (1.5.8) contributes. The associated 
conserved charge is 



P' 



E 



d^Si h 



,(1) _ 

For spatial translations, we have Ni ~ Ui and we find 



(1.5.11) 



(1.5.12) 
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These expressions are the same as the expressions obtained by ADM. For rotations and 
boosts, we respectively find 



The algebra of the above ten charges was shown to reproduce the Poincare algebra. 

On can rapidly convince himself that the expressions of Abbott and Deser, when evalu- 
ated on each of the Killing vectors of Minkowski, agree with the above (Regge-Teitelboim) 
Poincare charges. 

Regge and Teitelboim realized that, following Dirac's idea, the canonical phase space 
should be described by {^gij,7r^^) supplemented with 10 additional independent canonical 
pairs, the allowed asymptotic lapse and shift and their canonical conjugates, which describe 
the Poincare transformations of the spacelikc surface at infinity. The supertranslations 
should not be considered as extra variables as they are pure gauge transformations, i.e. 
their associated charges are trivial, and can thus be gauge-fixed. 



1.6 Summary: Asymptotic linearity, parity conditions and equa- 
tions of motion. 



In this chapter, wc applied Nocthcr's theorem for global and local symmetries of the ex- 
tended action of a constrained Hamiltonian system. We have seen that, for classical me- 
chanics, gauge symmetries are associated to trivial charges. For gauge field theories, such 
as general relativity, Noether's theorem associates a current which is vanishing on-shell up 
to the divergence of a superpotential. 

These results have motivated the construction of "global" conserved charges for gauge 
field theories in terms of surface integrals. For general relativity, we have reviewed the work 
of Abbott and Deser who have given a generic definition of charges that describe metrics 
which can be expressed as fluctuations around a given background metric From the 
linearized equations of motion, these charges are written as surface integrals. 

Although the Abbott-Deser construction seems to answer the problem of defining con- 
served charges for general relativity, we have pointed out that charges should actually be 
associated to asymptotic symmetries and that this often differs from the consideration 
of charges associated to exact background Killing vectors. To find what are the allowed 
asymptotic symmetries, one needs a specification of the asymptotic sector to be considered. 

For asymptotically flat spacetimes, spacetimes that approach Minkowski spacetime at 
infinity, we have seen that two different regimes may exist at infinity, i.e. null infinity and 
spatial infinity. Focusing on spatial infinity, we have then provided two different ways one 
approaches it using either a family of Cauchy surfaces, a cylindrical slicing of spacetime. 




(1.5.13) 



(1.5.14) 
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or a specific conformal completion of spacetime that introduces an hyperbolic slicing of 
spacetime. In the first of these frameworks, we have reviewed the work of Regge and 
Teitelboim who constructed, for a class of metrics specified by a given set of boundary 
conditions, the ten Poincare surface charges as generators of asymptotic symmetries of the 
Hamiltonian action. For this splitting of spacetime and these boundary conditions, the 
construction of charges is equivalent to a construction that would use the Abbott-Deser 
charges associated to the ten Poincare Killing vectors. 

As a way to motivate the considerations presented in the next two chapters, let us finish 
here with some comments on the asymptotic linearity assumption of Abbott and Deser, the 
parity boundary conditions used by Regge and Teitelboim, and the relevance of a study of 
Einstein's equations in the process of determining a physically interesting set of boundary 
conditions. 

In the work of Abbott and Deser, conserved charges were constructed from the lineariza- 
tion of a metric around a given background and the subsequent linearization of Einstein's 
equations. The charges one obtains are thus linear in the fluctuations hf^^. This is referred 
as asymptotic linearity. However, as we have already pointed out, general relativity is a 
non- linear theory, charges may thus contain non-linearities. It can thus not be the end of 
the story, unless general relativity is proved to be asymptotically linear. 

The construction of Regge and Teitelboim does not refer at all to asymptotic linearity. 
Their construction of charges relies on Noether's theorem applied to asymptotic symmetries 
of an action and, as such, they may well turn out to be non-linear. However, they do find 
charges which are linear in the fluctuations and which are equivalent to the Abbott-Deser 
charges. The fact that the charges are linear is achieved thanks to the parity conditions 
imposed on the first order fields. As we have quickly explained, this was implemented to 
cancel divergences present in the Lorentz charges. The presence of such parity conditions 
remains however quite obscure and, maybe for this reason, their discussion was relegated 
to the appendices of their paper. 

As we will show in the next chapter, these parity conditions are sufficient to ensure 
that the spacetimes allowed by the boundary conditions are solutions of the Einstein's 
equations. They may however not be necessary conditions. One way to state about the 
necessity of these conditions would be to show that only such asymptotically fiat spacetimes 
are solutions of Einstein's equations. The analysis of the next chapter will show that the 
Regge- Teitelboim class of spacetimes, where parity conditions would not have been imposed, 
are solutions of Einstein's equations only if a specific subset of conditions on the fields are 
imposed. From this perspective, the requirement of parity conditions is seen as a very 
stringent condition. 

The justification of Regge and Teitelboim for introducing parity conditions was that 
these conditions are sufficient to cancel the linear divergences present in the expressions of 
the charges. However, we will also see that these contributions vanish under the conditions 
imposed by Einstein's equations in the absence of parity conditions. However, parity condi- 
tions do have their importance as logarithmic divergences are still present as firstly noticed 
by Beig and o'Murchadha in [11]. Although these divergences have not been discussed by 
Regge and Teitelboim, we will see that it is connected to the status of logarithmic trans- 
lations which can be, for a specific set of boundary conditions, considered as asymptotic 
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symmetries in the absence of parity conditions. 

Prom the existing htterature, the fact that the asymptotic symmetry group at spatial 
infinity is always found to be the Poincare group and that the theory should be seen as 
asymptotically linear is thus intimately connected with the choice of boundary conditions. 
To state about asymptotic linearity, we believe that one should impose the less possible 
stringent boundary conditions, but still enough stringent so that they describe solutions of 
Einstein's equations. In the last chapter of Part I, we propose a way to relax parity con- 
ditions. As such, we find that the asymptotic symmetry group is larger than the Poincare 
group and contain charges that can not be obtained from the linearized theory. This con- 
struction differs thus radically from the results presented in the htterature. Our analysis 
relies on the Beig-Schmidt formalism we describe in the next chapter. 
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Chapter 2 



Generalized Beig-Schmidt formalism 



The Beig-Schmidt formahsm is a coordinate dependent description of the covariant Ashtekar- 
Hansen formahsm, which was presented in chapter [T| to describe asymptoticaUy flat space- 
times at spatial infinity. Our first aim in this chapter will consist in reviewing their formal- 
ism. This will enable us to discuss the unicity of conserved charges that one can construct 
when taking into account the equations of motion. The other aim is to extend this formalism 
such as to pave the road for the discussions in the following chapter. 

We start in section 2.1 by reviewing the definition of asymptotically fiat spacetimes given 
by R. Beig and B. Schmidt in [H], discuss the asymptotic symmetries of their ansatz and 
motivate the consideration of a generalized ansatz that includes a logarithmic contribution 
at second order in a radial expansion. We continue, in section [2]2j by plugging our gener- 
alized ansatz in Einstein's equations to obtain the zeroth, first and second order equations 
in the radial expansion. In section 2.3, we rewrite the first and second order equations in 
terms of symmetric and divergenceless tensors that we have previously classified. In the 
meantime, we also discuss the solutions to these equations. After reviewing the conditions 
imposed by Einstein's equations at second order in section 2.4, which we recognize as lin- 
earization stability constraints, and describing the properties of tensors and Killing vectors 
on de Sitter space, in section [23] we construct charges associated to translations, rotations 
and boosts and show that they are unique within the Beig-Schmidt formalism. We also 
comment about these constructions in our general set up. 

Our main result in this chapter resides in the fact that, within the Beig-Schmidt for- 
malism, only ten independent non-trivial Poincare charges can be defined from the analysis 
of the equations of motion. Also, we see that six of them, the Lorentz charges, can be 
written in two equivalent ways using either the electric or the magnetic part of the Weyl 
tensor. As we will see in the next chapter, this gives a generic proof of the equivalence, as 
shown in [l5] , between the counterterm Lorentz charges of Mann and Marolf |17] , who use 
the electric part of the Weyl tensor, and the Ashtekar-Hansen Lorentz charges [8] described 
with the magnetic part of the Weyl tensor. 

As this chapter is rather technical, we end up in section 2.6 with an extended summary 
of the results contained in this chapter. The reader familiar with this formalism, not 
interested with the details, or lost in the middle of technical details, may directly proceed 
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to this summary section. 



In Appendix I. A we describe how the Schwarzschild solution can be brought to the 
Beig-Schmidt form. Appendix LB sums up a number of useful properties of tensors on the 
unit hyperboloid that are used throughout this chapter and the following one. Eventually, 
Appendix I.C provides the proofs of the five Lemmae stated in the main text. 



2.1 The Beig-Schmidt ansatz 

R. Beig and B. Schmidt considered, in ^44J, a class of spacetimes which are asymptotically 
flat at spatial infinity. Their considerations were motivated by previous results obtained at 
null infinity and their will to learn more about the structure at infinity, and in particular 
about solutions, satisfying specific boundary conditions, of the equations of motion. Their 
definition provides a framework where, in a neighborhood of spatial infinity, the new class 
of spacetimes admits an expansion in negative powers of a radial coordinate. Einstein's 
equations can be expressed as a hierarchy of equations for the coefficients in this expansion 
sourced by nonlinear terms of subleading orders. The first work of R. Beig and B. Schmidt 
in [Uj proves that this hierarchy can be completely solved provided the initial data satisfies 
certain constraints. The follow-up work of R. Beig [36] proves that the system can actually 
be solved under the milder assumption that the first order field in the expansion satisfies 
six conditions, that he refers to as integrability conditions. 

Before discussing Einstein's equations, let us discuss the form of the ansatz for the 
metric. The ansatz for the metric will be part of the definition of our boundary conditions. 

2.1.1 Asymptotically flat spacetimes at spatial infinity 



In |44| , asymptotically fiat spacetimes at spatial infinity are defined as space-times admitting 
a radially smooth Minkowskian spacelike infinity. The coordinate p defined in the following 



is the same as the one previously defined in (1.4.4). 



Definition : {M,g) is radially smooth of order m at spatial infinity, if the following holds: 

(1) For a part of A^, a chart (x^) exists which is defined for 

Po< p<oo, p2 = rj^^x^'x'' . (2.1.1) 

(2) The components of the metric in this chart satisfy 

m ^ (T 



n=l 

where 



(3) is in x-fp and |/™| < < 
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Apart from technicalities, this definition is readily the same as was previously presented by 
Ashtekar in |17] . 

The first important thing to remark is that there exists a large freedom of performing 
changes of coordinates such that (2.1.2) holds. Indeed, this is true for example for s > m — 1 
with 



+ E 



(2.1.3) 



n=l 



There are also other transformations known as supertranslations or logarithmic translations 
which preserve the form of the metric (2.1.2). They read respectively 



x'^ + C^ln^, 0^" = const, 



(2.1.4) 
(2.1.5) 



where supertranslations are direction-dependent shifts of the origin. 

In summary, we see that the set of diffeomorphisms preserving the form of the metric 
(2.1.2), i.e. the asymptotic symmetries, can be written as 

x'' = L^'X + + S^ix") + C^'lnp + o{p^) , 



(2.1.6) 



where L'^y are the Lorentz transformations, T'^ are the translations, S^^ are the supertrans- 
lations , and are the four logarithmic translations. 

If one consider that ((/>") is a local chart on the manifold of directions x^ / p, it implies 
that there exists functions w'^(d)"') such that 



tt;'' (</>"), dxf" = w''dp + pw 



(2.1.7) 



Given this and also 



rj^.^dxi'dx" = dp'^ + p'^h^°^dct)''d(l)\ 



(2.1.8) 
(2.1.9) 



we see that the metric (|2.1.2|) can be written as 

ds^ 



dp" 
+p'^dcf>'' 



i' + E'-rrf + OH/p 
n=l 



m+1-. 



+ 2pdpd(t)'' 



■ - ^(n) 

Y^^^oip 

■n=l ^ 



m+l^ 



m , in) 
All 



n=l 



(2.1.10) 



where we have set 



n=l 



i+E^) +0(1/, 



n=l 



m+l^ 



(2.1.11) 
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2.1.2 The Beig-Schmidt ansatz 

As we already said, Beig and Schmidt were motivated by the study of Einstein's equations 
in a radial expansion. In [H], they pointed out that solutions of = 0, for a certain field 
<I> admitting a radial expansion of the form 



*=?^<IiM + ?lfcM)+,.., (2,1.12) 

P P^ 



can be obtained, due to the choice of coordinates, from solving a decoupled system of 
equations for various terms in the expansion 

^(0) abjy^jy^^n ^ _ 2)$n ^ q (2.1.13) 

This is what motivated their will to write a generic ansatz for the metric as 



ds^ = {! + - + % + ...)dp' + + ^ + ...)drd<P\ (2.1.14) 



where h^^^j is the metric on the unit hyperboloid T-l. Let us now see how they obtained 



such an ansatz for the metric starting from (2.1.10) and fixing specific supertranslations 
and higher order transformations. 

Beig-Schmidt algorithm 



Starting from (2.1.10), there is always a change of coordinates such that 

= ^(3) = ^(4) ^ _ _ ^ ^ 0^ 

= A(^)=A^^) = ... = A^J-)=o, (2.1.15) 

which allows to bring the metric into the desired form 

ds'^ = (1 + -fdp'^ + habdct>''d(^\ (2.1.16) 
P 

where we have set ad) = a and 

hab = P'h^i + Ph'2 + + - + +^h^:^ + 0(l/p"+i). (2.1.17) 

This was proven by the following iterative procedure. The terms and a^^) can be 
cancelled by making the following transformations: first act with a supertranslation of the 
form 

(/.•^ = (^'^ + ^Gd)«(/), gW^ = /i(o)«^^W^ (2.1.18) 

such that the mixed term dcj)"'dp{Al^ — G^^^^h^^^) cancels, and then with the higher order 
transformation 

_p(2) 

P = P+—, F^^^=a^, (2.1.19) 
P 
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such that the l/p^ in dp^ also cancels. By iteration, a transformation of the form 



_}_Q{n~l)a 
pn-l 



(2.1.20) 



removes the terms a'"' and Aa . In a similar manner, one removes Aa ■ Following this 



procedure, one arrives at the requested form (2.1.14) that we write as 

2 



1 + 



a 



P 



dp^ + habd(l)"-c 



K, = P^h^2+ph^2 + -^ 



(2.1.21) 



where we have used (2.1.11) and then set a = a^. This ansatz for the metric is known as 
the Beig-Schmidt ansatz. 

In this Part I, we will mainly be concerned with metrics up to second order in hab- 
To cast a metric into Beig-Schmidt coordinates, we only need to perform the change of 
coordinates that brings Minkowski metric into the unit hyperboloid and then follow the 
previous detailed algorithm such that 



^(1) = ^(2) ^ (2) 

Starting from the general metric up to second order 
2aW (a(i))2 + 2a(2) 



ds' 



dp^ 



+P^ 



1 + 



P 



+ 



+ 0(l/p^ 



0. 



+2pdpd(f)" 



(2.1.22) 



+ 



,(2) 



p p- 

the Beig-Schmidt algorithm brings the metric into the form 



(2.1.23) 



ds^ 



:i + a)2 + 0(l/p3 



dp'^ + 2pdpd(j)'' 



0{l/p') 



+P' 



/^i? + J/^i;^ + ^/^i? + 0(l/p3) 



(2.1.24) 



In Appendix LA we show how this procedure is implemented for the Schwarzschild 
black hole. It has been recently described in |48j how to cast the Kerr-NUT black hole into 
Beig-Schmidt coordinates (see also |45] for results for the Kerr or the boosted Schwarzschild 
black holes). 



Gauge freedom and gauge fixing of the Beig-Schmidt ansatz 

Up to second order, apart from Lorentz transformations, we first see that the metric is now 
invariant under a subgroup of the supertranslations ( |2.1.4 ) that we write as 

p = p + uj{r) + — + (2.1.25) 

P 

r = <^" + -/i(°)"Vb + ^^^ + -> (2-1-26) 
p p^ 
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and where w is a function that can be chosen arbitrarily. Let us insist on the fact that it is 
a subgroup as we have partially fixed the gauge freedom when writing the metric into the 
Beig-Schmidt form. For reasons that will become clear later, Beig and Schmidt [13] only 
considered a restricted set of metrics where we can impose the additional condition 

U = /iS+2a/ilJ =0. (2.1.27) 
For this specific class of solutions, which we will specify later, this can always be reached by a 



that it generates no new ^ or cr term. Also, one can see that under these supertranslations, 
we have 

h^ab ^ h^ab + "^^aVbUJ + 2ioh^^^ . (2.1.28) 

In the end, we see that w must be fixed by imposing that 

h^^ + 2DaDhOJ + 2ojh^^^ = -2ah^^l (2.1.29) 

When it is possible, we see that, under a specific supertranslation, h^^^ is completely fixed by 
a and h^^^ up to the ambiguity of performing a supertranslation of the form VoVi^u+h^^^u: = 
0. These last supertranslations can however be recognized as translations. We see that 



supertranslation of the form (2.1.25). Indeed, applying the transformation to (2.1.24), we see 



imposing the additional condition (2.1.27) completely removes the freedom of performing 
supertranslations, but not translations. Let us mention also that the first order terms in 
(2.1.25) also bring in contributions to fx^^^ and A^a'^ and thus interfere with the second step 



of the Beig-Schmidt algorithm. This is the reason we added the higher-order terms (F^^^ 
and G*-^^ ") in the supertranslation described here above. The functions F^^^ and ci^'' are 
precisely there to cancel the terms cr^^-* and A^^) and are thus functions of w, a and their 
derivatives. As we restrict ourselves to an expansion at second order, we do not need to 
take care of higher order terms. 

We said previously that there also exists logarithmic translations that leave the form 
of the Beig-Schmidt metric invariant. This is actually not completely true. Indeed, the 
logarithmic translation can be written in the form 

p = p + H{4>){\n-p-l) + o{p^), (2.1.30) 
4^- = ^- + H^{4>){lnp)/p + o{r'), (2.1.31) 

where H'' = and H satisfies VaVi.H+Hh!'^ = ^ (which also imphes {VcV''+3)H = 0). 
We can check that it leaves the form of the metric invariant up to first order with 

a^a + H, hil^^hil^-2Hh^S- (2.1.32) 

However, at second order, it introduces a logarithmic term in the expansion. To leave the 
form of the metric invariant, one sees after a quite lengthy computation that we also need 
to require (see [36] ) 

V^iE^^^H'^) = F^Pei^l'J - 3Fi?W = 0, (2.1.33) 

where E^^^ = —cJab — '^^^ab ^^'^ '^"■b = T^b'^aO'- This condition was recognized in [IB] as the 
condition for the spacetime to admit an asymptotically translation Killing vector related to 
H. Indeed, one can check that asymptotically CuQab = T^ciE^ab H^)- 
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Generalized Beig-Schmidt ansatz 



Logarithmic translations are ambiguities in the choice of asymptotically cartesian coordi- 
nates and were first discovered by P. Bergmann in |49j . Following the work of R. Beig and 
B. Schmidt, Ashtekar studied more carefully those transformations in [50]. With Ashtekar's 
definition of asymptotically flat spacetimes in the above described coordinates, which only 
differs from the Beig-Schmidt definition by the relaxed condition 

limp/2, = 0, (2.1.34) 

instead of the condition | /^^ | < , logarithmic translations are now completely allowed 
transformations. Based on his results pointing out that logarithmic translations do not 
affect the definition of momenta or Lorentz charges, and are thus pure gauge, he showed 
that one can fix them appropriately by setting a parity condition on a. Indeed, by imposing 
the further strict condition 

a{T,e,(t)) = a{-T,TT -9,(I) + -k) , (2.1.35) 
one removes the freedom of performing logarithmic translations. Indeed, as we will see later 



in equation (2.3.75), the functions H which are solutions of DoV'hH + Hh^^^ = are parity 
odd functions on the hyperboloid. A logarithmic translation that sends a ^ a + H \s thus 
not allowed anymore. 

Actually, as we will try to explain in detail in the following chapter, we have found it 
interesting to consider a generalized form of the Beig-Schmidt ansatz that includes a loga- 
rithmic term at second order such that logarithmic translations are allowed transformations. 
This will be motivated by the construction of an enlarged phase space where logarithmic 
and specific supertranslations are allowed and associated to non-trivial charges. Our gener- 
alized class of asymptotically flat spacetimes are spacetimes whose metrics can be brought 
into the form up to second ordeij^ 

ds"" = (^1 + ^ + ^ + 0(p-2)^ ^ o(p-l)(ipdx" 

V {h^ai + ^ + Inp^ + ^ + o(p-2)^ dx-dxK (2.1.36) 

Although we have not explicitly checked it, we believe that this metric can be readily 
obtained from the definition of asymptotically flat spacetimes of Beig and Schmidt, where 



we allow for the relaxed condition (2.1.34), and after proceeding through the Beig-Schmidt 
algorithm as described above. 

'^Let us mention here that the Beig-Schmidt algorithm was designed to deal with a series in powers of p. 
This is why we have to keep a. Indeed, by acting with a logarithmic supertranslation (function H defined 
above but that does not satisfy Hab + Hh'f^ — 0), one can get rid of a but at the cost of introducing a 
logarithmic term between /i^j' and /i^^'. One could reasonably ask why we do not get rid of cr in here by 
acting with such a transformation as we do deal with logarithmic terms. We have refrained from doing 
so as we wanted to compare our results with the existing ones in the litterature. It would however surely 
be interesting to see how logarithmic supertranslations can be dealt with. We would like to thank Kostas 
Skenderis from bringing our attention to this point. 
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As we want to be as general as possible, we will also not consider that supertranslations 
are fixed but rather allow for non-trivial values of kab- For reasons that will become clear in 
the next chapter, we consider that kab is a symmetric, traceless and divergenceless (SDT) 
tensor. It thus fulfills 

k[ab]=0, /i(°)"'U = 0, V'kab = 0. (2.1.37) 

Because kab transforms under supertranslations as 

kab ^ kab + 2{uJab + Ooh^ab)^ (2-1-38) 

we see that only supertranslations that obey {Va'D"' + 2>)oj = are allowed. When referring 
to our enlarged boundary conditions, we will always assume that the metric is written in the 



form (2.1.36) where kah is an SDT tensor. The Beig-Schmidt boundary conditions assume 
moreover that kab = iab = 0. 

Let us now move to the study of the equations of motion and the conserved charges 
that can be defined from symmetric and divergence-free (SD) tensors contracted with some 
asymptotic symmetry. We will come back, in the next chapter, to the comparison between 
these charges and the ones obtained from the variational principle. 



2.2 The equations of motion 



In this section we will see how Einstein's equations can be expanded in powers of p for our 
enlarged boundary conditions (2.1.36)-(2.1.37). We first start by splitting them into a set 



of three equations using a 3-1-1 split. 



2.2.1 The 3+1 split 

The 3-|-l split is achieved as soon as the relations between the three and four-dimensional 
Riemann tensors are established. These relations are known as the Gauss-Codazzi equa- 
tions. Here, our objective is to expand the Einstein-equations into the (generalized) Beig- 
Schimdt form, so that the 3-1-1 split provides, contrarily to the usual ADM formulation, 
a split between a spatial coordinate and the coordinates on the hyperboloid. Note that 
this merely changes signs in the relations but not the overall form of the Gauss-Codazzi 
equations. 

Before reviewing these important relations, we need to establish a few definitions and 
identities involving the extrinsic curvature. 



The extrinsic curvature 

The extrinsic curvature is defined as 

Kab = KKV^n,, (2.2.1) 

where is the covariant derivative associated to g^y and the metric ha is understood here 
as a projector that projects directions normal to the hypersurface. 
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To rewrite Kab differently, let us now define the quantity 



(2.2.2) 



and remind the reader that the Lie derivative of a general tensor T"'^ '"''^^^^ ^^^ with respect 
to a vector field f " in a given coordinate basis is defined as 

k 



al■■■a^: 



bi-bi 



1=1 



(2.2.3) 



Given this, the Lie derivative of the three and four-dimensional metrics along the unit 
normal are 



(2.2.4) 



where in the last equation we used h^j_y = g^y — rif^ny. We also introduced a'^ which is the 
curvature vector (4-acceleration) of the spacelike normal curves whose tangent field is 



Uy = {Cnn)v = n^VxUy + ncrVyn"^ = n^VxUy, 



= g^'^ay, 



(2.2.5) 



where it is understood that = Vy{na'nF) = 2naVyn'^. The definition (2.2.2) allows us to 
re-express our extrinsic curvature Kab as 



Kab = Kh{;K^y = hl^ht:{Cnh)^y = \{Cnh)ab = KKV ^Uy, 



(2.2.6) 



where we used hj^rif^ = 0. To summarize, we have 



Kab = h^h^V^Uy = -{Cnh)ab- 



(2.2.7) 



The trace of the extrinsic curvature is defined as 



K = h'^'Kab- 



For the following, let us now derive some identities involving the extrinsic curvature. 
By means of (2.2.7), one easily sees that 



h '^V h ^ 



ha^K^V^igJ- - n^n^) = -/i//i/(V^n,)n^ = -Kacu' 



(2.2.9) 



where oJu is a dual vector field on the timelike hypersurface, so that w^n'^ = 0. 
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Using (2.2.2), we find 



The Lie derivative of Kab can be obtained by considering the Lie derivative of K^^j. 

(2.2.10) 



CK 



n,, 



However, we also have 



1 



1 



so that 

(2.2.11) 

By projecting with the three-dimensional metric, we obtain 

CnKab = K^hlCnK^,^ = -hJ^^Rf^x^^n^n'' + D(„ab) + KacKf,^ - aaUb- (2.2.12) 
Eventually, we also have 

h'^'CnKab + Kab{rfVX'' - h'^^ - /i^V.n") 
h'^'CnKab - 2K"''V/i,'^V,nd 

(2.2.13) 



h'^'CnKab - 2KabK''' ■ 



The Gauss-Codazzi equations 

One way to derive the Gauss-Codazzi equations is to re-express the four dimensional Rie- 
mann tensor in terms of three dimensional quantities. In here, we will closely follow Wald's 
approach [34J who first defines three-dimensional objects and then connects them to their 
four dimensional counterparts. 

To start with, the three-dimensional Riemann tensor on the hypersuface is denoted by 
"^abc^ and is defined by 



^afe/ = [Da, Db]uJc = (DaDb - DbDa)u;c, 



(2.2.14) 



where Ua is a dual vector field defined on the hypersurface. In the following, V^^ and 
are the covariant derivatives associated respectively with g^^, and h^^. 

To link TZ^f^J^ to the Riemann tensor R^y^^ in four dimensions, we first see that 



DaDbUJc 



KT. \\ 



(2.2.15) 
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where in the last equahty we made use of the identities (2.2.9). This means that 



which immediately gives us the first Gauss-Codazzi equation 



abc 



(2.2.16) 



(2.2.17) 



With this result in hand, it is interesting to look at the relation between the three-dimensional 
Ricci tensor or scalar and the four dimensional Riemann tensor. We have 



7^ = h'''nab = h>'''h''^R^,^x-KabK''' + K^ . (2.2.18) 
One can simplify the expression for the three dimensional Ricci scalar by realizing that 



which also implies 



n = -2G/,^n'^n^ - KabK""^ + K^- 



If we look at the expression for the Ricci tensor, we can rewrite it as 
TZab = hJ'h,^{g''^-n''n^)R^,^x + KabK-KhcK,' 



hJ'h.^R^^ - h^h.^R^.^xn^n^ + KabK - Kb,K, 



(2.2.19) 
(2.2.20) 

(2.2.21) 



The second term on the right hand side can be re-expressed using (2.2.12), and we eventually 
find 

TZab = K^h^^R^u + CnKab " D^^af,) + aaab + KabK - 2KbcKa^ . (2.2.22) 



As for the second Gauss-Codazzi equation, one can check that 
DbK'a - DaK\ = hfn'^R^, = hfn'^G, 



(2.2.23) 



Einstein's equations in the 3+1 split 



As we said, the 3+1 split sums up to a splitting of Einstein equations. In our case, it is 
obtained by projecting them either along, or perpendicular to, the hyperboloid of constant 
p using either the projector /i^jy = g^^ — rifj^n,^, which is also the metric on the timelike 
hypersurface, or the outward pointing unit (spacelike) normal n^(such that n^n^ = 1). 
The equations we obtain are a set of equations depending on the lapse = 1 + a^^^ and 
the three-dimensional metric hab- They take the form 



H 

Fa 
Fab 



ha^hb'Rf^u = 0. 



(2.2.24) 
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Using respectively equations (2.2.20), (2.2.23) and (2.2.22), we directly obtain 



H 



'R-K^ + KabK"^ 







DhK"^ - DaK\ = , 

Fah = T^ab - CnKah + -D(aa6) " OaOb - KabK + IKbcK^" = . 

The first equation can be simplified by taking the trace of the third equation 

h'^'Fab = 0^n = h^'CnKab " Datt'^ + a.a"^ + K^- 2KabK^^ 
which implies 

H = -h^'CnKab + Daa'^-aaa'^ + KabK^' 
= -CnK + D^a'^ - aaa'' - K^bK''' , 



where in the last equation we made use of (2.2.13). 



(2.2.25) 
(2.2.26) 

(2.2.27) 



In analogy with the Arnowitt-Deser-Misner formalism, we will refer to the equation 



(2.2.27) as the Hamiltonian equation, and to the second and third equations of (2.2.24) as 



the momentum equation and the equation of motion. 



A simplified form of the equations 

For our ansatz, these equations can be even more simplified. Indeed, in our case, the shift 
is zero and the lapse is defined by 



a 



so that 



N = l + -, 
P 



(2.2.28) 



(2.2.29) 



Now, using Da = hJ^V^ the covariant derivative associated to hab and the projector 
ha = Qa — naU^ = Qa bccausc Ua = 0, we rapidly obtain 

Kab = \{Cnh)ab = ^Kh^iCnh)^^ = h^h^^ {u^V ^hf,^ + h^^^^n" + K^V^rf) 



2 " 



{rfV^hab + haaDbu" + KbDarf) 
nf'dphab, 



(2.2.30) 



where in the last line we used haaF)bn" = hapdbuP — hacn T'^^f, = and nFV ^hab = n^dph, 
We also have 

CnKab = N-^dpKab- 

The 4-acceleration also simplifies as 



'p'l'ab- 



(2.2.31) 



(2.2.32) 
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so we easily see that 



We eventually have 



1 

'n 



N 



,DaN. 



(2.2.33) 



N 



DaD.N. 



(2.2.34) 



Given all this, the equations take the much simpler form 

H = -CnK-KabK''^-N-^h''''DaDhN = 0, 

Fa = DbK\-DaK = 0, 



F, 



ab 



IZab - N~^dpKab - N-^DaDbN - KKab + 2K,^K,b = . (2.2.35) 



2.2.2 Radial expansion 



We now expand these equations using our metric ansatz (2.1.36). The results we obtain 



reduce at zeroth and first order in the expansion when iab = to the results presented in 
IH] and, at second order when kab = iab = to the results presented in [36]. In several 
places, we simplify the computations by setting the trace and the divergence of kab to zero. 
As already discussed these are additional boundary conditions that we will justify in the 
next chapter. 

The inverse metric is expanded as 



The extrinsic curvature admits the simple expansion 



K, 



ab 



1 



-h 



(1) 
ab 



and we also have 



-Oh 



P 

+ ■ 



2p 



ah 



+ -p U^"'' 



1 



+ 0{p 



-2\ 



(2.2.36) 



P 



The covariant derivative requires an expansion of the Christoffel symbols 



ra 
h, 



be 



.(0) a 



+ p~'T^'^\^ + \npp-^T 



be 



2-p(in,2) a 



be 



+ p-2r(^)l + o(p-3) 



(2.2.37) 



(2.2.38) 



where 



.(l)a 



be 



^{ln,2) a 
be 

r(2)a 
^ be 



{Vci\ + Vbi\-V''ibe) , 



(2.2.39) 
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The expansion of the three-dimensional Ricci curvature tensor is 



ab 



(2.2.40) 



The zeroth order Ricci tensor is the one constructed with the metric h^^^^ . The first order 
Ricci tensor and the tensor T^^'^f ^ are 



7^ 



(1) 



ab 



7^ 



{ln,2) 
ab 



1 

2 



ab 



.(l)c 



(1) 
ab 



VVbiac + V'Vaibc - VaVbi - VV^iab 



and the second order Ricci tensor reads as 



n 



(2) 
ab 



(2) 



1 



4 



ab 



Finally, the equations can be expanded as 



Fa = p-'fP+ In pp-'F(^-^'^+p-'FP + 0{p-'), 

77 77(0) , -177(1) , 1 _2z7(«n,2) , -277(2) , - 

Fab = F'J+p F'J + In pp F^f^ ' + p F'J+0{p 



(2.2.41) 



At zeroth order 

At zeroth order, the Hamiltonian and momentum equations are trivial. We are left with 
the equation of motion 

= - 2/^1? = 0, (2.2.42) 
which implies that the boundary metric is the three-dimensional de Sitter spacetime 

d4 = h^^^dx^dJ" = -dr^ + cosh^ ridO^ + sin^ 9d(f)^) . (2.2.43) 

The metric /i^^^ is the unit hyperboloid metric on Ti. 

Indeed, if h^^jj is an unspecified Lorentz metric on the manifold x R, the equation 



(2.2.42) and the vanishing of the Weyl tensor in three dimensions imply that 

7^(0) _ ;j(0)^(0) _ ^(0)^(0) (2 2U) 

'^abcd — '''ac '%d "-be "-ad ' I^Z.Z.^^j 
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At first order 

At first order, the Hamiltonian equation H^^^ = is simply 

(□ + 3)c7 = 0. 
The momentum equation Fa^^ = is 

and the radial equation of motion F^l^ is 

(□ - 3)kab = - kh'ffi , 

which can also be written as 

Dkab - V^Vahc = . 



(2.2.45) 



(2.2.46) 



(2.2.47) 



(2.2.48) 



If wc further impose that kab is a tracclcss and divcrgcncc-frce tensor, the momentum 
equation is trivial and the first order equations of motions are summarized as 



(□ + 3)(7 = , (□ - ?>)kab = , 



(2.2.49) 



At second order 



At second order we easily get for the logarithmic terms iJ^'"''^) = 0, F^'"'^-* = and F^b^''^^ 




i = 0, V^'iab = 0, (□ - 2)iab = , 



(2.2.50) 



For the finite terms at second order we find 

ij(2) = _/,(2) + 3.^1^(i)„,^(l)+l^;,(l) 



+9(7^ + (tPV + h^^^^'^VaVba + V^aVh^^ " ^^^af^I'"/^^^^ ■ (2.2.51) 



Using only a and kab = h^ab + '^'^^^ab ■> ^"^^ ^^^'^ k = i = 0, we obtain 



where we also made use of the first order equations of motion. We also have 
which amounts, after simplifications, to 



(2.2.52) 



(2.2.53) 



(2.2.54) 
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The radial equation of motion can be obtained after a straightforward computation and we 
find the quite intricate form 



(□ - 2)/i2^ = 2iab + NL,f,((j, a) + NL,b(a, k) + NL,5(/^, k) (2.2.55) 



where the non-Hnear terms are given by 



ab 



NLabicT, k) = VaVf, (/CerfCT^'^) - 2A;,^^7^'^/liJ + 4akab + Aa'{D^,h), - D.kab) + ^^c(ak\) , 
NL„fe(/c,/c) = kack\ + k^\-VdV(^kf,)^ + VJ)dkab) 

-^V,k'^Vak,d + V%^,V,^kJ: + V.kadV^'ki - V.kadV^'kl . (2.2.56) 



LB ), one can rewrite 



Using the relation a'^dabc = cr'^f^cab + o'acrb — h^^jjaccr'^ (see also Appendix 
the NL(jfe((T, 0") non- linear terms as 

NL,6(a, a) = 6a,a'=/il°J + Saadb + Uaaab - ISa^h^^b + '^^acCT% + laabcCj" ■ (2.2.57) 
The equations of motion reproduce the expressions of |26l when kab = iab = 0. 



2.3 Compact equations and their solutions 

In this section, we would like to put the previously derived equations into more compact 
forms that would allow us to study them efficiently. To achieve this, we first review the def- 
inition of the Weyl tensor and its decomposition into electric and magnetic parts. We then 
move to the classification of symmetric and divergence- free tensors (SD tensors) that can 
be built out of quadratic quantities in the first order fields a and kab and their derivatives. 
Here, the reader should remember that we assume that kab is a symmetric, traceless and 
divergence-free (SDT) tensor. 

2.3.1 The electric and magnetic parts of the Weyl tensor 

The Weyl tensor is the trace-free part of the Riemann tensor and it is defined by 

Cpupcr = Rfiupcr - {gp.[pRa]u " dulpRajfj.) + ■^R9p[p3u]u- (2.3.1) 

It can be decomposed into its electric and magnetic parts, respectively denoted Eab and 
Bab which are defined as follows 

Eab = ha^KC^x,^ n^ Bab = ^e^^'^aeCcdbfU^nf. (2.3.2) 
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Electric part of the Weyl tensor 



Starting from its definition (2.3.2), the electric part of the Weyl tensor can also be written 
as 



= hJ^h.'^R^xu.ri^ri'' -iKbKxn^n^ -hj^h.'^R^^ + ^Rhab, (2.3.3) 



where in the second line we used the fact that g^i, = h^^ + n^n,y and hj^n^ = 0. This 
implies ha^n^g^u = 0, hj^hf^'^ gfj,^ = hab and also n'^n'^g^u = 1. In the following, we will only 
deal with the on-shell Weyl tensor. Upon setting R^^, = and using (2.2.12), we have 



Eab = hJ^hi^^R^^Xua rf = -CnKab + D^aO-b) + KacKf," - Qaab 
= - ^ {dpKab + DaDbN) + K',K,b. 



(2.3.4) 



Its asymptotic expansion is given by 



p _ 1 , (i„,2) 1 p(2) -3^ 



^ab — p-^ab ^ ^2 ^ab 



(2.3.5) 



By computing the following quantities 



CnKab = ^A^Kab = h^!!i! - p-^Cjh'^ai +p-^\{<yKb-2a^h^^il -iab) + 0{p- 



N 



2ah 



(0) 
ab 



-p \npiab 



+P~ 



h^ab + ^ab + 4^7^/1^°^ + ^kach'' - (jKb 



+0(p-'), 



Dattb — ttattb 



DaDbN 



+Oip^'), 



aUab - 2aaCFb + (^cCr^h^ab + ^'"^{ah)c " \(^'"^ckab 



(2.3.6) 



we find 



E 



^ab 
(Zn,2) 
ab 



-Tab-CyK^, 



E 



(2) 
ab 



"^abi 
,(2) 



1 



.2.(0) 



~Kb + 2^ab + 5<T /i^j,' + aabcr - 2aa(Tb + (Tc(J /i, 

13 1 

+-:kack% - -akab + Vi^ahyc^" - -^T^ckabcr" ■ 



(0) 
ab 



(2.3.7) 
(2.3.8) 



(2.3.9) 
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Magnetic Part of the Weyl Tensor 

The magnetic part of the Weyl tensor is defined as 

1 ( 

^ab — 2 ae'^mnbf''' "' — £ a^m^nb- 

where e^„a = ^mnabn^ admits the expansion, upon setting A; = 0, 



(2.3.10) 

(2.3.11) 
(2.3.12) 



Also, we have 

■Dm-^nb 



'^^^nb ^ mn "efe ^ mb ""ne ^ ^ y ^ mn "'eb ^ mb "'ne J 

O V ^mb ^ne ^ mn "'eb ^ mb "ne J {^-O-LO) 



+0 {p-') , 



(2.3.14) 



1 f Tl ■ \ ^ 

~n'^m'^nb H \ '^m'^bn) H 

2 p p 



'■nb 2 



1 



+ 2^'^mh'J - 2^m^n6 + 



^m^nb + \'^minb + '^^F'^mh^nb 



where we used 



K. 



(1) 



ab 2 

Finally, we obtain 



^kab - 2ah^^^, 



K. 



(2) 
06 



2«a6 2 



^akab + 2a^h^^^ 



where 



B 



(1) _ 



B 



ab 

iln,2) 
ab 



R _ 1 0(1) , In/) (z„,2) 1 „(2) 

-«a6 - -i'ab + ^-^ab + ^"^ab + ^(P ) ' 



^a'^l^ddb , 



(2.3.15) 

(2.3.16) 

(2.3.17) 

(2.3.18) 
(2.3.19) 



B 



(2) 
ab 



. cd 



(2) — 

( /irfb - ^idb - ^(^^h'-db + ^^db - ^kdeh' 



.2^,(0) 



= e, 



cd 



( hf^ - -idb - ^(y^h]^h + '^kdh - -,kdeK ) - 7;kde(^^h 



1 



.21,(0) 



1 



he 



+ 2 a be +'^b^ac 3 cd "ab ' 



(2.3.20) 
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where in the last equation we used the definition of B^^^ to write 

^[e^c]6 = -^LBf^ . (2.3.21) 
Just remark that assuming kab = iab = ^, the expansion simplifies to 

Bab = ^e"\ - 4aa^/ii°J) + o V (2.3.22) 



which agrees with the equation (C.7) of [51|. 

2.3.2 Classification of symmetric and divergence-free tensors 

In this section, we prove that all symmetric and divergence-free tensors (SD tensors) built 
out of quadratic terms in the first order fields a and kab can be formed from symmetric 
tensors Mab obeying V^Mab = T^aM and which we call tensor potentials. A complete set of 
SD tensors consists of SD tensors given by Kab = ^ab — ^^^ab ^^'^ °^ symmetric, traceless 
and divergence-free tensors (SDT tensors) obtained by acting with successive curls on Mab or 
equivalently by acting with successive symmetrized curls on Kab- Indeed, an SDT tensor can 
be constructed from Tab = ^a'^T^cM^b = ^cd{aT^^ >^b) • ^^^^ ^ tensor potential might 

be trivially zero, the SD and SDT tensors, whose curls are non-zero, can be classified using 
the equivalence of classes of tensor potentials where two tensor potentials are equivalent if 
their difference has a trivial curl. We will refer to one representative of such equivalence 
class of non-trivial tensor potentials as a RNT tensor potential. 

Because the first order fields a and kab obey decoupled linear equations as it is obvious 



from (2.2.49), we can consider separately the quadratic combinations {a, a), {k, k) and (fi, k). 
What we show in the following is that any SD or SDT tensor whose curl is non-zero, let us 
denote it Xab, can be written up to the addition of SD tensors with trivial curls as 

Xab = J2 + ^%f^^^ i^^'^)iab) + a(%curl2(K»),fe + ... + a^'ymV{K^'^)ab, 

i 

(2.3.23) 

(?) • (i) 

where a are arbitrary real coefficients and k^^ is an SD tensor given by one of the 
following SD tensors 

47''] = {2a^-2a,a')hf^+4aaab, (2.3.24) 

4"/''^ = + V " l'^cdk'"'h^ab " '^'^cU + ^''V^akb)c , (2.3.25) 

= ^l?+2i^«V--"^iM?+2.i?l?' (2-3-26) 
= M;-'^'^ - Mt^''^''^]/.!? = -4B^k^ + 2B^^k^hfl (2.3.27) 

41'"'" = Ik.dk^'h'-S - kack% + JPcfcde2?'fc'^"4? - l^akcdW , (2.3.28) 
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which form a complete basis of SD tensors whose symmetrized curls are non-trivial. In 
( 2.3.26D , Z^^ is an SDT tensor 

-^M,a-P,)A;1 - 2h^^a-^Bi'J - a'^V^B^^ . (2.3.30) 
From (2.3.27), one can use the curl of the tensor potential M^^ ' to construct the SDT 

(2) 

tensor that we denote Y^^ 

= -4 " - 2 6,rf(,P'=A:,f 5(1) - 2 e,,(,P,)i?(i) ^A;'^^ . (2.3.31) 

There exists obviously also an infinite list of SD tensors that have a trivial symmetrized 
curl. We will not consider them further in the rest of this thesis. Indeed, we will be mainly 
concerned with charges and we will see that regular SD tensors with trivial symmetrized 
curl are associated to trivial charges. For the sake of completeness, and because such tensors 
will appear in the following constructions, let us just present two such tensors 

^[.^,11] ^ 2aaab + 2aaab + h^ab{^'^'^ -'^'^ct''), (2.3.32) 

+ h''^V(^J)^,)k^ . (2.3.33) 

We start our analysis by explaining the general procedure we have followed in order to prove 
that we have listed all RNT tensor potentials needed to construct any SD or SDT tensor 
whose curl is non-zero. We then move on to the specific classification for each class: (u, cr), 
((T, k) and (A;, k). Remember that we will always consider kab to be SDT in the following. 



Algorithm for classification 

For each case (cr, cr), (cr, k) or (/c, /c), we use the following procedure 

1. We start by listing a basis symmetric tensors of rank two with m derivatives built out 
of quadratic terms which are independent on-shell. It exists a number of derivatives 
m* such that for all m > m* the number of terms in that basis is maximal. At 
lower values m < m*, not all possible tensor structures can appear due to a lack of 
derivatives. We find m* = 3 for (a, a), m* = 3 for {k, k) and m* = 4 for (A;, cr) tensors. 
Due to the presence or the absence of the epsilon tensor, depending on whether m is 
even or odd, the general form of a symmmetric tensor of rank two built out of linear 
combinations of the basis takes a different form. We denote this tensor as Q^'^"^ or 
Qab""''^^ and we provide its general form. 
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2. We continue by deriving a bound on the possible SDT tensors that one can build 
at a fixed number m > m* of derivatives. We simply compute the number H of 
linearly independent tensors Q^™^ which obey both ^''Q^™^ ~ ^ ^^"^ Qa^^"^ = where 
equalities here are valid up to terms with lower derivatives. At this stage, the number 
H is only a bound on the number of SDT tensors at order m because none of them 
has been fully yet constructed. We obtain that H = 1 in the {a, a) case, H = 3 in the 
(k, k) case and H = 2 in the (cr, k) case, for both m even or odd. 

3. We then derive the explicit form of all RNT potentials, SD tensors and SDT tensors at 
each low value m < m* of derivatives by enumeration. We write a basis of symmetric 
tensors of rank two built out of quadratic terms which are independent on-shell with 
at most m derivatives for each m < m* and impose the RNT or SDT conditions. The 
SD tensors Kab, whose curls are non-zero, are obtained from the RNT potentials by 
the correspondence Kab = Mab — h^^^M^. 

4. We finally observe that there are exactly H SDT tensors that have at most m* deriva- 
tives and at least one term with m* derivatives. This provides a proof that each can- 
didate SDT tensor exists at order m*. We then note that the SDT tensors obtained 
by acting with the curl operator on these tensors form a basis for SDT tensors at 
order m* + 1 and by successive iterations at each order m > m* . Since there are H 
SDT tensors at each order m > ra* , there cannot be any other SD tensor which is 
not traceless but whose curls are non-zero or equivalently any RNT tensor at order 
m. Otherwise, there would be one additional SDT tensor at order m + 1 by applying 
the curl operator but this would raise the number of SDT at level m + 1 to i/ + 1, 
which is not the case. 

5. We conclude that all RNT potentials and SD tensors whose curls are non-zero are 
classified by the explicit tensors that we build out of terms with up to m* derivatives. 
At higher order m > m* in derivatives, all SD tensors, whose curls are non-zero, are 
traceless and can be obtained by applying curls on the RNT potentials. 

(cr, cr) SD tensors 

The analysis in the {cr,a) case, first performed in [52j, is rather straightforward. One can 
rapidly realize that, for an odd number (2n + l) of derivatives, there is only one independent 
structure such that 

^(2n+l) ef ^ ciC2...Cn-i o oA\ 

while for an even number (2n) of derivatives, we have 

Qif ^ = «/ii?^cic....c„cT^^^^-"" + baabc,...c^^,a''-'"-' + caac,...c„_,a,''-'-\ (2.3.35) 

This is so because we take into account that cr^ = — 3cr on shell and also that a structure 
such as 

CTci...c„_iaf,tT"^-""-\ (2.3.36) 
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is not an independent structure. Indeed, one can always bring it back to a form identical to 
the second term in (2.3.35) by commuting derivatives. This operation will only add terms 
with lower derivatives, terms that we neglect for this argument. 

From (2.3.34) and (2.3.35), we immediately see that m* = 3. Imposing divergence- free 
and traceless conditions on (2.3.35) provides us with the following requirements on the 
parameters 



3a + c = 0, 2a + b + c = 0. 



(2.3.37) 



Also, one can check that (2.3.34) is always SDT. All in all, this tells us that H = 1. 

Let us now derive the explicit form of all RNT potentials, SD tensors and SDT tensors 
for m < m*. A generic symmetric tensor containing zero, one or two derivatives has the 
form 



(2.3.38) 



for some coefficients a, b, c, d. One can easily show that there are no SDT tensors in this 
class. However, there are two independent tensor potentials 



M 



[2,a,a,I] 



ab 



ab 

(0)^ ,2 



(2.3.39) 



The first one is a RNT potential while the curl of the second term is trivial. From this first 
potential, one can build an SDT tensor with three derivatives 



X 



(3) 
ab 



(2.3.40) 



where E^^J is the first order electric part of the Weyl tensor given in (2.3.7). 

By a recursive application of the curl operator, one can build one SDT tensor at each 
order in derivatives. At the next order, we have 



X 



(4) 
ab 



afe \ ' ab 



(2.3.41) 



This ends the classification for the (fi, a) case. Indeed, we have found one RNT potential 
whose successive curls generate the unique SDT tensor at each order m > m*. The two SD 
tensors associated with the tensor potentials (2.3.39) are given by 



^ab 



\<T,uJI] 



^ab 



^2,<x,a,/]_^[2,.,.,/]^(0) 

{2a^ - 2a,a')h^^^ + iaaab, 

^[2 <x,a,/7] _ [2,<x,a,//];^(0) 
ab ab 

2aa<Tb + 2aaab + hfl i^a^ - 2ar.a^ 



(2.3.42) 
(2.3.43) 
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The second SD tensor has a zero symmetrized curl. We also see from (2.3.34) that at each 



odd order n > 3 any SD tensor is also SDT. At each even order n > 4, any SD tensor is a 
linear combination of the unique SDT tensor and a tensor with vanishing curl. If it was not 
the case, then a new independent SD tensor with at most four derivatives would generate 
an additional independent tensor with at most five derivatives that we do not observe. The 
general SD tensor whose curl is non-zero, up to the addition of SD tensors with trivial curls, 
has the form 



+ «(2)4t' + «{3)curl iX^%b + ■■■ + a(„)curl"(x[3l),, + . . . , (2.3.44) 



for some arbitrary coefficients a^j) and X^^^ = (curl 



{k, k) SD tensors 

The classification of {k,k) structures is considerably more tedious than the classification of 
{a, a) structures. In order to simplify the identification of a basis of independent tensors 
on-shell, we will make an efficient use of the relations 



(2.3.45) 



where is the first order magnetic part of the Weyl tensor given in (2.3.18). We start 
by listing the independent structures quadratic in B^^^ and its derivatives. Then, we add 
an independent subset of structures of the form {B^^\k) such that no linear combinations 
are of the form {B^^\ B^^^) and eventually we add a subset of independent {k, k) structures 
such that no linear combinations are of the form {B^^\B^^'^) or {B^^\k). To look if such 



linear combinations exist, we just need to take into account the equations (2.3.45) 
For an odd number (2n + 1) of derivatives we find the general form 



+b e,dia^'' ...V'"-' V^V,) k'^Vi, . . .Vi„,,Vfki 
+c . . .V'"-^VcB^^^Vi, . . .V^^^.Vk^f 
+dV'\..V'-^V,B^^^V,,...Vi^_,V''k''''h^^^ 
+eV'\. .V'-''V,VdB^JVi, . . .Vi^^.k"" 
+f V'^...V'-^Bi'Jv,,...Vi^^,V,V^,k,f , 



(2.3.46) 
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while for an even number (2n) of derivatives we find 

+cVi,...Vi^_,V,VdBl^V''\..V'--^B^'^^ 

+de^^a1^''...V^"-'VfV%p^,...Vi„_,VfBi'^'' 

+ee^^aD'\..V'--'VfV^)B'^^^''Vi,...Vi^_,Vfk''' 

+h Vi,...Vi^_^VcVdkefV^\..V'-^V''V<^k^f 4? • (2-3-47) 

We deduce that m* = 3. Indeed, when m = 2 the third term in Q^^^ does not exist while 

when m = 3,4, or higher, all terms in Q^^^ exist. Looking at m > m* and imposing the 
SDT condition, we find after a straightforward analysis that there can be at most three 
independent SDT tensors. We thus have H = 3. 

We now need to construct RNT potentials and SDT tensors at each order m < m*. At 
m = 0, there are no tensor potentials and no SDT tensors. At m = 1, we have 

Qil^ = a 6,,(„P,)fc-fc'^, + b B^IX; + c Bi^k^'^h^S , (2-3.48) 
and one easily checks that there are no SDT tensors but there is one RNT potential 

M^,kM ^ _4^(i)^^e + B^^k'^'^h^l (2.3.49) 

At m = 2, we have 

= « bI^bW + t B%B^ ^ + c e,,^^k^B^ ^ + d e,,^^V,^B^^ ^k^^ 

+e P(„A:^'^P,)fc,rf + / k^'V^^Vk^kcd + 9 V^kdeV^k'^'h^^^ 

+h k\^hy + i k^ak'^'h^^i , (2.3.50) 



where we also introduced the structures with m = derivatives. Here, we get 

Q(2) = [Sa + b-2c]B^^^'''^B^'^+VbkcdV^k'''^[e + Sg] + [Sf + h + Si]kcdk'"^, 



VaQ^""^ = [6a + 26 - 4c]S(i) "^'DaB^^ + [2e + Qg]VJ)^kcd'D^k'"^ 



+[6/ + 2/i + 6^]A;ed2^„F^ 
P^gf,) = [2a + 6-2d]sW-'^P„s(y + [|-^]e,d„P%-P^5W<^ 

+[2c -2d- 4e + 4/ + 2h] e^dak'^Bi^^ <i + [e + f + 2g]VaV^kcdVbkcd 
+k'"^Vakcd[e + 7/ + /i + 2i] , (2.3.51) 

where we made use of the relations 

k^'^UVakcd = 5k'"^Vak,d + 4.k''^V,kad, k'^^V^V J) dkab = 7k''^V,kad , 

k-dv^VaV^kcd = k'^'DVakcd - 2k'"'Vckad, k^^V^kad = 2eai^k\B^^^ ^ + k'^^Vak^d • 
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We obtain that tensors Q^^^j satisfying V^Q^^^ = VaQ^'^^ are of the form 

miF^f + msMf/''^'^! + rngMf/'''"^^' + m4Mf/''='-^^^l , (2.3.52) 



where 



j^[2,k,kA ^ hcdk^h'^^ - kack% + Iv.kdeVk'^h^^^ - l-Vakcd-Dbk^ , 



ao ^ ca oo ' c(a o) ' 



^[2,k,k,in] ^ ^k'^djy^^V,)k^ + lv^,k'''V,)kcd + ^kcdk^h^,; . (2.3.53) 

^(2) ■ 



16 



We thus see that Y^^^ is the unique SDT tensor and it is obtained from the RNT potential 

M^/'^^, that m]^'*''^'^' and m'^'^'^'"' arc two new RNT potentials and that m^^'^'^'^-^^' is 

a tensor potential whose curl iss vanishing as it is of the form {T>aT>h + h^ab ^^cdk'^'^- From 
the three tensor potentials found, we can define 3 SD tensors 



(0) 
al 

2 ( ) ( ) 

-kcdk h^^ — kack + —T)ck(iel^ k h^^ — -D^kcdDbk 



[fc,fc,/77] _ ,[2,fc,fc,m] _ , .[2,fc,fc,7//]^(0)^, 



ah ^ ab ab ' 

= {-^V.kden"' - \k,dk'"')h^2 + ^P(„A:'=%fced + ^-k'"'V^J)b)k,d ■ 

(2.3.54) 

Now, at m = 3, we obtain 

QI? = ae,a^aT^,)B^'^'^'Bi'^'' + be,aiaV^V,)k''Vfki + cV,B[lv%f 

+d V^Bl^Jv^k'^'h^^ + e V^V^B^^^k^'' + / B^]vj)(,k,'f , (2.3.55) 

up to terms with lower derivatives. One can explicitly construct three independent SDT 
tensors which can also be obtained as curls of the three previous RNT potentials. We have 
thus completed our algorithm. We have three towers of SDT tensors generated by the three 
RNT potentials M^^^''''''^ (which leads to Y^^^), mP'^^''^'-^' and M^J'*^'*^'"^^' . 

(a. A;) SD tensors 

For the (cr, k) case, we find that a generic tensor with 2n + 1 derivatives is of the form 

+e P,,...P,„_,5«a'='^^-^"-/i2) + / Pn-2?^„_.i?SV„,^*-'"- , (2.3.56) 



63 



while, for an even number 2n of derivatives, it is of the form 

+ 9h^ai acdn...i^.,V'K..V'"-'k"' . (2.3.57) 

(3) 

We find that m* = 4. Indeed, for m = 3 derivatives, the last term in Q^'^ does not exist 

while for m = 4, 5, . . . all terms in Q^^^ exist. For any m > 4, one can check that there are 
at most 2 SDT tensors. We therefore find H = 2. At lower levels m = or m = 1, we see 
that there are no SDT tensors and no tensor potentials. At m = 2, we have 

Qab = « + ^ ^cd{ak%(T'' + c aS'-^J + d a'^Vckab 

+e a''V^ah)c + / c^c(a V + 9 ^cdk'^'h'^^ . (2.3.58) 
There is no SDT tensor, but there is one RNT potential 

Its curl gives an SDT tensor 

-\^cdia<^''"Db)ki - 2h^^a'^Bi^ - a^V^B^^ . (2.3.60) 

At m = 3, the general SDT tensor or RNT potential can be written as a linear combination 
of a basis of terms with 1 and 3 derivatives 



Qab = aBl^"'a,f + bh'^,>a^B'^>+ce,aia(r,fkl + de^^,V,)k%a'^ + ea'V, 



ah 



+fecdiak%(T'' + g aB^,> . (2.3.61) 
We find one SDT tensor which is obviously Z^J and a new RNT potential M^J'''''' 

-^erf(,.I>i,)*V" - >r'V,B'^^ + 10<tB™ . (2.3.62) 

As expected, at m = 4, one can check that we have 2 SDT tensors. The algorithm is 
therefore completed. The two RNT potentials that generate the two independent towers of 
SDT tensors are m[^''^''^' and m[^'°^''^' . To each of these potentials corresponds a unique SD 
tensor 



(Tkab + (Tciakbf " l(^cdk"^h^ab ' ^"^^ckab + CT^V^^kby , (2.3.63) 



'^ab — ^^^ab '^ab 
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All other SDT tensors, with m > m* , are then constructed from linear combinations of 
successive curls of those SD tensors. This ends the classification of RNT and SDT (cr, k) 
tensors. 

2.3.3 First order equations 

Now that we have established all this, we start by rewriting the first order equations of 
motion and study their solutions. 



Compact form 

From the definitions of the first order electric E^J and magnetic b'^J parts of the Weyl 



tensor that were given in (2.3.7) and (2.3.18), we see that these tensors satisfy the properties 

(1) _ n ^. 



0, 



0. 



(2.3.65) 



The first two properties are trivial, while the third one stating that e'^J is curl-free can be 



easily proved using (see also Appendix LB ) 

[Va,Vb]ac = 2h^^laf,]. (2.3.66) 
Now, it is also easy to see that the first order equations of motion can be summarized by 

0, n.B^'l = 0. (2.3.67) 



,(0)a6p;(l) _Q „(1) 
^ab - ^' ^[ab] 



Indeed, the first one is a trivial rewriting of the first order Hamiltonian equation (□+3)cr = 
using the definition of E^]^ . The second one states that 



cab _ Q 



and by definition of B^]^ , we recover the first order momentum equation 



^cab ^ de 

-a 



hue 



0. 



Eventually, the third equation implies that 

2ef V,B^^^ = Ukab - V^Vahc = 0, 



(2.3.68) 



(2.3.69) 



(2.3.70) 



which is just the first order equation of motion obtained in (2.2.48). One can check that all 
these properties also imply that 



V'E^^ = 0, 



V'B^^ = 0, 



(2.3.71) 
(2.3.72) 



(□ - 2,)E):> = 0, (□ - 3)5- = 0. 
The first order electric and magnetic parts of the Weyl tensor are thus, on shell, SDT 



tensors which are moreover curl-free and satisfy (2.3.72) 
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Solutions to the equations 

Let us characterize the solutions to these first order equations. As we wih see just after, 
it is sufficient, to specify the physical content of the tensors E^^^ and -B^j,\ to solve the 
hyperbolic equation 

□^. + 3^ = 0. (2.3.73) 

The general solution to this equation is the sum of a function of r times a spherical harmonic, 
fim{T)Yim{0, 4>), I = 0,1, . . . , m = —I, However, two independent solutions for fim{T), 
which we denote as fimiT) and fim{T)i exist since the hyperbolic equation is second order. 
We express each independent solution of that equation as a hyperbolic harmonic. One can 
then write 

3 I 

^ = X] + + XI XI {^IrnflmiT) + aimflmir)^ YlmiO , 4>), (2.3.74) 

j=0 l>2 m=-l 

where the first set of lowest harmonics are given by the four solutions 

C(o)=sinhr, C(fc) = coshr/(fc). A; = 1,2,3, (2.3.75) 

of PaPfeC(a) + ^ife^C(a) = 0) which are odd under parity (r, 9, (p) — (— r, vr — 0, (/> + vr) while 
the other set of lowest harmonics are 

cosh2r - / , tanhr\ „ , , , 

C(o) = C(.) = (2sinhr+— . = 1,2,3, (2.3.76) 

which are even under parity. Here, 

/(I) = cos 6*, /(2) = sin 6* cos /(3) = sin 6* sin (2.3.77) 

are the three I = 1 harmonics on the two-sphere. 

This analysis clearly classifies the possible solutions for e'^J since it is expressed in terms 
of a scalar that fulfills this hyperbolic equation. Actually, it is also sufficient to cl assif y 
solutions of B^f^ as we now see with the following lemma that we prove in Appendix 



I.C 



Lemma 1 ( Ashtekar-Hansen) . On the three-dimensional hyperboloid, any traceless curl-free 
divergence-free symmetric tensor Tab such that OTab = STq^ can be written as 

Tab = VaVb^ + h^^^^, (2.3.78) 

with □<!> -|-3<I> = 0. The scalar $ is determined up to the ambiguity of adding a combination 
of the four functions (2.3.75). 

Following this lemma, one can express the first order magnetic part of the Weyl tensor 

as 

^1? = -<y^b - ^y'^h^al (□ + 3)^^ = 0. (2.3.79) 
Let us note, as also proved in Appendix |LC[ that 
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Lemma 2 (Beig-Schmidt). On the three dimensional hyperboloid, any scalar <I> satisfying 
□<I> + 3<I> = and such that it does not contain the four lowest hyperbolic harmonics (2.3.76) 
defines a symmetric, t 
that can be written as 



defines a symmetric, traceless, curl-free and divergence- free tensor T^b = 'Da'D^^ + h!^^ 



Tab = ^a'^'^cPdh, (2.3.80) 

where Pab is a symmetric, traceless and divergence-free tensor. This tensor is defined up to 
the ambiguity Pab Pab+T>aT>bU:+h^ab^ where oj is an arbitrary scalar obeying □a;+3a; = 0. 

This second lemma tells us that, equivalently, the first order electric part can be rewritten 

as 

El^t = WT^ckg. (2.3.81) 



2.3.4 Second order equations 

Let us now move to the second order equations. In [46] , Beig showed that in the case 
hab = iab = 0, the systcm could be written in terms of the second order part of the magnetic 
Weyl tensor. Here, we show that for our enlarged boundary conditions, the second order 
equations of motion can actually be written in terms of two equivalent systems constructed 
from two SDT tensors that are mutually conjugate in a way that we precise below. In the 
case kab = iab = 0, we see that one of the SDT tensors reduces to the result of Beig and 
that the other can be expressed in terms of the electric part of the Weyl tensor. 



Linearized equations and their solutions 

In an attempt to present the material in a more pedagogical way, we start by discussing 
the second order equations in the linear case when the quadratic terms in {a, a), (a, k) and 
{k, k) are set to zero. We also set iab = 0. The equations reduce to 

- = 0, V'hf^ =0, (□ - 2)/^^) = . (2.3.82) 

Let us define 

Vab = -h^l Wab = cnTlh'S, (2.3.83) 

where the curl operator is (curlT)^^ = (-a'^DcTdb- Let us emphasize here that the curl 
operator obeys remarkable properties. The curl of a symmetric tensor Tab satisfying T>^Tab = 
VaTb' is symmetric: (curlT)^^^,] = 0. Moreover, the curl is the square root of the operator 
□ — 3 when acting on an SDT tensor Tab 

curl (curl {T))ab = (□ - 2,)Tab. (2.3.84) 

The latter property also implies that the square of the curl operator when acting on an SDT 
tensor Tab obeying (□ — 2)Tab = is minus the identity. This shows that this operator is 
invertible when acting on Tab satisfying (□ — 2)Tab = 0. Finally, one has [□ — 2, curljTaj, = 
for an SDT tensor Tab- 
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With these properties in mind, we see that the above defined quantities enjoy the duahty 
properties 

Wab = -curl Kfe, Vab = curl Wab- (2.3.85) 



Moreover, the linearized second order equations (2.3.82) can then be written in two equiv- 
alent ways 



K = 0, vWab = Q, (□-2)K6 = 0, (2.3.86) 



or 



Wl = {), V'Wab = 0, {a-2)Wab = 0. (2.3.87) 

The two sets of equations are related by the curl operator. Given a solution to one of these 



systems, one can reconstruct the metric using definitions (2.3.83). We have thus shown the 
equivalence of linearized Einstein's equations at second order (with iab = 0) to any one of 
the above two systems of equations. 

Let us remember and insist on the fact that tensor fields that derive from a scalar 
;ential, like t 
vanishing curl. 



potential, like the first order electric part of the Weyl tensor e'^^^ = —Va'DbO' — h^ab'^i have 



Tab = VaVb^ + h'^2^ ^ (curlT)afe = 0. (2.3.88) 

These tensors therefore obey (curl^r)af, = (□ — 'i)Tab = as opposed to (□ — 2)Tab = 0. 
As a consequence, none of the lemmae used in the first order analysis, see also [SI [8], 
capture tensor structures appearing at second order. The general form of the solutions to 
the equations 

= V^'Tab = (□ - 2)Tab = 0, (2.3.89) 



is summarized in the following lemma, proved in Appendix I.C, stating that 



Lemma 3. On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab 
obeying (□ — 2) Tab = can be uniquely decomposed as 

3 

Tab = X] + W(^i)W(^i)ab) + Jab, (2.3.90) 
i=l 

where the three tensors V(j)afc and the three tensors VF(j)afe; « = 1,2,3 are given by 

V{i)TT = 2 sech^rC^i), V(i)^i = sec/z^r tanhrajQi), V(i)ij = rjij sech^TC{i), (2.3.91) 

W^»rr = 0, = sec/iVe/9X(i), = 0. (2.3.92) 

These tensors are dual to each other in the sense that 

ea"'^c^(i)dfe = -Wi^i)ab, ea'^V,Wii)db = V(^ab- (2.3.93) 
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These tensors also obey the orthogonality properties 

[ V^k)abqi)n''d^S= j VF(fc)„feC(o^'rf'5 = 0, (2.3.94) 
*j S J s 

j V(,)a6Ct(0^''^'^= / Wik)abiLo.mn'd''S = Q, (2.3.95) 

J S J s 



^(fc)a6e^oost(/)"'^'^ = / W^k)al>i:^m'^'d^S = (2.3.96) 



3 



where = lifi = j, andC^^^ = D'^C{i) 0,1^^ the four translation Killing vectors (conformal 



Killing vectors on dSz) with given in (2.3.75). The tensor Jab is a symmetric traceless 
divergence-free tensor obeying 

I d^SJabCotri' = I d^SJabiLos^n^ = I d^SJab^i^n' = 0, (□ - 2) J,t, = 0. 
J S " S " s 

(2.3.97) 

Full non-linear equations 

Let us now consider the full non-linear second order equations. Based on the previous 
analysis, we would like to rewrite them in terms of two tensors Vab and Wab 

Vab = -h'at! + liab + QL, (2.3.98) 
Wab = + , (2.3.99) 

where Q^^j^ are appropriate quadratic terms in {a, a), {a,kab) or {kab,kab) that we will 
construct herebelow. We require that V and W are SDT tensors that obey the following 
duality properties 

Wab + ea^'^D.Vdb = KZ , Vab " Ca^'^c^dfe = -2iab + K^b , (2-3. 100) 

where K^^^ are non- linear terms quadratic in a and kab, which are also SDT. Applying the 



curl operator on both equations (2.3.100) we obtain that Vab and Wab obey 



(□ - 2)Vab = -2iab + <6 + ea^'D.KYb, (2.3.101) 
(□ - 2)Wab = -2jab + - ^a'^DA (2.3.102) 



where jab = —curl{i)ab- Our construction of the non-linear tensors Q ' , K ' goes as 
follows. In order for Wab to be traceless, we require to be symmetric. Using the 
Hamiltonian and momentum equation of motion, one can rewrite the symmetry condition 
of Wab as the following equation on 

V^'QZ - Pa^r" = -\k'''Vbkac + Va [^a^ + h.^k'"'^ . (2.3.103) 
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The divergence-free conditions of Wat can then be rewritten as 



(2.3.104) 



which is a consequence of the previous equation. The equation (2.3.103) can be solved up to 
the ambiguity of adding to tensors obeying V^Mab = T>aM. We will fix the ambiguity 
in defining since we would like to find one equivalent formulation of the equations of 
motion, not all possible formulations. By choosing a with the smallest possible number 
of derivatives, we obtain 



-2a^ + 



1 



. kar.k 



(2.3.105) 



Using again the Hamiltonian and momentum equations of motion, one can rewrite the 
traceless and divergence-free conditions of Vab as the following equations on 



V a 



I2a^ + aca' + -^k,dk'"' + k,d<y"' 



1 



ab 



'-V'kackk^ + Va a^a^ + 8(7 



1 



kcdk + kodG 



cd 



(2.3.106) 
(2.3.107) 



This system has a unique solution up to the ambiguity of adding an SDT tensor to 



ab' 



We will make a specific choice for the ambiguity in defining as well. In fact, the SDT 
tensor can be computed using ( 2.3.100| ) and the equations of motion (2.2.56) as 



^ab 



-N Labia, a) - NL^bia, k) - NL^bik, k) + Q^, - (□ - 3)Q 



w 

ab 



(2.3.108) 



We will choose to fix the ambiguity of adding SDT tensors to by requiring 



K. 



V 
ab 



. 



(2.3.109) 



After a tedious computation, we obtain simply 



Q 



V 
ab 



(6(7^ + a'a, + h^dk"^ + JpeA^de^'A;'^^)/!^^ + 2aaab - 2(7^^^ 
o o 

+4 akab - 4 a^Vckab + 4 a^V^akb)c + ^<yc{akb) - (^cdk"^hf^ 



~kackb 



Vak^d'Dbk"'^ + ^k^'^VuV^^.k^ + y 



1 



.(2) 



'ab ' 



(2.3.110) 



(2) X K 

where Y^^ is an SDT tensor given in (2.3.53). Remark that to perform this computation, 
one can separate the analysis of non- linear terms for each set of quadratic terms {k,k), 
((7, k) or (k, k) independently since those terms never mix in the equations. 



Using then the definition of in ( 2.3.100 ) we find 



^ab 



curl{M)ab = ea"^V^Mdb , 



(2.3.111) 
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where 



Mab = Qab + Qab > 



(2.3.112) 



is a tensor obeying V^Mab = T^aM. Using the classification of such tensors described in 



section 2.3.2, we have exphcitly 



M, 



ab 



^[2,a,a,I] _ j^lMI] ^ ^ yi2) ^ ^[2AkJ] ^ ^^11] ^ (2.3.113) 



where 



M 



'2,a,a,II] 



ab 



M 



M 



[2,a,k] 
ab 

%k,k,I] 
ab 



j^[2,k,k,III] 
ab 



{5a^ + a,a')h'^^^ + Aaaab, 

akab - a'^Vckab + a^Vf^Jf,^^ + a^i^aKf " \ '^cdk'^h^ab^ 

~kcdk'^'^h!\,} — kack\ + —'Dckde^'^k'^'^h^) — —DakcdT^bk'^'^-, 



(2.3.114) 



In summary, the equations of motion can be written in the form 



(□ - 2)Wab 

'-a 

(□ - 2)iab 



V'Wab = 0, 

curl (2i + M) 
Vhab = : 
0. 



ab ' 



(2.3.115) 
(2.3.116) 



Using the curl operator and the definition jab = — (curH)ab, one can derive an equivalent 
form of those equations in terms of Vab as 



Va = ^V„fe = 0, 

(□-2)^6 = curl (-2j + curl (M))„b, 

fa = ^?''jab = 0, 

(□-2)i^6 = 0. 



(2.3.117) 
(2.3.118) 



Since the curl of the latter set of equations lead to (|2.3.115|)-(|2.3.116|), the two sets are 

'aft 



equivalent. Once the set of equations (2.3.115)-(2.3.116) is solved, one can reconstruct h 



from the definitions (2.3.98) or (2.3.99). Einstein's equations at second order are therefore 



equivalent to either set of the above systems of equations. 

As a last remark, we could also use in the above equations the symmetrized curl of 
Kab = Mab — Mh^^fj instead of Mab- Indeed, the symmetrized curl of Kab is equivalent to the 
curl of the tensor potential Mab- 
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Non-linear equations with kab = iab = ^ 

If we restrict ourselves to kab = iab = 0, we see from the definitions of Vat and Wab given in 
(2.3.981) and (|2.3.99|), but also pXTTol) and pXTOSl), that 



Vab 
Wab 



(2.3.119) 
(2.3.120) 



From the expansions of the electric and magnetic parts of the Weyl tensor given in (2.3.7), 

tha 

.(1) 



(2.3.18), and (2.3.22), one easily realizes that 

n(2) 



ab 



E 



ab 



aE 



ab ' 



W, 



ab 



B 



(2) 
ab 



(2.3.121) 



(2) 

The equations of motion can be reformulated in terms of B^^^ , as firstly derived in 

^(2)a ^ 
^a 



D-B^;S = 0, 



curl(M),b = -4eerf(aa'=4'^^ 



but they can also be written in terms of e'"^/^ — crE^^i^ 



0, 



(□-2)(i?l?-aSi;0 = curl[-46,rf(Xi5^, 



b) i 



(2.3.122) 
(2.3.123) 
(2.3.124) 



(2.3.125) 
(2.3.126) 
(2.3.127) 



[31 

Remark that the right hand side of (2.3.124) is precisely the SDT tensor X^^^ defined in 

:ies of the tensors Vab and Wab written in (2.3.1( 

j(2) 



(2.3.40). The duality properties of the tensors Vab and Wab written in (2.3.100) reduce to 



E 



(2) 
ab 



a£;- = curli?^,. 



-curl {E^^^ - aE^^) = B^ + 46,,(,a'=i?«'^. (2.3.128) 



2.4 Linearization stability constraints 

Solutions of linearized equations are not always linearizations of solutions of non-linear 
equations. This phenomenon is well-known as a linearization instability \53 \ I54 | [^. The 
main result of [44J is that Einstein's equations can always be solved order by order provided 
a subpart of them, the Hamiltonian and momentum equations, are satisfied. The follow-up 
paper [36j aims at removing this provision, i.e. solve the constraints. It is shown that 

Given a spacetime of the Beig- Schmidt form with kab = iab = 0, Einstein's vacuum equations 
can he solved to all orders if and only if the field a satisfies the field equation (□ -|- 3)cr = 0, 
and is such that the six charges associated to Killing vectors 

2^(0)] ^ / d'S e,,(,a^i?(;} "C5,)n^ , (2.4.1) 
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where the integrand is a tensor that is conserved at infinity and built from quadratic terms 
of the first order field a, vanish. 



In the fohowing, we refer to these six additional conditions imposed by Einstein's equa- 
tions as the linearization stability constraints. They were named integrabihty conditions in 



This section is devoted to review how these six conditions arise and are generahzed for 
our enlarged ansatz. These conditions wih turn out to be crucial when discussing unicity 
of conserved charges in the next section. To derive these conditions, we start by reviewing 
properties of Killing vectors on d^s and by showing an important result, that we will use 
throughout our argumentation, which states that a charge constructed by contracting an 
SD tensor with a certain Killing vector is equivalent to a charge constructed by contracting 
the curl of this tensor with another particular Killing vector. This is the main result we will 
use in the next section to show that there exists two equivalent forms to describe conserved 
charges associated with boosts or rotations. It also tells us that charges associated to SD 
tensors that have a zero symmetrized curl are trivial. 

2.4.1 Properties of Killing Vectors on dS^^ 

Three-dimensional de-Sitter space admits six Killing vectors. Three of them are rotations 
and the other three correspond to four-dimensional Lorentz boosts when interpreted in the 
asymptotically flat context. The rotations are 

Ct(i)5a = d^, (2.4.2) 
Ct(2)^a = -sm(j}de -cote COS (t)d^, (2.4.3) 
Ct(3)5a = cos(t>de-cotes\n(t>d^. (2.4.4) 

These Killing vectors are precisely the three Killing vectors of the round two-sphere. On 
the round two-sphere. Killing vectors satisfy a special property: they can be written as 

CtW=e(2)™"^l'V(.), (2.4.5) 
where /(^.) are the three scalar / = 1 harmonics on the two-sphere 

(□(2) + 2)/(,) =0, j d^Sf^k)fii) = Y^m), (2.4.6) 



(2) 

given explicitly in ( [2.3.77^ . We use the conventions e(5'2)5i0 = sin 6*, Da is the unique torsion 
free covariant derivative on 5^, dS = sin 6d9 A dcp, and □'•^^ is the scalar Laplacian on S'^. 
The boost Killing vectors of the three-dimensional de-Sitter space can be written as 

CostW = f(^)^" + coshr sinhr/i^o^)a,/(,), (2.4.7) 

or, explicitly, as 

Cost(i)5a = cos^a, -tanh T sin eae, (2.4.8) 

?boost(2)'5a = sin^cosi;^^,- + tanhrcos^cosc/i^e — tanhrcsc6'sin(/)50, (2.4.9) 

?boost(3)'^a = sinSsinc/)^,- + tanhTcos6'sin(/)96i + tanhr csc0cos(/)C?0. (2.4.10) 
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The unit vector normal to the two sphere in dS^ is n"'da = dr- 

The boost Kilhng vectors are intimately related to the rotational Killing vectors by the 
following relation 



?boost(i) = -^e"'"'^feCrot(i)c> (2.4.11) 

Ct(j) = ^e''^''^feCboost(i)c, (2.4.12) 



where Va is the covariant derivative on the hyperboloid and eabc the totally anti-symmetric 
tensor normalized as ere(t> = + cosher sin ^. The latter relation implies 

(□ + 2)CtW =0, (□ + 2)CostW = 0, (2.4.13) 

where □ = V^Va- 

Now, let us see how these relations imply that a charge constructed by contracting an 
SD tensor with a rotational (respectively boost) Killing vector is equivalent to the charge 
constructed by contracting the curl of this SD tensor with a boost (respectively rotational) 
Killing vector, or alternatively said how the relations between boost and rotational Killing 
vectors imply two equivalent forms for the conserved charges associated with these vectors. 

Given a tensor Tab without special properties, one can show that on the r = slice of 
de Sitter space, 

TafeCtW^' = ^a'^cTdbCostW^' + ^f Hr„fee;^^2)/(.)n^). (2.4.14) 
For any symmetric and divergence-free tensor, one has 

^'(T^afeCotC.)) = 0' ^'((curir)(,,)Ctw) = 0- 

Note that (curir)^;, is symmetrized in the second equation, as it is not necessarily sym- 
metric. Therefore, for any regular symmetric and divergence-free tensor, the conserved 
charges 

Q[?^a6,Ct«] = / ^'^^'r.fcCtW > (2-4.15) 
J s 

can be expressed in two equivalent ways as follows 

Q[Tab, Ctw] = ^ n^T„,Ct« = ^ d^S n^curl {T) (^ab)iLosti^ ■ (2-4.16) 
Replacing Tab by the curl of Tab in identity ( |2.4.14 ), we get on the r = slice 
7^a4oost(.)^'^ = -c^rl (T)„,4^„,(,)n'^+Pf ')(2P[,r,],n^nV(.)) + (curl {cur\T)+T)abn%t,^,^^. 



For any symmetric and divergence- free tensor, we have (curl (curlT) + r)^^ = (□ — 2)Tab + 
□ - 2)Tab + 2h^2T) il^) = 2V- (eio)^aTb]c + Tcia-Dbie^o)) - (2.4.17) 



h'f^T, and 
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Therefore, one obtains 



Is 



d'Sn'T,,il^^^,^^ = -^d2^n%rl(r),,Ct« - J^d'STC^r'^'^^n^ (2.4.18) 

For a tensor Tab whose trace is non-vanishing, curl {T)ab is not symmetric in general. De- 
composing into symmetric and anti-symmetric parts and using integrations by parts, the 
following conserved charges 

can also be expressed in two equivalent forms 

QiTab, Costw] = / d'S n^r,,CostW = - [ d^S n^curl (T)(,,)Ct(.) • (2-4.20) 
'J S J s 

In establishing this, we used curl(T)jaf,] = —\eabcT^'^T. 



To summarize, we have shown in equations (2.4.16) and (2.4.20) that charges associated 
with any symmetric and divergence-free tensor are equivalent to charges associated with the 
symmetrized curl of this tensor. In particular, this means that charges constructed using an 
SDT tensor are equivalent to charges constructed using the curl of this SDT tensor. Also, 
charges constructed with symmetric and divergence free tensors that have zero symmetrized 
curl are automatically zero. 



2.4.2 Linearization stability constraints when k, 



ab 



iab = 



In the case where kab = iab = 0, we have seen in section 2.3.4 that the second order equations 
can be written in the following compact form 



R(2)a 

(2) 
ab 



(□ - 2)B 



0, 
0, 

curl {M)ab 



(2.4.21) 
(2.4.22) 
(2.4.23) 



The presence of six necessary conditions, or obstructions, to the existence of non-linear 
solutions, constructed from given linear solutions, can be seen as follows. Contracting 
equation (2.4.23) with a Killing vector on dS^, one can rewrite the l.h.s of the expression, 
upon using the equations of motion and (2.4.13), as 



(□ - 2)B^2kto) 



2P" Ulo)^aB^l + B'^l-^^]Ch 



(2.4.24) 



which is a total divergence and vanishes when integrated on a Cauchy surface S on the 
unit hyperboloid. For consistency, we must require that the integrals on the sphere of the 
r.h.s of (2.4.23) contracted with ^"^^ are also zero. These requirements are precisely Beig's 



integrability conditions 



QK{o)] 



d'Se. 



cd(a 



^ b) Ho) 



0, 



(2.4.25) 
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where ^"^^ are the six KilUng vectors on the hyperboloid, S" is a Cauchy surface in the unit 
hyperboloid, and is a unit timehke vector normal to S in the unit hyperboloid. 

Before proceeding, let us present a new way of looking at these integrability conditions. 
It is clear that the equation for the mass aspect a, which was given by 

(□ + 3)o- = 0, (2.4.26) 

can be derived from the free scalar Lagrangian 

= V-h(o) ( - ^da(Td^(J + ^a^) , (2.4.27) 

with mass = —3 on three-dimensional de Sitter space. Now, it is interesting to note 
that Beig's integrability conditions are precisely the conditions that all six Noether charges 
derived from this Lagrangian vanish. Indeed, one has ecd(a^'^^'^h) = ~{'^'^^^i^){ab) where Kab 
is precisely the stress-tensor of L^"") 



» _ 2 (^L^'") 1 ^ (0) 3 2,(0) 



Note that this tensor is also an SD tensor and that following our classification it can be 
identified as a linear combination of the {cr,a) SD tensors defined in (2.3.24) and (2.3.32) 

«^a. = -j4r'^ + ^4r''^. (2.4.29) 

Because the charges constructed using the symmetrized curl of an SD tensor contracted 
with a Killing vector or with the SD tensor himself are equivalent as we have just shown in 
the previous section, the linearization stability constraints reduce to 

£ d'S T^2^ q.^n' = £ d^S K^:C'kto)n' = 0. (2.4.30) 

where we also used the fact that K^^b'^'^^^ has a trivial symmetrized curl and is thus associated 
to trivial charges. 

Let us mention that it was also understood in [36j that charges constructed with Xab = 
^cd(a^'^'^\) contracted with a conformal Killing vector w", a translation which satisfies oj'^^ + 
^/j(o) = 0, also vanish as 



(2.4.31) 



can be written as a total divergence. 

At this point, we should warn the reader that the above construction only presents the 
linearization stability constraints as necessary conditions. It was shown in | ;461 that these 
conditions are also sufficient to solve Einstein's equations to all orders in the expansion. 
The general idea of this construction is to split the linear part in a 2 + 1 decomposition 
and keep non linear terms general. Then, a study of the harmonic decomposition of those 
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equations revealed that only six conditions are to be imposed on these general non-linear 
terms, conditions that appear at second order in the expansion. These conditions for the 
system of equations to have a solution are thus equivalent to the necessary conditions 
previously reviewed. Note that there are minor typos in equations (25) and (43) of [46j. In 
(25), the indices are incoherent and have been corrected in our formula (2.4.31), while in 
(43) the coefficient multiplying /3a is (n — 1)^ instead of (n + 1)^. 



2.4.3 Generalized linearization stability constraints 

The generalization of these constraints to the case where kab and iab are non-zero is straight- 
forward. Indeed, from the general second order equation 

ia-2)Wab = curl(2i + K)(,b), (2.4.32) 

we see that the integrability conditions are 

j^d'Siabil^-^v^ = -\j<fSKabilo)n\ (2.4.33) 

where 

Kab - l^ab '^ab + ^'^ab + + '^ab + '^ab ' [^■^■'i^) 

Let us try to simplify those constraints as much as we can by identifying the currents, 
constructed out of SD tensors contracted with Killing vectors, that can be written as total 
derivatives. We can already get rid of K^^b'^''^'^^^ and as these SD tensors have a 

vanishing symmetrized cur |^ and are thus associated to trivial charges. Now, we see that the 
two currents associated with the two independent (a, k) SD tensors are total divergences. 

To prove this efficiently, one first needs to check that the current K^^b'''^^^^ expressed 
as a total divergence 

= f - 6a hf'^c + V%a ak., + e '^'D\akb]c + r '^\akb]c) ■ (2.4.35) 



This also implies that its symmetrized curl, the SDT tensor Z^^j , defined in (2.3.60), will 

[cr k II] J [ 

not contribute either. Eventually, from the definition of k^^ ' given in (2.3.64) and the 
following result 

(2.4.36) 

we see that contracted with a Killing vector can also be expressed as a total diver- 

gence. 

^One could also check that these tensors contracted with Killing vectors can be written as total derivatives. 
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In the same line of thoughts, for the terms quadratic in (k, k), one can show by inspection 
that 



V'(2^,k,[,V%f-VMk'[,hf 

= (v,ka^,V%^ + 4k,^aK{ - k'^V.VdkabY 

+ V^X''V,)k,d- k^''V^J),)k,d + 4k\^h),+ k.dk^'h'fAe 



2Y^^ - AkI^^'^ - UkI^^''^ - SkI^^'^'^Y , (2.4.37) 



and also 



( - 2 k\^h), - I k,,k^'h^^ - \v,k,J)^k^^h^^i 
+V^kfj),)k,d - V,kd^ J)% + k^'^V.Vf^.k^^^Y 

These two equations show that the current constructed out of can be written as a 

total divergence and that the equality 

yj2)^(0)6^_2^[W]^(0)6^ (2.4.39) 

is true up to a total divergence. 

With all these results in hand, it is now easy to see that the linearization stability 
constraints (2.4.33) reduce to 

£ d'S ^^b^l,^n' = -lfd'S (4^'^ + ^yj,^)) ^^,^n\ (2.4.40) 

In comparison with the analysis presented in the previous section, one realizes that the 
equations of motion for kab can be derived from the Lagrangian 

= Q S^l^S^i) , (2.4.41) 

whose six associated Noether charges are 

(fc) ^ 2 ^L(^) _ I [k,kji] _ ly{2) .2 4 42^ 
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The linearization stability constraints can thus be written in the more elegant form 

/ SS^ab efo)n^ = 2 f d^S (t^^ + ^i^^)efo)n^ (2.4.43) 
J S J s 

where 

rpW ^ 2 (^lW _ I [k,k,ll] ly(2) .2 4 4^) 

are the stress-tensors associated to L*-""-* and L^'^^. 

Although the realization that the integrability conditions can be expressed using the 
stress-tensors of specific actions for the first order fields may sound like a curiosity at this 



stage, we will show in section 3.3 that they play an important role in the discussion of a 
good variational principle. 

One important thing that comes out of this analysis is that, when iab and kab are 
non-zero, we can build twelve possibly non-trivial and independent Noether charges out of 
quadratic expressions of the first order quantities. If we set iab to zero, the integrability 
conditions impose that only six of them are independent. 



2.5 Conserved charges from the equations of motion 

In this section we would like to consider all the possible conserved charges that can be 
constructed from SD tensors contracted with a Killing vector or SDT tensors with a con- 
formal Killing vector. As we have seen in the previous sections, some charges are trivial 
by construction. Indeed, charges constructed from an SD tensor with a trivial symmetrized 
curl contracted with a Killing vector are vanishing. Similarly, some currents built out of a 
specific SD tensor, respectively SDT tensor, contracted with a Killing vector, respectively 
a conformal Killing vector, can be expressed as total divergences. Also, we have seen that 
some quantities should be restricted to zero when one imposes the equations of motion. All 
these results will obviously severely restrict the possible independent conserved charges one 
can construct. 

We will see in the following that, in the particular case where kab = iab = 0, only ten 
independent charges can be defined when the equations of motion are taken into account. 
These can be identified as the ten Poincare charges. In this section, we will focus on the 
case kab = iab = and just give some comments on the construction of charges for our 
enlarged boundary conditions. This analysis in the general case will be presented in the 
next chapter. 

2.5.1 First order: momenta and dual momenta 

Since 

V\Tabq^) = V'Tabq,^ - T^Cd), (2.5.1) 
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for a symmetric tensor Tab ^-nd a conformal Killing vector C,^.^ i.e. a translation, we need 
to consider SDT tensors Tab if we want to define charges associated to translations that are 
conserved. 

To start our analysis, the first thing to realize is that, given a symmetric tensor Uab, we 
have 

curl {U)abCfi)n' = V, (e^ ""UadCii)) n\ (2.5.2) 

The r.h.s of this equation is a total divergence on the two-sphere. Let us now state the two 
following lemmas that we prove in Appendix |I.C[ 



Lemma 4. On the three dimensional hyperboloid, any symmetric traceless and divergence- 
free tensor can be decomposed as 

Tab = curl (fab) + VaVbC + h^ab < ' (2-5.3) 

where Tab is a symmetric, traceless and divergence- free tensor and is a combination of the 
four functions (2.3.76). 

Lemma 5. On the hyperboloid, any regular symmetric divergence-free traceless tensor Tab 
obeying (□ + — 2n — 2) Tab = with n any integer n > 3 also obeys 



L 



TabC(i)n''d'^S = 0, Z = 0,l,2,3, 



TabC^o)^''d^S = 0., 



(2.5.4) 



where C^J^ = D"'C{i) ^^(^ the four translation Killing vectors (conformal Killing vectors on 
dS^) with given in (2.3.75) and S,'^^-^ are the six Killing vectors on dS^. 

From Lemma [4] and (2.5.2), it then follows that charges constructed from SDT tensors 
Tab contracted with translations are simply associated with the coefficients of the four lowest 
harmonics Qj) given in (2.3.76), 



Q[Tab, Cu 



d^S{VaVbC + h^arOCt,)n'. 



d'STabCti)^: 

This readily means that there are only four such charges and the only possibility i^ 

1 



2.5.5) 



8ttG 



(2.5.6) 



These expressions are precisely the ones derived by R. Geroch [56] (see also [7]), Ashtekar- 
Hansen [8], Ashtekar-Romano [T2] . 



^ Another way, to see this, is as follows. From Lemmajsjand the linearization stability constraints, we can 
check that any SDT tensor satisfying (□ + — 2n — 2)Tab ~ with n — 2, such as E^^^ — oE^^fj and _B^^' , is 
associated to a trivial charge when contracted with a conformal Killing vector. This is also due to the fact 
that any other SDT tensor built out of quadratic combinations in cr can be expressed as the curl of 
and is thus not contributing because of (2.5.21. Eventually, from Lemmajsj we see that all higher order SDT 



tensors including 



(3) .(4) 
b ' "-ab 



would also be associated to trivial charges. We are thus left considering tensors 



made out of linear quantities in a and the only possibility is E)^ 



(1) 
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These were shown in [33] (see also [57j) to agree with the ADM momenta H], which are 
also equivalent to the Regge-Teitelboim expressions. For the energy, using our Appendix 



I.D which establishes a link between our covariant boundary conditions and the boundary 



conditions of Regge-Teitelboim, we see that the ADM definition is just 

E = ^ j) (fS a , (2.5.7) 

where a is our first order field which is often referred to as the mass aspect for this particular 
reason. One can now check that this expression is equivalent to 



J s 



where is a time-unit translation. Indeed, in [13], it it shown that if we pick S to be an 
extremal slice where the extrinsic curvature vanishes, we have = re" and 

Eab = -n^n^VaVba - anau" = -d^a + a = - 2a , (2.5.9) 

where in the last equality we made use of the equation of motion of a to write □^'^V -|- 3ct = 
(—9^ -I- D^^) -I- 3)(T = 0. Then, the result follows immediately 

E = -^ I EahiQn^(fS = L^U^'^^a + a)(fS = ^ icPSa . (2.5.10) 
Svr J 47r J 2 47r J 

The same could be done for the space translations along the same lines. 

Before moving to the classification of charges associated to Killing vectors, let us com- 
ment on the case where kab is allowed to take non-trivial values. Indeed, at first sight, one 
could enjoy constructing charges of the form (see |20l I21j ) 

From Lemma ll, we know that B^^^^ can always be expressed as b'^^^ = —cr^a^j^ — cr^h^^jj. 
From Lemma[2f it can also be derived from a regular potential kab if does not contain the 
four lowest harmonics C^-y However, we just saw that these are the only harmonics that can 



contribute to (2.5.11 ). These charges are thus trivial for a regular kab- The following Lemma 



is a generalization of Lemma [2] that circumvents the restriction on the four lowest hyperbolic 
harmonics to define B^J in terms of a tensor potential. However, we see that it implies 
that kab should develop wire singularities if it has to reproduce the correct value of 5^),^ 
using = These singularities are of the same type as the Misner-string singularities 
we discuss in Part II of this thesis. 



Lemma 6. On the three dimensional hyperboloid, any scalar <I> satisfying + 3$ = 
defines a symmetric, tn 
which can be written as 



defines a symmetric, traceless, curl-free and divergence-free tensor Tab = B>aDi,^ + ^^ab^ 



Tab = ea"^D,Pdb, (2.5.12) 
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where Pah is a symmetric, traceless tensor of the form 

where P^^^ is regular and are four singular tensors listed here below. 



(2.5.13) 



The regular tensors P^^^ are the same as the ones described in Lemma 2 (see also 



The four singular tensors can be derived by integrating equation (2.5.12) for $ = Q^). 



They can be written in the traceless gauge hfj^.k 



(0)«'(At)afe 



^(0)ab 



k{l)ab 



( 



V2 






fc — COS d 








as 



1 fe— cos Q 



cosh 

^YO^ r cos 26'-4fccose+3 



sinhr ^°^^^-ir'+' 



2 sin 6 



-3^^ sin 



cosh 'I 



coshr 



-3i^sin2( 

cosh T 



4sin( 



k 



{3)a6 



3^^ cos 6* sine cos. 



-3ii^cos<A 
3^^ cos 6* sine sine 



4 sin 

cosh r 

3^ sine/, 
— n ; /I cosh r sin c 

2 sin^ 9 

. o „ cosh r cos 6 



(2.5.14) 



3^^ cos 6* sine COS. 
. \ „ cosh r cos (f) 



2sini 



cosh r sin ( 



-3i^cos0 
cosh r cos ( 



3^^ cose sine sin < 



cosh 1 



2 sin3 6» 

-jt; cosh r sin 



cosh r sin 
cosh r cos ( 



sm"' y ' 2 sin ( 

where a = — 8/c + 9 cos e — cos 3e, h = cos^ 9 — Ak cos e + 3. These tensors are regular in the 
north patch upon choosing k = +1 and in the south patch upon choosing k = —1. They 
are transverse and obey the equation 

(□ - 3)fc(^),6 = , (2.5.15) 

outside of the singularities. The singular transition functions between the south and north 
patches can be written as 



'^^(O)afe = k(^o^ab\ South — ^{0)afel Afort/i 



'^^(l)a6 = k{l)ab\south — k(^i^ab\ North 






4 cot 6 sinh r 


A cosh 7 



I cosh 1 



sin 9 





coshr 

4 cot 9 sinh r 



^k{2)ab = k(^2)ab\ South — k{2)ab\ North 



^k{i)ab = k(?,)ab\ South — k(^3^ab\ North 



— t-Stt; cosh r sin < 

sm'^' 9 

coshr cos (/ 

sm^ 9 ^ 



. % „ cosh r cos d) 
sin y ^ 

coshr sine/. 

sm^ ^ 



8 cos 





I cosh r cos ( 
J cosh r sin (/i 



8 cose 





cosh r sin c; 
cosh r cos ( 
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These transition functions obey 

DiaSh^)b]c = 0, (□ - m(f.)ab = 0, h^^^ '''Sk(^)ab = 0, D'5k^^),^ = 0,(2.5.16) 

on the hyperboloid outside the singular region = and 6 = 7: and obey the normalized 
orthogonality relations 

/•27r 

/ d(l> Sk^fMUaD^Ou) = -8-^ ^(n)(u), ii,iy = 0,...3, (2.5.17) 
Jo 

where (^(^) are the four solutions of I'aPfeC(^) + h^^jj C(^) = which are odd under parity-time 
reversal and normalized such that C(/i)^p + P~^^"C(/i)^a + o{p~^) = dfj, where = dt, di. 



2.5.2 Second order: Lorentz charges 

In this section, we present a general construction of conserved Lorentz charges. Our ap- 
proach is to construct these charges using SD tensors as 

'D\Tabe) = , (2.5.18) 

for Killing vectors which satisfy = 0, when T^h is an SD tensor which does not 

need to be moreover traceless. Since Killing vectors corresponding to asymptotic Lorentz 
transformations are larger at infinity than translations, corresponding conserved tensors 
are constructed both from the leading and the next-to-leading terms in the Beig-Schmidt 
expansion. These tensors are linear in the next-to-leading terms and quadratic in the leading 
terms. What we readily show is that for k^b = iab = Oj oiily six independent non-trivial 
conserved charges can be associated to Killing vectors. These six charges must thus agree 
with the six Lorentz charges. 

The first thing to realize is that the SDT tensors e'^^^ and b'^J , linear in the first order 
fields, have a trivial symmetrized curl and are thus associated to trivial charges. Following 
previous results, SD tensors quadratic in the first order field a will not contribute either. 
This is obviously true for SD tensors whose symmetrized curls are zero. For SD tensors 
with non-trivial symmetrized curl, this is proved using the same argument as before and 
using the linearization stability constraints, which state that charges associated to i^^^b'^'^ 
must be set to zero. 

We are thus left considering the tensors E^^J — rrE^^^ and B^^^ that could a priori define 
12 independent charges 

" s 
" s 



(2.5.19) 



83 



However, we have seen in (2.3.128) that these tensors are mutually conjugate in the sense 
that 

^1? - ^^l;^ = c^rl ^i? > -curl {Ej^J - oE^^) = B^^ - Xfj , (2.5.20) 
where X^^^ = —Aec.d{a'^^E^'^ is an SDT tensor. From the first of these relations, we see 
that charges associated with E"^^^ — (jE^^^j contracted with either a rotational or a boost 

(2) 

Killing vector are equivalent to charges associated with contracted with either a boost 
or a rotational Killing vector. This could also have been derived from the second relation in 



( 2.5. 20D as or successive curls of this tensor, are associated to trivial charges by means 
of the linearization stability constraints. This eventually shows that only six charges are 
independent as 

J(i) = J(i) , /C(j) = /C(j) . (2.5.21) 

Note that this result is in agreement with Lemma [3] which basically states that the general 
solution for SDT tensors Tah satisfying (□ — 2)Tab = consists of two sets, related by the 
curl operator, of three tensors that capture the six charges Tahi^Q-^n^ associated with 
Lorentz transformations, supplemented by higher harmonic tensors that do not contribute 
to the charges. 

In the and iab are non-trivial, one can define twelve additional boundary charges 

constructed from tensors quadratic in the first order fields 

Qtino)] = / d'S T^-) e^o)^' > Qlin,)] - / d'S riJ) q.^n' ■ (2.5.22) 

These tensors represent the two classes of equivalence of SD tensors quadratic in (u, a), 
(cr, k) or (A;, k) that do not have a trivial symmetrized curl and that can not be written as 
total divergences when contracted with a Killing vector. All charges constructed with curls 
of these tensors are equivalent to the above charges by means of our previous results. 
One possible way to define the Lorentz charges is 

^» ^ 8^ / d^sV^KVab + 2^a6)Cost(i)^'' = 8^ / d'S^/^Ty,,Ct(.)^'- 
J S J s 

(2.5.23) 

However, as we have just emphasized, these charges are not unique as one can add any 
linear combination of the boundary charges to them 

AQiefo)] = / d'57^(ai T^^ + a2 Ti?)e['o)^'' > (2-5.24) 
J s 

where ai and a2 are arbitrary constants. No matter how we define them, if we set kfib — 



iab = 0, they reduce to the six uniquely defined Lorentz charges that were given in (2.5.19)- 



(2.5.21). 



To finish this section, let us just remark that singular contributions of /cqj,, as discussed 
in Lemma |6j have not been considered here for Lorentz charges but would most certainly 
render the analysis much more complicated. As a first difficulty, the very definition of a 
charge that is conserved is not straightforward anymore. 
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2. 6 Summary of the results 



Choosing an hyperbolic shcing of spacetime to describe spatial infinity, which basically 
amounts to make the change of coordinates outside the light cone at large distances 



p = r\ll 2 1 r = arctanh(-) , (2.6.1) 



r 



where r is the usual radial coordinate from the spherical coordinates, we have defined 
asymptotically flat spacetimes as spacetimes whose metrics can be cast into the asymptotic 
form up to second order in the new radial coordinate p 

ds^ = (^l + j + ^ + o{p-^ijdp^ + o{p-^)dpdx'' 

V (^h^St! + ^ + ^^p'f + ^ + o{p-'?j dx'^dx', (2.6.2) 

where /i^'^^ is the metric on the unit hyperboloid, denoted Ti, 

ds^ = h^^d^^dct)^ = -dr^ + cosh^ T{de^ + sin^ 0#2) , (2.6.3) 

and where a, h!~^^ , h^^^ and iab are fields defined on T-L, i.e. on 3-dimensional de Sitter space. 

Note that hah = P^^^ab ~^ P^^ab '^^'^P'^ab + h^ab ~^ ■■■ denotes the full three-dimensional metric, 
the induced metric on the three-dimensional timelike hypersurface. We have referred to 



the ansatz (2.6.2) as the generalized Beig-Schmidt ansatz. Indeed, it generalizes spacetimes 
considered by R. Beig and B. Schmidt in [46j and |44j where only spacetimes where B^^^^ = 
were considered, i.e. where one can set kah = h^^b ~^ "^^^aJb iab to zero. 



Our metric (2.6.2) is invariant under Lorentz transformations but also under supertrans- 



lations of the form 



p = p + t^((/>") + ^ + ... , </.'^ = 0" + -/i^^^'^Vfe + ^^ + ..., (2.6.4) 

P P P^ 

where translations are singled out as the four supertranslations that satisfy Uab + '^h^ab ~ ^ 
with ujab = ^b^aW, and eventually under logarithmic translations 

p = p + H{^){\np-l) + o{p^), r = 4>'' + H'' {^) {In p)/p + o{p-^), (2.6.5) 

where the functions H are required to satisfy Hab + Hh^^^ = so that no logarithmic terms 
are generated at first order. 

Our generalized ansatz was justified by our will to consider logarithmic translations and 
particular supertranslations as allowed transformations. Indeed, considering logarithmic 
transformations, that will generate a logarithmic term at second order, has driven us to 
include a non-trivial field iab- Supertranslations are allowed even when iafe = 0, they do not 
act on a but they do transform kab as 

kab ^ kab + 2{^ab + Ojh^ab)' (2-6.6) 
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The usual attitude in the hterature is to consider only spacetimes for which kab can be 
set to zero so that supertranslations are gauge-fixed. We have (and we will do so in the 
rest of this Part I) relaxed this condition by considering spacetimes for which kab can be 
non-trivial with the restriction that kab niust be an SDT tensor. This will be justified, in 
the next chapter, when discussing the variational principle. Note that this last condition 
implies that we restrict to these supertranslations uj that satisfy 



(□ + 3)w = , 



(2.6.7) 



where □ = T>aT>°'. Let us insist on the fact that, in the case kab = iab = 0, logarithmic 
translations and supertranslations are not allowed transformations anymore as they have 
been gauge-fixed. Actually, the status of the logarithmic translations in this case is less 



trivial as they may be allowed when Vc{E^ H'^ 



0. 



The section 2.2 was devoted to the study of the equations of motion for our specific 



class of spacetimes. To study these equations, given the form of the metric (2.6.2), we have 



reviewed in section 2.2.1 how the vacuum Einstein equations can be projected along, or 
perpendicular to, the hyperboloid of constant p using the projector hab = Qab — naUb, or 
the outward-pointing unit normal n°, respectively. This is known as the 3+1 split although 
it is in our case a split along the radial coordinate as compared to time in the Arnowitt- 
Deser-Misner formalism. This has provided us with Hamiltonian and momentum equations 
of motion (these equations contain time derivatives and therefore are not constraints) and 
equations of motion on the 3-dimensional hypersurface which respectively read 



H 

Fa 
Fab 



haVG^, -- 
ha'^hf^'^R^u 



-Cr,.K - KahK 



ab 



''h'^'DaDbN 



0, 



n. 



DbK\ - DaK = 0, 



ab 



N-^dpKab - N-^DaDbN - KKab + 2Ka'K,b = 0, 



(2.6. 



where D is the covariant derivative compatible with the full metric hat on the hyperboloid, 
Kab is the extrinsic curvature, A^ = l + cj/pis the lapse function, is the Lie derivative in 
the direction of n", and C-nK = Cn{h°'^Kab)- In here, indices are raised and lowered with 



In section 2.2.2 we have plugged our general ansatz (2.6.2) for the metric into the 
set of equations (2.6.8) and imposed kab to be SDT. We have obtained the respective 



radial expansions of these equations at zeroth, first and second order in terms of the fields 
h^ab ^'^'^a,b,h^ab ^^'^ ^a^- have Seen that the equations of motion at zeroth order imply 
that h^^jj is locally the metric on the unit hyperboloid as firstly assumed because we have 
locally that 



n 



(0) 
abed 



"■ac "'bd 



"'ad ■ 



(2.6.9) 



The first order equations take the form |44j 



(□-3)cj = 0, 



(□ + ?,)kab = 0, 



(2.6.10) 
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while the second order equations are of the generic form 



0, 
NL 



0, 



(□ - 2)iab = 



(1) 
ab ' 



NL 



(2) 
ab ' 



(□ - 2)h 



(2) 
ab 



2iab + NL 



(3) 
ab ' 



(2.6.11) 



where NL^*^^ for i = 1,2,3 are non-hnear terms, each given in terms of (cr, o"), {a,k) and 

(2) 

{k, k) quadratic quantities. We have also seen how these second order equations for /i^j^ 
reduce to the expressions obtained by Beig in [36] when kab = iab = 0. 



In section 2.3 we have studied in more details the first and second order equations. To 
do that, we started by reviewing in 2.3.1 the split of the Weyl tensor into electric Eab and 
magnetic Bab parts and gave their respective asymptotic expansions up to second order. 
This enabled us to rewrite in section 2.3.3 the first order equations of motion using the 
electric and magnetic first order parts of the Weyl tensor 



E 



(1) 

ab 



Kb^ : 



1 



(2.6.12) 



Indeed, we saw that by construction, these two tensors enjoy the following properties 



j^mab^W 



0, 



(1) 

ab] 







Vt^E 



(1) 

a]b 







and that the first order equations of motion (2.6.10) are equivalent to 

(1) -0 ^. 



Note that these quantities also satisfy 



0. 








(□ 



0, 
0, 



(2.6.13) 
(2.6.14) 

(2.6.15) 
(2.6.16) 



telling us that the first order parts of the Weyl tensor are on-shell curl-free SDT tensors. 
Solutions to the equation (□ + 3)cr = were then studied. 



To express the second order equations of motion, we have first reviewed in section 2.3.2 



the classification of SD tensors Kab constructed out of quadratic quantities in the first order 
fields. We then considered, in section 2.3.4, two SDT tensors, Vab and Wab, which are 
defined in the generic form 



Vab 
Wab 



-h 



(2) 



1 



ab 2^"-^ ~^ ' 



^a 



(2) 
db 



-Jdb -r y^db 



(2.6.17) 
(2.6.18) 



where and are specific tensor potentials satisfying T>^Q^^ = T^aQ^'^ and Q^'^ = 
^(0) abQVW _ rj^YiQ tensors Vab and Wab are set to be mutually dual, or conjugate, in the sense 
that they obey the following duality properties 



W, 



ab 



-{cmlV) ab + (curl «;)(„;,), Vab = (curliy) 



ab 



2i 



ab ■ 



(2.6.19) 
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We eventually showed that the equations at second order can be recast into the equivalent 
form 



= V^Wab = Q, (□-2)iy,fe = curl(2i + K)(,fe), (2.6.20) 
C = V\ah = ^, (□-2)i,b = 0, (2.6.21) 

or with the help of the curl operator, and the definition jab = —(curl i)ab^ in the form 

C = ^'Kb = 0, (□-2)y,fe = curl (-2i + curl (K)),b, (2.6.22) 
fa = 'D'jab = 0, {n-2)jab = 0. (2.6.23) 



Qi^io)] ^fd'S e^^^.a'E^'^' "^['0)^^'' = , (2.6.24) 

J s 



In the case where kab = iab = 0, we have seen that the tensors Vab and Wab just reduce 

(2) (1) (2) (2) (2) 

to E^f^ — crE^f^ and B^^^ , where E^^ and B^^ are the second order electric and magnetic 

parts of the Weyl tensor. 

In section 2.4 we have reviewed the important result of |46] showing that Einstein's 

vacuum equations can be solved to all orders, in the case kab = ia6 = 0, if and only if the 

field a satisfies the field equation (□ + 3)(t = and the following six conditions 

fSe^^aCT'E^ll'^lo)'"' 

where ^^^^ are Killing vectors on dS^. This result was established by first integrating the 
equation of motion (2.6.20) contracted with a Killing vector and showing that it can be 
written as a total divergence. The integration of the r.h.s. of the equation of motion 
contracted with any Killing vector is precisely the above condition. These integrability 
conditions were understood as linearization stability constraints. We then moved to the 
generalization of these conditions in the case where kab and tab are non-trivial. We found 
that, for the equations to have a solution at least up to second order, we need to require 
the following necessary conditions 

j^d?S^abil,)n' = 2 j^<fS {t^^^ +TlSyi,^n\ (2.6.25) 



where 



SL^"^ _ _1 [a,a,I] 1 [a,a,II] 



rpik) ^ 2 (^L(^) _ 1 [k,k,II] _ V(2) 

- ./Zm5hi^)-^~ 2 '^' 8 ' ^ ' 

are the stress-tensors, expressed as linear combinations of SD tensors Kq^, associated to the 
actions 

L(-) = yZ^^-l^aaaV + ^a^), L^'^) = (2.6.28) 

which were found by requiring that their variations respectively reproduce the equations of 
motion for a and kab- 
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Eventually, in section 2.5, we have looked at all possible conserved charges that one can 
associate to conformal Killing vectors, i.e. translations, or Killing vectors, i.e. boosts or 
rotations. To do so, we have made extensive use of the results established in the previous 
sections such as the properties of Killing vectors on dS^, the classification of SD tensors, the 
proof that charges constructed by contracting an SD tensor with a certain Killing vector 
is equivalent to a charge constructed with the curl of this tensor with another particular 
Killing vector, and the linearization stability constraints. In the case where kab = iab = 0, 
we have seen that only four charges, which agree with the ADM momenta, can be associated 
to translations 

^ ^ 72 c ipW „a /-b 



Qm = -^% ^ab Cf,) , (2.6.29) 
and that six charges, the Lorentz charges, can be associated to the Killing vectors 

= £ "^'^^^^^ " '^^"l^^^-tw^" = ~ £ d'SB^^CLos^r^K (2.6.30) 

^» = ^ / d'SiE^^ - aE«)4"_,(,)n^ = f S B^^ Co.(^n\ (2.6.31) 
J S J s 

using either the electric or magnetic parts of the Weyl tensor. As we will review in the 
following chapter, this last result is also a proof of the uniqueness of the Lorentz charges 
defined by Ashtekar-Hansen in [8], [l2] using the magnetic part of the Weyl tensor and the 
counter-term charges of Mann and Marolf [T7| expressed in terms of the electric part of 
the Weyl tensor. This also trivially proves their equivalence as established in [l5]. We also 
mentioned that, only in the case where kab is allowed to develop singularities, one can define 
non-trivial dual momenta 

J S 

For regular k^b, the above dual momenta are identically zero. 

We also pointed out that Lorentz charges are a priori not unique in the case where kab 
and iab are non-trivial. Indeed, one possible choice is 



^« ^ ^£d'Sv^{Vab + 2zab)C,,^,)n' = -^f^d'Sv^)WabCt 

^« ^ Sncf d'Sy^iVab + 2^ab)^Losti^)^' =8^f d'Sy^WabC 
J S J s 



boost(i)'^ ' 



rot{i)^*- 



(2.6.33) 

However, there is an infinite number of possible choices as one can add to them any linear 
combination of the twelve boundary charges 

AQ[efo)] = / d^sV^){a, T„^) + a2 T^a^^^n' , (2.6.34) 
s 

where ai and 02 are arbitrary constants. In all cases, they reduce to the Lorentz charges 



(2.6.30)-(2.6.31 ) for kab = iab = upon taking into account the linearization stability 



constraints (2.6.25). We will explore these issues in greater detail in the next chapter. 
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Chapter 3 

Conserved charges from the variational 
principle 



Asymptotically flat spacetimes are defined by boundary conditions at infinity. The class of 
diffeomorphisms which preserve the boundary conditions are the allowed diffeomorphisms. 
Allowed diffeomorphisms associated with non-trivial conserved charges - the large diffeo- 
morphisms - modulo diffeomorphisms associated with zero charges - the pure gauge trans- 
formations - define the asymptotic symmetry group. For asymptotically flat spacetimes at 
spatial infinity with specific parity conditions imposed on the first order fields, the con- 
struction of the asymptotic symmetry group has been worked out both with Hamiltonian 
and covariant phase space methods. As we have reviewed, in the Hamiltonian framework, 
the Regge-Teitelboim (RT) construction [H] shows that the asymptotic symmetry group is 
just the Poincare group. In that framework, parity odd supertranslations also preserve the 
boundary conditions but they are associated with vanishing Hamiltonian generators. In 
covariant phase space, we have seen in the previous chapter that the asymptotic symmetry 
group is the Poincare group when truncating the phase space, by setting to zero a part of 
the first order fields, i.e. the first order magnetic part of the Weyl tensor is set to zero. 
This last condition also fixes all supertranslations [H [l3] . We have however not discussed 
yet how parity conditions show up in this setup. 

In this chapter, we will deal with conserved charges associated to asymptotic symmetries 
that can be constructed from a Lagrangian which provides a good variational principle. Our 
analysis also relies on the covariant phase space (see [57]) which is the space of dynamically 
allowed histories, i.e. solutions of Einstein's equations. We refer the reader to |57j for more 
details about the construction of charges as Noether charges in this set-up and the precise 
meaning of a symplectic structure on the covariant phase space. 



We start by reviewing in section 3.1 the Crnkovic-Witten-Lee-Wald symplectic structure, 
constructed from the Einstein-Hilbert Lagrangian, the Barnich-Brandt-Compere symplectic 
structure, and the ambiguity in their definitions. We point out that for asymptotically 
fiat spacetimes that can be cast into the Beig-Schmidt form, parity conditions must be 
imposed on the first order field a to obtain a finite symplectic structure, and thus a good 
definition of the covariant phase space, as first realized by Ashtekar, Bombelli and Reula 
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(ABR) [57]. Comparing the ABR phase space with the work of Regge-Teitelboim, where 
supertranslations are ahowed at first, we show the existence of a larger covariant phase space 
which allows the inclusion of a traceless and divergence-free kab with a fixed parity (see also 
comments in [H]). Here, when logarithmic translations are not allowed and parity even 
conditions have been imposed, we also recover the Poincare group as asymptotic symmetry 
group by computing the charges that can be constructed from the symplectic structure. 
In comparison with the ABR phase space, particular parity even supertranslations are 
allowed, namely the covariant equivalent of the Hamiltonian odd supertranslations. These 
are associated to trivial charges in agreement with the RT analysis. 

In section 3.2, we review the Mann-Marolf construction |17) of a good Lagrangian vari- 
ational principle for asymptotically flat spacetimes at spatial infinity, their construction 
of a boundary stress-energy tensor and its associated counter-term charges. Based on the 
results presented in the previous chapter, we revisit the equivalence of the counter-term 
charges with the expressions of Ashtekar and Hansen (see also [l5]). We finish this section 
by pointing out the relation between parity conditions and boundary terms at future and 
past infinities in the variational principle. 



In section 3.3, we propose a new way of regulating the covariant phase space without 
imposing parity conditions. This is implemented by adding counter-terms to the action so 
that divergences cancel in the variational principle and makes it well-defined. The charges 
associated to the symplectic structure, when the bulk part is regulated by the boundary 
counter-term contribution, are thus also shown to be finite and non-trivial for all asymptotic 
transformations allowed by our enlarged Beig-Schmidt ansatz. 



We relegate to Appendix I.D a comparison between covariant and 3+1 boundary con- 
ditions. 



3.1 The covariant symplectic structure and associated charges 

In this section, we review two different definitions of the symplectic structure and see how 
they are related by a boundary term manifesting the ambiguity in its definition. We then 
study conservation and finiteness of the symplectic structure, when using our enlarged Beig- 
Schmidt ansatz, which are the crucial properties the symplectic structure should satisfy to 
define a good covariant phase space. Our computations review the result of Ashtekar- 
Bombelli-Reula |i57j which shows that the symplectic structure is conserved and logarith- 
mically divergent. It can however be made finite, for the Beig-Schmidt ansatz, by imposing 
parity conditions on the field a. Here, we also show that a generalized covariant phase space 
can be considered when both a and kab with specific parity conditions are allowed. In the 
last part, we see how the symplectic structure can be used to define conserved charges, that 
are finite and reduce to previous expressions known in the litterature for the Beig-Schmidt 
ansatz. Although we will not discuss it here, we refer the reader to [58| [T5l [T8l [T9] for the 
understanding of the charges, constructed from the symplectic structure, as generators of 
(Poincare) asymptotic symmetries. 
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3.1.1 Two symplectic structures 

The symplectic structure is a phase space 2-form that is defined as the integral over a 
Cauchy slice of a spacetime 3-form that we refer to as the integrand for the symplectic 
structure. 

As for conventions, we denote a 3-form and a 2-form k as 

= ^ ef,^pdx^' Adx" AdxP = e^'{d^x)f, , (3.1.1) 

k = h^udxf" A dx" = Ji^'^d^x)^^ , (3.1.2) 

where 

{d^-^xU...,, = • • • dx^" , (3.1.3) 

with n being the number of dimensions. 

For Stokes' theorem to hold, we have set conventions (see Appendix B of [33]) that 
imply 

^Tpe<i) = ^pOcj, = — fret/) = ^e<t>- (3.1.4) 

This also tells us that 

{d'^x)r = —dp{d^x)r, {d^x)p = —dT{d^x)p , 

{d^x)r = -{d^x)p = 2{d^x)pr = -d^S , (3.1.5) 

where d^S = ^e^tdx^ A dx'' with ( and l being coordinates on the sphere. 
The Crnkovic-Witten-Lee-Wald symplectic structure 

The Crnkovic-Witten-Lee-Wald integrand [591 EE] for the covariant phase space symplectic 
structure is given by 

^[Si9,S2g] = 32^(d=^x)^7=^(<5ig"^V^,525a/3 + <5i5V"<525^^ + <5i5^^V°52g 



-619^^^629 - 25ig^pV^529^^ - (1 ^ 2) ) , (3.1.6) 



where 619^^,, 629 pu are perturbations around a general asymptotically flat spacetime 9^^, 
and we use the convention 69'^'^ = 9^'^9^^59k\- 

To recover this expression, we follow closely the approach given by Burnett and Wald 
in [60]. Starting from the Einstein-Hilbert action 



Seh = TTTV^ [ d'^x^/^R, Leh = V-9R, (3.1.7) 
IbvrG ./_A4 



one computes the on-shell variation of that action while keeping the boundary terms. We 
find 

5L = 6iRp,)9^''^ + Rp.dig^''^) . (3.1.8) 
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By explicit computation, we check that 



5g 



111/ 



(3.1.9) 



and we obtain 



5L = (V^AV) g^^'^^g + ^g G^, 



(3.1.10) 



On shell, we have G^i, = so that the second term vanishes. The first term is a boundary 
term. Let us re-express it as 



where is a 3-form, as defined in (3.1.1). Its exterior derivative is 

d@= ^ Q^^p dx"" A dx^ A dx" A dx^ . 

The Hodge dual of this 3-form is a 1-form = *0 

1 



3! (4 — 3)! '^Mi'po" "-^ 



= 6^ dx^" 



This gives us 



and implies that 



e 



vpcr ) 



d0 = (i( G'^ (d^x)^) . 



(3.1.11) 



(3.1.12) 



(3.1.13) 



(3.1.14) 



(3.1.15) 



In our case, we immediately see that 



= (d^x) 



y-g 

levrG 
V-9 



A^^^g-'^ {d\). 



(3.1.16) 



levrG 

The pre-symplectic structure is obtained from the pre-symplectic potential as 

io{Sig, M = Sie{62g) - 62&{6ig) , (3.1.17) 
and the bulk symplectic structure is 



bulk 



(3.1.18) 
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We find the pre-symplectic structure associated to the Einstein-Hilbert Lagrangian to be 
given by 



where 

j^fiuaP^S — gfi-y gSf gal3 



y-g 



R^^-'-^^s(62g,aV^Slg^5 - (1 ^ 2)){d^x)^ , 



(3.1.19) 



1 



gfJ'l^ gl'l 



1 



_g^VgaPg^S 



1 



^.a^M7//3 + ^5-5/^/^57-^ .(3.1.20) 



1 



ua fifi j5 



2" " " 2-^ 2^ 

This is exactly the expression given by Wald and Zoupas in |15| . It is completely equivalent 
to our expression (3.1.6) as soon as one rewrites it using our convention 6g^'^ = g^"^ g'^'^ 6gcrK- 
In short, one usually says that the Crnkovic-Witten-Lee-Wald integrand (3.1.6) is obtained 
by varying a second time the boundary term Q[Sg] obtained after a variation of the Einstein- 
Hilbert Lagrangian as uj[6ig,62g] = SiQ[62g] — S2Q[6ig]. 



Barnich-Brandt-Compere symplectic structure 

In [18\ I19j. the integrand for the symplectic structure was obtained from Einstein's equa- 
tions. We refer the reader to these papers for more details about its construction. The 
Barnich-Brandt-Compere symplectic structure is given by 

W[6,g, d2g] = p^""^^^ [hgo.pyuhg-,5 - hg^^y u52g-y6) 

= ^^{d'x)^^g{5ig^^V>^52gap + 6igV^62g^ + 5ig^V''52g 

-hgV^52g - <5l5a/3V°(525^'' - <5i5^'°V^(525a/3 - (1 o 2)) , (3.1.21) 

where 

pfiua/s-fS ^ g^" g'^^°' g^^^ + g^^'^ g^"*" g"^ + g^^" g^^'' g'^^ 

_qf^'^q»l^qyS _ KlqS){a„li> _ qt^{o^ qP){l , (3.1.22) 



Comparison of symplectic structures and the ambiguity 

One can check that the integrands of the two symplectic structures defined above differ by 
the boundary term 

W[5ig, 52g] - u[5ig, 52g] = {hg'phg''^ - il^ ^ ^)) ■ (3.1.23) 

This result reflects the well-known fact that there is an ambiguity in the definition of the 
symplectic structure. Indeed, if one adds a boundary term dK to the Lagrangian, then the 
equations of motion are unaffected. However, the presymplectic potential will be modified 
by a term (5K = (iY[5(7]. Then, the integrand for the symplectic structure becomes 

u ^Lo + d( 6iY[62g]- (1^2)) . (3.1.24) 



95 



In the following, we will be interested by their expressions for a specific ansatz of the 
Beig-Schmidt form. In this case, we see that this difference vanishes on constant p and r 
surfaces when the metric and pertm'bations are expanded in the Beig-Schmidt expansion 
with 



5pa = 0, 5gpa = ^. (3.1.25) 



We can therefore use interchangeably oo and W in what follows. Note that this does not 
change the fact that there is still an ambiguity in the definition of the symplectic structure. 



Conservation and finiteness of the symplectic structure 

Before looking at the construction of charges, let us discuss conservation and finiteness of 
the symplectic structure. 



Conservation is established as soon as the symplectic structure given in (3.1.18) is shown 
to be independent of the specific choice of the three surface S. Because the symplectic 
structure is closed by definition, to analyze its conservation it is sufficient to evaluate the 
integrand on a constant p hypersurface and see if it is of order o{p^). Indeed, if this 
is the case, the integration on a region delimited by Si, S2 and dTi, representing two 
Cauchy surfaces joining the boundary of these two surfaces at fixed p will be vanishing. 
The conservation then automatically follows as 

/ du} = = - UJ+ i UJ+ UJ , / uj= oj . (3.1.26) 

JM Jsi Jt.2 JdT. JSi JS2 



The finiteness of the symplectic structure can be studied by integrating on a constant r 
hypersurface. It is finite if 



UJ dp < 00. (3.1.27) 

S,T=fixed 



Note that the above argumentation for conservation of the integrand implicitly assumes 
that it is also finite. 

To compute these quantities, let us first give some relevant information. Let us first 
remember our generalized Beig-Schmidt ansatz 



\ 2 / , (1) . , (2) \ 

= ( 1 + ^ j dp^ + p^U;^) + ^+l^p'^ + ^ + ,.\ dx'^dx' , (3.1.28) 
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meaning that 



9' 

gab 

dp9pp 



pp = 



= , 



1 + ^ + oip-^) , 

P r 



p 



1 + 



2;9 



2p 



where we work in the gauge A;^ = 0. The variation of the metric is 



(3.1.29) 



I' 25a _^ 2cj5(t^^ 



dp^ 



\ P P^ J 

{p{5kab - 25ah^^i) + hip5iab + + o(p°)) dx"dx'' , (3.1.30) 



+ 



where 



59 
59"' 



p,u 



-A5a 1 



5h, 



(2) 



ah) + o{p-^) 



(3.1.31) 



5g' 



pp 



P P 

p-^{\np5e^ + Sh"^^ - SaSahl^^ + Ak'^Sa + AaSk'''' - k'^'Skl - k^^Sk^) , 

(!>"fS!,..= '^~- (3.1.32) 

(3.1.33) 



Remember our notation Sg^^^ = g'^'^g'^^Sg^.x- 

The covariant derivative requires an expansion of the Christoffel symbols. One checks 
that 

r^p = l9'%p,p = -y,+^ + 0{p-'), TPa = l9"'9pp,a = ^-^ + 0{p-'), 



■pa 
PP 



YP 
^ ab 



„ab 



2 5 9pp,b 



P^ P- 



+ 



-ph, 



(0) 



1 



P^ 
1 



+ oip-'), 



.2^(0)^ 



= l9'"'9cb,p = p-'St + p-' l^-^k^ + aSt^ + p-' log p{-it) 



(3.1.34) 
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and also 

nc = r^'^lc + P'''^'''lc + o{p-') , (3.1.35) 
where 

r^'^t = ^iV,k\ + Vbk\-V''hc)-c7c6^-ab5^,+a''hfJ . (3.1.36) 



Now, on the one hand, using the expansion (3.1.28) only up to first order, the symplectic 
structure integrand evaluated on a hypersurface p = constant gives 

W[6ig;52g]\fi^edp = ^^(d'x)pV^(<)-i5"^V''525a/3 + ^i^V^^ssS + <5i5SV"525 

1 



327rG 

-(lf^2)), (3.1.37) 



where we used gpa = and 6gpa = in the second equation. Computing the following terms 

6ig^'VP62gab = p-^' (125ia52CT + ^ifc'^^A:,^) , (3.1.38) 
fp) 

we see that 



ihg-5igP) = -66iap-' , (3.1.39) 
iSig-6ig'n){VP62g'p-VP62g) = -36p-%cj52a , (3.1.40) 



W[6lg,62g]\f^^edp = o{p''). (3.1.41) 

This shows that our boundary conditions ensure that the symplectic structure is conserved. 

On the other hand, the integrand for the symplectic structure evaluated on a Cauchy 
slice E asymptotic to a constant r hypersurface reads 

W[dig;62g]\fi.edr = ^^{d^x)r^g(5igPPV^52gpp + 5ig^\V^52gah - ^khgl) 

+6ig{V%2gl - y^hg) + hg^'^iVahg - V%gab) - (l o 2)) . 

(3.1.42) 

We find 

6igPPV^62gpp = +4p-%aV-62a , 
hg''\V-d2gab - ^bS29l) = p-^ (86iaV-62a - 2e™ S^k/ 62 B^'J + 2dik-%ab) , 

<5i5(V°<525; - V^<525) = -8p-%aV^62a , 
<5i5™(Va(^25 - V%5a6) = p~^ ( 4.6iaV^ 62a - 26ik^' 62ab) . (3.1.43) 
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Therefore, we obtain 



W[5ig-52g]\,: = ^{d'x)a^/^^[5iaV-52a --^e^'^'dik^ 52B^^} - (1 o 2)) + o{p-^) . 

(3.1.44) 

The bulk symplectic structure 

^buik[Sig, 629] = W[6ig, 52g] , (3.1.45) 

is therefore logarithmically divergent for generic a and kab- 

This result was originally obtained by Ashtekar, Bombelli and Reula in [57], under the 
restrictive assumption that kab = 0, where it was suggested that one should impose that a 
satisfies the following (even) parity condition 

cr{T,e,(l)) = cj(-r,7r-6',(/) + 7r) , (3.1.46) 

so that the symplectic structure be finite. Actually, one can make the symplectic structure 
finite even in the presence of kab by imposing 

a{T,e,(j)) = s„a{-T,7r-e,(l) + TT) , (3.1.47) 

kab{T,9,^) = Skkab{-T,7T -e,(t> + TT) . (3.1.48) 

Here, and Sk are two signs which define the phase space with parity conditions. Indeed, 
these conditions are sufficient as they impose the integrand to be of odd parity. Following 
the dictionary between cylindrical and hyperbolic coordinates presented in Appendix |I.D 
the RT parity conditions, reviewed in chapter 1, amount to = Sk = +1. Remember 
that in RT work, the parities were chosen so that Schwarzschild is allowed as a solution. 
Note that a necessary and sufficient condition to allow Schwarzschild is actually only Sa = 
+1. For the sake of simplicity, we will not discuss the case of mixed parities here but 
restrict the analysis to even parities. The conclusions concerning mixed parities can be 
straightforwardly obtained from the results presented in the following. 

The covariant phase space where even parity conditions on a and kab are imposed is 
more general than the one considered by ABR in [57J since here we do not impose kab = 
but only require that V^kab = A;" = 0. In the latter case, the parity even supertranslations 
fulfilling (□ + 3)0; = 0, such that kab remains an SDT tensor with even parity, are allowed 
while logarithmic translations are not, because we do not allow here for iab and a of odd 
parity. As we will see in the following, the conserved charges associated with these allowed 
supertranslations are vanishing while the Poincare generators are non-vanishing. Therefore, 
this enlarged phase space is a consistent phase space where the asymptotic symmetry group 
is still the Poincare group. This consistent phase space generalizes the one defined in |57| 
by allowing the field kab and therefore the first order part of the magnetic Weyl tensor 
^'ab ~ ^^a^'^'^ckdb to be non- Vanishing while still keeping the Poincare group as asymptotic 
symmetry group. Note that the four lowest harmonics in B^J are zero because we impose 
that kab has to be regular. 
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Let us eventually mention that this enlarged covariant phase space we have just dis- 
cussed is a subset of the phase space described by Regge and Teitelboim in |6]. There is a 
one-to-one mapping of the Poincare transformations between the 3+1 formahsm and the co- 
variant formalism. To see the mapping between supertranslations, let us decompose the odd 
supertranslations ^*(n) of RT as temporal supertranslations radial supertranslations ^'^ 
and angular supertranslations ^'^ where t is a coordinate on the two-sphere. Following our 
Appendix I.D there is a one-to-one mapping between canonical temporal and radial super- 
translations and even parity covariant supertranslations satisfying (□ + 3)uj = 0. However, 
our phase space is a subset of the RT phase space as angular supertranslations generate 
mixed components gpa in hyperbolic coordinates. These were already discarded, i.e. gauge- 
fixed, when putting the metric into its Beig-Schmidt form. 



3.1.2 Charges constructed with the symplectic structure 

To discuss conserved charges, it turns out to be much more easy to work with the integrand 
for the symplectic structure W, the one derived from Einstein's equations. Indeed, when 
contracted with the Lie derivative of the metric, it becomes a boundary term 

W[Sg,C^g] = dk^[6g;g], (3.1.49) 

where the last equality has to be understood up to Einstein's equations of motion for 
the metric and the linearized perturbations (see also |19j). The boundary term k^[6g;g] is 
exactly given by the Abbott-Deser expression |10] (see also chapter 1) for the surface charge 
constructed from a linear perturbation Sgfj,i, around a solution g^^, 

h [^a; 9] = \ V^a (d\);.„P'^'^"^^'' (^i^^p^g^s - Sg^s^pL 



'^-Xd^x)^,^U''{V>^6g - V.5g^n + i.^'^a''^ 



levrG 

+ bgV^e + J<5<7'^"V.r + W'^'^^i. - (a^ ^ ^) ) ■ (3.1.50) 



The equality (3.1.49) can be checked rapidly as follows. The two- form is 

~ 2 1 - ~ 1 

k = k^iydx^ A dx = k^ (ti x)^y , k^p = —g^uo-k^ j k = — e ^ k^p (3.1.51) 



which gives, from (3.1.50), 



k^^- = 1 -L, _ {2i^Vp5g^, - Sg^s^pia) , (3.1.52) 



3 levrG 
and we also have by definition 

dk = V^k'"'{d^x) 



1 1 

3 16^ ^'^'^''^^ 



{d^x)fj_ (^pt^'^'^l^'y^ — p'^afi/S'yS-^ 



2Vy^oN pSg^/S + 2^0^ yV i35g.^s -^v^d'yS^ pia- 5g-f5^v^ liia] ■ (3.1.53) 
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One then needs to compute this last expression by discarding terms which are zero on-shell. 
For example, one obtains 



(3.1.54) 

In the end, one finds 

W[6g, C^g] = -:^{d'x)^ P^'^"^^^ ((V^C/? + V^^a)V,6g^s - SgapV,{V^^s + Vs^^) 



32^^" "^'^^ V 
= d% , (3.1.55) 

where the first equality was obtained by definition of the Lie derivative C^g^y = V^^j^+Vj^^^. 

The covariant phase space infinitesimal charges associated with a diffeomorphism tan- 
gent to the phase space are defined from the symplectic structure as 

^Q^[g] = ^l[5g,C^g]. (3.1.56) 

Here, we use the symbol ^Q^[g] to remind the reader that the infinitesimal charge between 
the solution g and g + 6g can be considered as a one-form in field space which is not 
necessarily exact. When ^Q^[g] is an exact form in phase space, as will turn out to be 
the case for each diffeomorphism we consider, the charges can be defined. We denote the 
integrated charge as Q^[g;g] (we have 6Q^[g;g] = ^Q^[g]) and fix the integration constant 
so that Q^[g; g] = for Minkowski spacetime g. See also [19] for more details. 



Using the definition of the bulk symplectic structure (3.1.45) and its property (3.1.49), 



the charge one- form ^Q^[g] can be written as a surface integral 

^Qd9]= [ hi^g^g], (3.1.57) 

Js 

evaluated on the sphere S at constant time t and at p = A. The expression for the charges 
can be rewritten in the alternative form 



kdSg;g] = -6kf + —id'x)^,^i^c''iv^5g-v.5g'^n + '^''SC)-m^g,Sg], 

(3.1.58) 



where 



kf[g] = - ^'^^j ' (3.1.59) 

is the Komar term and 

E[C^g, 6g] = ^{d^x)^,^g(]-g^^^5g^pg^^ C^g^^g'^- - (/z o z.)) , (3.1.60) 



16^G' ^V2 

is a term linear in the Killing equations that might not vanish in general for asymptotic 
symmetries. Here 6 acts on the metric and on the asymptotic Killing vector, as ^{g) might 
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depend on the metric. Note that in (3.1.58), the first term is the exact variation of the 
Komar term and the third term is zero when evaluated on constant p and r smfaces since 



9pa = 0, 



^9^ 



pa 



l^(,9pa = 0. 



(3.1.61) 



Therefore the bulk surface charge one-form (3.1.57) is given by the generalization of the 
lyer-Wald expression m| when the asymptotic Killing vector is allowed to depend on the 
metric 

k^[6g;g] = -6kf[g] + -^{d^x)^,V^(^e{V^S9 - ^^9^^) + V^S^)- (3.1.62) 
We say that surface charges are integrable if and only if 

^ ('J2%[5i5; 5] - (1 ^ 2)) = . (3.1.63) 
The integrable charges are then defined by integrating in phase space as 

Q[i;9] = jj^h[^g;9], (3.1.64) 

where 7 is a path in the space of symmetric configurations, see [19] for more details. The 
charges are asymptotically linear, and thus reduce to the Abbott-Deser expressions (see also 

HE]), if 



h\^9\9]=h\^9;9\ =h[9-9\9]- 



(3.1.65) 



Evaluating the charges for our Beig-Schmidt ansatz 



Let us now review the explicit evaluation of the charge (3.1.64) for each asymptotic Killing 
vector (translations, supertranslations satisfying (□ + 3)a; = 0, rotations, boosts and loga- 
rithmic translations). Although we have not considered yet in this chapter a phase space 
where logarithmic translations or generic supertranslations are allowed, we produce the 
generic (divergent) results here as these will be useful in the next section. The main goal 
of this section is to establish that in the case where logarithmic translations are discarded 
but even parity supertranslations satisfying (□ + 3)tJ = can act on the phase space, i.e. 
a and kab obey even parity conditions and iafe = 0, we recover the usual expressions for the 
Poincare charges derived in previous works on asymptotically flat spacetimes in Lagrangian 
framework [TJ [U WI\ [TOl I12j . The only difference with these works, when parity conditions 
are imposed, is that we have allowed for even parity supertranslations by allowing the SDT 
tensor kab to be non-zero. In agreement with the work of Regge and Teitelboim, we show 
that the charges associated to these supertranslations are always zero. 
In order to do the computation only once, we consider the vector field 

e = log pH{x) + {u;{x)-H{x)) + -F^^\p,x) + oip-^), 

P 

= ^-^^ + i2i^/7-(a;) + la;"(x) + -iG(2)-(p,x) + o(p-2), (3.1.66) 
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where cj stands for supertranslatfons (or translatfons) , H for fogarithmic translations, and 
i^"q-j for the KiUing vectors on dS^. Remember that the functions F^^-* and G^'^^ " are fixed in 
terms of w, and the first order fields such that the form of the generahzed Beig-Schmidt 
ansatz is preserved. 

Let us now plug the vector field (3.1.66) and our generalized ansatz (3.1.28) into (3.1.62) 
and make intensive use of the results stated between (3.1.29) and (3.1.36). 



For the first term in (|3.1.62|), the Komar term, we find 
1 



1 , 1 



p^(o) + ^(-2^'^4o)-<o)+^'^) + 



In p 

7^ 



-k^H^ 



(3.1.67) 



'(0) ^"^0) 
■(2) 

»(o) ~ '^^'^^to) ~ 7,k"''^kcbi, 
The functions F^^^ and G*^^^ " are fixed by computing 



+ ^[h1^)6^^ + F^2) - G^^^" + k'^^'Mb - Ha" - 2aH" + a"u: - hit J + 3aw" 



h{o) ( log p{-k"^Hb + AaH") + F^^) - 2G(2) a ^ ^5^,^(2) a 



-AaH" - k^J + 4a6<j" + k"^Hb^ + o{p^) . (3.1.69) 
Indeed, if we want the vector to be Killing up to order o{p^), we should impose 

^(2) a _ 2q{2) a ^ pQ^Q^^) a ^ (j^g ^ _ + ^^ff") - k^UJ^ + Aaco" = . (3.1.70) 

Note that this is just another equivalent way of saying that we stay in the Beig-Schmidt 
frame under such transformations. 

In the end, for the Komar term, we find 



levrG / 6Kf = -A[g] + A[g] 



(3.1.71) 



where 



A[g] = V=^(I)^e"-i^"n = V-V)(2^WP'+(-6<0)-^6^(0) + 2^^ 

+ In p{-2ili\Q^ - 2Ha" - 2aH") + ipdpG^'^^ " - F^^) « _ 2a"u: - 2auj" + 2a'' H 



-AaH" - k"^Hb + 
+oip') ■ 



(_2/jf + + A;-A;,,)^(% + {h^^^ + 7a^ - habk"')^^,^^ 

(3.1.72) 
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The last term in (3.1.62) is 



B = j ^{DPSe - D^Se) = yJ-h(o) [pOpG^"^^ " - F^^) + o(/>0) . (3.1.73) 



To compute the last two terms of (3.1.62), we see that 

which gives 

^gi-{DP5g-DJg''P) = 



66a 



+ + l^aSa + \k''^5kab) , (3.1.74) 



(3.1.75) 



-geiD'^Sg - D^6g° 



^\f-h^)5(^ilo)P - 6^J-h^o)6aH'' log p 

-6h^^^ + 30a6a + |A:"^(5A:ab)^fo) " 6^^^^' 



2H6a''logp-2{uj - H)6a'') + o{p°) .(3.1.76) 



-h 



(0) 



The integral in phase space turns out to be trivial 

C ^ f ^giP{D%g-D,5g''''-e{DP5g-D„5g''P)) 

(6fTe"o))/9 + log p{-2Ha^ + GaH") + 



i{0) 



(/i(2) - 15cj2 - -:kabk''^)Cm) + 6cja;" - 2uja'' + 2/7ct" 



The final answer is 



(IGvrG) / % = {-A[g] + A[g] + B - C) {2{d^x)pa) ■ 
j-1 



(3.1.77) 



(3.1.78) 



The quadratically divergent term, present in (3.1.72), cancels between —^[5] and A\g\. The 
linear divergent term proportional to a in the Komar integral A cancels the one in C. By 
convention, we express the charges in terms of ^"^^ = ~'?(o)' ^° that the linear divergent 
term reduces to 



kf 



1 



SJ-g 



1 



(3.1.79) 



It is however identically zero after using the equations of motion for kab and properties of 
integrals. In the end, we see that the final result has a log divergent piece and a finite piece 



Q\i;9\ = jj k^[5g;g] 



SJ-r 
1 

levrG 



d^Sna( log p{-2it^\o) + AHa" - AaH") 



+ia''uj - Aauj" - Aa^'H + iaH" + k^^Hu 



2eS'o)(^r "-lit- Ik'^'Kb + hf^ "(-/i(2) + 4^2 + h^k'^'^))) (3.1.80) 
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as expected from the logarithmic divergence of the symplectic structure. 

Let us now study in more detail the charges associated to translations, supertranslations 
and Lorentz transformations. We will not consider logarithmic translations as these are not 
allowed in the phase space where even parity conditions are imposed. For the other symme- 
tries, we try to stay as general as possible in the following, anticipating the considerations 



to be presented in section 3.3 



Translations and supertranslations 

Even without assuming parity conditions, the charges associated to translations and super- 
translations are finite and asymptotically linear k(^[5g]g\ = k^[5g\g]. They reduce to 



QIC; 5] 



47rG 



j cfS V-hW ua (a^u - au"^ . (3.1.81) 



One can check that the charges are also conserved as we restrict ourselves to supertransla- 
tions satisfying (□ -|- 3)a; = 0, so that Vaia'^u} — cjcj") = dauj — aOu; = 0. 

For translations, the expression for the charges can be further simplified by noticing 
that, when Uab + ^^^ab ~ we have 



a(^b]j 



(3.1.82) 



One recovers the well-known expression for the four-momenta, already obtained in (2.5.6) 

1 



SttG 



(3.1.83) 



where the four scalars Q^), /U = 0, 1, 2, 3 are the four solutions of 'Da'D},((^^-^ + h^^b^M ~ ^• 
The vector d/dt in the 3-1-1 asymptotic frame {t,r,9,(l)) corresponds to the translation 
^(0) = ~ sinhr. One can check |45j that the charge Q(o) for the Schwarzschild black hole of 
mass m is +m after identifying a = Gm cosh 2r sech r, as it should. 

For supertranslations, when parity even conditions are imposed on both a and kab, <^ also 



has to be parity even. One realizes from expression (3.1.81) that supertranslation charges 



identically vanish in this case. Note that this does not apply to translations co = C{fi): which 
are of odd parity, as these are still allowed and are associated with non-trivial charges. 



Lorentz charges 



As we can see from (3.1.80), the expression for the bulk charge admits a logarithmic diver- 



gence and a finite piece. The logarithmically divergent piece of the Lorentz charges takes 
the form 

k[^9;9] = -^-^ [ <fsV^nabilo)^'' + 0{hP). (3.1.84) 

J S 



It can be expressed using the linearization stability constraints (2.6.25) as 

log A 



AttG 



I d25yZM5)(r(,^)+T(,^))e('o/ + 0(AO), (3.1.85) 

s 
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where and are the stress-tensors of the actions (2.6.28). The finite part of the 
Lorentz charges can be written as 

J s 



cb 



+h 



(0), 



1 



cd\ \ 

(0)' 



(3.1.86) 



ab ' ~ <- g ■ 

where we used the second order equation /i^^^ = 12a^ + accr^ + ^kcdk'^'^ + kdO'^'^ ■ The charges 
are also conserved as a consequence of the momentum equation (2.2.54). 

Let us remark here that, fohowing considerations presented in the previous chapter, the 

1 i 

1 



finite part of the charges given in (3.1.86) can be written in two equivalent ways as 
1 



J{i) 



8ttG 

1 

SttG 



cPS^/^){Vab + 2^,b)Ct(.)n' 



^ / dFS^/^){Vab + 2iab)it 

J s 



boost (i) 



n 



SvrG 
1 

SttG 



boost(i)"' ' 



d^Sy^^WabCotii)^' 



(3.1.87) 



where Vab, Wab are defined in ( |2.6.17D -( |2.6.18D . 

When parity conditions hold, the integral of all quadratic pieces vanisf[^and so does the 
divergent part (the integral of iab vanishes as a consequence of the linearization stability 
constraints). It then implies that asymptotic linearity (3.1.89) holds and the charges thus 
agree with the Abbott-Deser formula 



(3.1.^ 



One can check |45j that for the Kerr black hole, one gets the standard result J'('^^ = +ma 

for ^(o),rot = ^• 

When parity conditions are not imposed on a and kab, the charges have a divergent 
contribution and contain a finite part with quadratic terms in the fields that cannot be 
obtained from the linearized theory alone. In other words, the property of asymptotic 
linearity 



would not hold for Lorentz transformations in this case. 



(3.1.89) 



An extended covariant phase space 

We have thus seen that from the symplectic structure, when imposing iah = and a, kab 
to be parity even, one can define Poincare charges that are asymptotically linear and thus 
reduce to standard results known in the litterature. Also, we have generalized the phase 
space of ABR [57j by allowing for an SDT parity even kab- We have thus allowed for even 
parity supertranslations that obey (□ + 3)a; = 0. In agreement with the work of Regge and 
Teitelboim, we have seen that the associated charges are trivial. 

'^This is a non-trivial statement. The reason for this has been previously explained in [45] . 
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3.2 Mann-Marolf counter-term charges and parity conditions 



As we have seen in the previous section, the Einstein-Hilbert action is stationary, upon 
varying it, up to a boundary term. It was reahzed by G. Gibbons and S. Hawking in 
|61j that when one considers variations with 5hab = on the boundary, one should add a 
boundary term to the Einstein-Hilbert action to have a good variational principle. This 
term is known as the Gibbons-Hawking term 



S = Seh + Sgh , Sgh ^2 K, (3.2.1) 

JdM 

where K is the trace of the extrinsic curvature. In a more general way, one would like to 
consider an action principle which is stationary under the full class of variations correspond- 
ing to the space of paths under which the integral is performed. The boundary terms should 



then vanish under any allowed variations, and not just say Shab = 0. The action (3.2.1) 
is actually well defined for spatially compact geometries but may diverge for non-compact 
ones (see also [62]). To define the action in this latter case, one should choose a reference 
background go and write 

S' = S[g] - S[go] = Seh + 2 [ {K - Ko) . (3.2.2) 

JdM 

The Mann-Marolf counterterm is a prescription for a good variational principle for 
asymptotically flat spacetimes which are described by metrics of the Beig-Schmidt form. 
Inspired by this "reference background approach" just described, see also |61 ] I62ll63t IM l l65 t 
[66l 1671 ESI Eh] , it was proposed in [T7] to define the action for asymptotically flat spacetimes 
as 

Smm = j^[ d^x^gR+^f d^xV^{K-k), (3.2.3) 
where K = h°'^Kab and Kab is defined to satisfy 

Uab = kabk - ka'k,b, (3.2.4) 

where TZab is the Ricci tensor of the boundary metric hab at a cut-off p = A. This equation, 
because it is quadratic in Kab, admits more than one solution for Kab- The prescription 
of |17j consists of choosing the solution that asymptotes to the extrinsic curvature of the 
boundary of Minkowski space as the cut-off p = A is taken to infinity. It was then shown 
that the action is finite on-shell and also that asymptotically flat solutions are stationary 
points under all variations preserving asymptotic flatness. Indeed, one starts by computing 
the variation of the action for asymptotically flat spacetimes that are defined as spacetimes 
admitting a Beig-Schmidt expansion. One can check that this variation is equal on-shell to 
(see also ^48j and [45j for computational details) 

SSmm = -T-^ / d^xv^^ E^'^'^Skab, (3.2.5) 
167rG J-H 

where E^^^j = —cjab — '^h^ab ^^^^ order electric part of the Weyl tensor and boundary 

terms at the future and past boundaries, let us call them C±, have been neglected. We will 
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study in more detail the importance of these contributions at the end of this section. Here, 
Einstein's equations imply that h^^^ is locally the metric on the hyperboloid and therefore 
we set 5h^^^ = by fixing the boundary metric to be the unit hyperboloid. 



Now, the variation of the action as obtained in (3.2.5) is obviously zero if we consider. 



as is done in [T7], the phase space where 5kab = 0. However, after integrations by parts. 



one can also write (3.2.5) as 



5Smm = ^ <fx^^) ( - a^5{V''kab) + '^^'kab)) • (3.2.6) 

We thus see that a good variational principle can be defined under the more general as- 
sumption that the symmetric tensor kab is a traceless and divergenceless tensor 

C = 0, V^kab = 0. (3.2.7) 

This action provides thus also a good variational principle for asymptotically flat spacetimes 
defined by our generalized ansatz when kab is restricted to be an SDT tensoi[^ This is our 
justification for having considered solutions with kab non-trivial but such that kab is an SDT 
tensor. 



Boundary stress-energy tensor 

Here, let us stick for a moment to the stronger assumption kab = 0. Based on this good 
variational principle, where the action has been supplemented by a counterterm, it was 
proven natural in p/Tj to define a renormalized, or boundary, stress-energy tensor. The 
boundary stress tensor is defined as the functional derivative of the on-shell action with 
respect to hab 

^ 6 S 1 

where tt""^ is the conjugate momenta defined as tt""^ = Kh^^^ ""^ — K'^^ , but also vr"'' = 
Kh^o) ab_j^ab 

is an additional term that was first overlooked in [T7] but later dealt 
with in [l5] . The formal expression for Aab is not needed here but can be found in appendix 
A of [l5], see also |48j . The asymptotic expansion of the stress tensor is given by |45j 

Tab = ^ Kl^ + ^ + o{p-') \ , (3.2.9) 



^Actually, this is not completely true as parity conditions should also be imposed to ensure that the 
boundary contributions at future and past boundaries can be legitimately neglected. See the end of this 
section for more details about this. 
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where [HI EB 05] 



(1) 



ab 

r(2) 
'-ab 



lab 



E 



(1) 

ab 



J,(0) 



2cTa(Tb — aaab — CTa'^O'cb 



(3.2.10) 

(3.2.11) 

(3.2.12) 
(3.2.13) 



A 



(2) 
ab 



1 



.2^,(0) 



-3amnpCr"'"'^h'f^ + 9fTpg(„CrP^b) - Sa^'^ apgi^^b) - '^(^''(^e{ab) 
2) 

[i are 

part of the Weyl tensor. 



(3.2.14) 



Here, E^^^ and Ej^ are the first and second order terms in the expansion of the electric 



Counter-term charges and Ashtekar Hansen charges revisited 



The boundary stress tensor (3.2.8) obtained from the action (3.2.3) can be used to define 
the conserved charges [T7] 



1 



SvrG js 



(3.2.15) 



for any asymptotic KilUng field where hab is the induced metric on the hyperboloid Tip 
defined as a constant p slice, Sp is a Cauchy surface in T-Lp and u"" is a timelike unit vector 
in T-Lp normal to Sp. Expanding the expression in powers of p for rotations and boosts, one 
notices a potentially linearly divergent term in p. However, since e'^J admits a as its scalar 
potential, the divergent term is in fact zero |8j. Then, the finite parl|^of (3.2.15) reduces 

to [sniis] 



1 



8ttG 



d^S 



-hio){E!S 



aEl^J-lab-Kt)^l,^n\ 



(2)^ 



(3.2.16) 



where n° is the leading order coefficient of in the asymptotic expansion and S is the unit 
two-sphere. It is now easy to show that jab does not contribute to conserved charges as 



TabCfo) = D'^ (e(0)^[aH]c + '^c[aA]C(0)) + (^'^[a^]"^ ) " 4D%a a [,^1'^) ,{3. 2. 17) 

where Kab = 'E^\ can be written as a total divergence on S. The tensor A^^^ also does not 
contribute to conserved charges. Indeed, from our classification of SD tensors in section 



2.3.2 one realizes that it can be written as 

7 



A 



(2) 

ab 



^(curl^K)ab - -(curl'^«;)ab. 



(3.2.18) 



Here, we do not consider translations as we readily find exactly the same definition as the one given by 
Ashtekar-Hansen |8] that we derived in the previous chapter. 
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Imposing the linearization stability constraints stating that must be associated to trivial 
charges, the result immediately follows. Thus, expression (3.2.16) simply reduces to our 
previous expression ( 2.6.30 )-( 2.6.31 ) 



(0) 



a 



n 



b 



(3.2.19) 



We have thus shown that the linearization stability constraints, established in the previous 
chapter, are all that is needed to show the equivalence between the counter-term charges 
given in terms of the electric part of the Weyl tensor and the Ashtekar-Hansen charges given 
in terms of the magnetic part of the Weyl tensor. Note that this was expected as we proved 
in the previous chapter that only six non-trivial independent charges associated to Killing 
vectors can be defined. It would be interesting to see if the construction of a boundary 
stress-energy tensor can be generalized when kab and/or iab are non-trivial |^ 

Parity conditions and boundary contributions in the variational principle 

In \51\ I45j . the equivalence between the counter-term charges and the Ashtekar-Hansen 
charges was established using the even parity condition on a 



We have reviewed in the two previous sections that, both in Hamiltonian framework or 
in covariant phase space methods, asymptotically flat spacetimes at spatial infinity have 
only been defined when parity conditions on the first order part of the boundary fields are 
imposed. We have seen that these conditions have been introduced so that Lorentz charges 
are finite and so that the canonical structure, or in Lagrangian formalism the covariant 
symplectic structure, is also finite. Now, as we have reviewed here with the Mann-Marolf 
construction [T7| , see also [HH E2] , it seems that asymptotically flat spacetimes at spatial 
infinity admit a variational principle whether or not parity conditions on the first order part 
of the boundary fields in the asymptotic cylindrical or hyperbolic radial expansion hold, at 
least when one neglects boundary terms at the past and future boundaries |61| ,I621[T7] . It is 
however quite intriguing that even though the action is finite, the symplectic structure and 
the conserved charges are infinite when parity conditions do not hold. One would like to 
think that the action determines the entire dynamics and therefore in particular the sym- 
plectic structure and conserved charge^ This apparent puzzle was one of the motivations of 
the work presented in the next section. To understand the mismatch, one has to realize that 

The boundary contributions in the variational principle of Mann and Marolf [17] vanish 
if one imposes parity conditions but do not in general. These boundary contributions are 
responsible for the logarithmic divergence of the covariant symplectic structure when parity 
conditions are not imposed. 



"^Let us point out the recent work [T^ where generic supertranslations are considered in this set-up. 
^ We thank D. Marolf and A. Virmani for drawing our attention to this issue and A. Ashtekar for 
emphasizing the role of past and future boundary terms in the variational principle. 




(3.2.20) 
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Although we have not stated so previously, the construction of the boundary stress- 
tensor thus implicitly assumes that parity conditions have been imposed. To see how these 
boundary contributions emerge and reproduce the logarithmic divergence of the symplectic 
structure, we limit the domain where the variational principle is defined between an initial 
and a final spacelike hypersurface that we denote as 'E±. Such temporal slices are relatively 
boosted with respect to each other close to spatial infinity. The spheres lying at the inter- 
section of the boundary hyperboloid 7i with the hypersurfaces T,± are denoted as 5-i- and 
are defined at hyperboloid times t = t±, see Figure 3.1. 




Figure 3.1: The variational principle is defined in the spacetime delimited by initial and 
final time slices S-t and the hyperbolic cut-off Ti. 

Following previous discussions, we find 

SSmm = C± , (3.2.21) 

where 

C± = ^ {d'x),e^^[5g] , (3.2.22) 

and where @'^[5g]{(Px)^ is the presymplectic form. Using the asymptotic expansion of 
the fields and /^(d3x)«e'^ = - f^"^ dp Jg{d^x)a@'', we obtain a linearly divergent term, a 
logarithmically divergent term and a finite term J^± 

C± = 6{ATZ±) T 1^ ^ d^S^I^)na [AaV^5a + h,'''V%h)j + F± , (3.2.23) 

where we denote by J-± the finite terms that are obtained from integrating the presymplectic 
form in the bulk of S-t after removing the logarithmic divergences. We expect that the 
finite terms as well as the linearly divergent term, might be set to zero by imposing 
appropriate boundary conditions on Ti± and by adding appropriate boundary terms to the 
action on Ti± . The derivation of the boundary conditions and boundary terms at T,± would 
require a careful analysis that we will not perform here. 



Ill 



Having derived the boundary contributions to the variational principle, we see that the 



logarithmically divergent term in (3.2.23) cannot be set to zero for general variations 5a, 
Skab unless additional boundary conditions are imposed on the first order fields. If one 
imposes that a and kab satisfy specific parity conditions, then these boundary conditions 
vanish. For generic a and kab, one could compute the contribution of these boundary terms 
to the symplectic structure and would actually recover the divergent part we obtained before 

W[6ig;62g]\Y: = ^-^{d^x)ay^ {SiaV''62a - \e''''6ik,U2B^^J - (1 o 2)) . 

(3.2.24) 

To summarize, we have seen that the variational principle is actually ill-defined on future 
and past boundaries S-t when parity conditions are not imposed. As a direct consequence 
of this, one sees that the contributions to the symplectic structure of the boundary terms 



(3.2.23) make the symplectic structure infinite. The Mann-Marolf action we have described 
in this section is thus only a valid variational principle, i.e. boundary contributions can 
be neglected so that SSmm = 0, if some other boundary conditions such as the parity 
conditions hold. We review in the next section another way to regulate these infinities 
without imposing parity conditions, allowing us to deal with a phase space where logarithmic 
and generic supertranslations satisfying (□ + 3)a; = are allowed transformations. 



3.3 Relaxing parity conditions 

Both in the usual covariant phase space and in the Hamiltonian framework, different log- 
arithmic translation frames or generic parity supertranslation frames are not related by 
transformations associated with finite Hamiltonian or Lagrangian generators when one uses 
the standard canonical bracket or symplectic structure. There is therefore no covariant 
phase space or canonical space that encompasses spacetimes or initial data surfaces with 
such different frames. Now, either these frames are unphysical or they are physical. On the 
one hand, if they are unphysical, one would expect that the corresponding transformations 
are pure gauge (see [50] for arguments that logarithmic translations are unphysical). The 
fact that logarithmic translations and generic parity supertranslations are not degenerate 
directions of the symplectic structure - they are not allowed directions of the symplectic 
structure in the first place - is however in tension with the intuition that pure gauge trans- 
formations should be degenerate directions of the symplectic structure. On the other hand, 
if the choice of frame has some implication for the dynamics of the theory, it is important 
to consider these transformations and study if the infinities can be suitably regularized. If 
an enlarged phase space exists where both logarithmic and generic supertranslations are 
allowed in the first place, it would allow us to settle these questions of frame-fixing. How- 
ever, there does not exist in the literature a construction of a consistent phase space where 
parity conditions have not been imposed. 

We have just seen that this relaxation will strongly rely on the regulation of the standard 
covariant phase space symplectic structure. In Hamiltonian formalism, this would equiv- 
alently rely on the canonical bracket defined from the canonical fields ^gij and vr*-' . Now, 
it is important to remember from chapter 1 that the definition of the canonical structure 
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depends on what fields are considered to be canonical. We reviewed that, in the work of [6], 
the asymptotic values for the shift and lapse functions at infinity should be considered as 
additional canonical variables in addition to ^gij and tt'^^ . The consideration of additional 
canonical variables might then lead to a modification of the canonical structure. Also, 
we have seen above that the algebraic derivation of the covariant phase space symplectic 
structure from the bulk Lagrangian suffers from ambiguities |13| [H] and that the Mann- 
Marolf variational principle is well-defined only under the assumption that future and past 
boundary terms can be dealt with without affecting the analysis at spatial infinity. 

In this section, we show that four-dimensional asymptotically flat spacetimes at spatial 
inflnity can be defined from first principles without imposing parity conditions or restrictions 
on the Weyl tensor. In section [3.3.1 the Einstein-Hilbert action is shown to be a correct 



variational principle when it is supplemented by an anomalous counter-term which breaks 
asymptotic translation, supertranslation and logarithmic translation invariance. We also fix 
the ambiguity in the definition of the symplectic structure by looking at the contribution 
of the counterterms added to the action such that they minimally cancel the divergences 



that are present in the absence of parity conditions. We see in section 3.3.2 that the 
contributions of these counter-terms to the charges make the Poincare transformations as 
well as the supertranslations and the logarithmic translations finite, conserved and non- 
trivial. Lorentz charges are generally non-linear functionals of the asymptotic fields but 
reduce to well-known linear expressions when parity conditions hold. In section 3.3.3, we 
discuss how those transformations represent the asymptotic symmetry group. We see that 
Lorentz charges as well as logarithmic translations transform anomalously under a change 



of regulator. Eventually, in section 3.3.4, we briefly discuss how this covariant construction 



can be translated into the Hamiltonian formalism. 

3.3.1 Action principle and finite symplectic structure 

As another mechanism for canceling the logarithmic divergence, without assuming that a 
or kab obey parity conditions, we simply propose to consider the action 

^=J^I d^xV^R + Sj:^+SH, (3.3.1) 

where the spatial boundary counterterm 5-^ is 

Sn = S^^'' + ^ (^^-^^ + , (3.3.2) 

and where Sy^^^ is a counter-term action built algebraically from the boundary fields, i.e. 
such that its contribution in the variational principle contain no logarithmic divergence. 
For simplicity, we will consider Sy^^^ to be the Mann-Marolf counterterm discussed earlier. 
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In the above expression, we choose the actions S^"^ and S^''^ to be 



= I d^xV^ ( - ^ VaaV'a + ^a^) ± /" {d^x)aaV''a, (3.3.3) 

S^^^ = [ d^X^/^) k''\U - 3)kab) ±^ [ {d^x)ak"'V''k,d 

Jn ^16 / 16 

= /'d3^y^(Ji?W»^s(;))±^ / {d^x)ak'''V-k,a, (3.3.4) 

for the scalar a and the SDT tensor k^h defined on the hyperboloid. In the above expression, 
we have defined 

± / {d^x)aaV''a = + f {d^x)a(jVa - [ {d^x)a(jV^(J , 
Js± Js+ Js- 

± [ {d^x)ak"'V''k,d = + [ {d^x)ak"'V''k,d - [ {d^x)ak'''V^k,d ■ (3.3.5) 

Js± Js+ Js- 

Note that, apart from boundary terms at S±, these are precisely the actions for the fields a 
and kab we already obtained in (2.6.28) when discussing linearization stability constraints 



of Einstein's equations. As we have said at that time, the variations of the actions S^"'^ and 
5^=) reduce on-shell to a boundary term at S± because the equations of motion for S^'^'^ and 
are precisely the equations obeyed by a and kab obtained from Einstein's equations. 
When parity conditions hold, the variations of the actions 5'-'^) and S^^'^ are identically 
zero off-shell. In the absence of parity conditions, when varying the action we see that the 
sum of the bulk and counter-term boundary terms at S± precisely cancel, for the choice of 



coefficients in (3.3.2) and the choice of boundary terms in the actions (3.3.3)-(3.3.4). We 



therefore obtained a variational principle without need for parity conditions. The terms that 
we added to the Mann-Marolf action at the spatial boundary are boundary terms which 
vanish on-shell and whose variations are also zero on-shell. In some sense, our approach 
is a refinement of [17] which consists in fixing the off-shell boundary value of the action 
at spatial infinity, which was left unfixed in |17| . in order to cancel the divergences at the 
boundary of Tj±. 



The action (3.3.2) explicitly breaks translation, logarithmic translation and supertrans- 
lation invariance but does not break Lorentz invariance. The presence of logarithmic 
counter-terms is reminiscent of the Weyl anomaly |7H [72] in the holographic renormal- 
ization of anti-de Sitter spacetimes in odd spacetime dimensions [73]. We will refer to the 
action 



f d^x^/^) (a{n + 3)a+lk''\n-3)kab 



(3.3.6) 



as the (super/log-) translation anomaly. The anomaly is invariant under all symmetries that 
are broken. Indeed, translations do not act on the fields a and kab- Logarithmic translations 
act as 6hO' = H and supertranslations as 6u)kab = 2ujab + '^^h^ab anomaly is invariant 
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up to boundary terms at timelike boundaries (that we neglect for this argument). Therefore, 
the Noether charges of the anomaly associated with the (super/log)-translation symmetries 
represent the algebra of (super/log)-translations. The Wess-Zumino consistency conditions 
|74j are therefore obeyed. Since no holographic model for asymptotically flat spacetimes is 
known, we unfortunately cannot try to match the flat spacetime anomaly to a QFT model. 

Even though the anomaly is zero on-shell for all metrics obeying the boundary condi- 
tions, it affects the dynamics mainly because its symplectic structure is non-zero on-shell 
as we now review. 



A finite symplectic structure 

Now that we have found another way to regulate infinities in the action in the absence of 
parity conditions, we propose to fix the ambiguity |13l [Hj in the definition of the symplectic 



structure using the boundary terms in the action principle (3.3.2). Effectively, we fix the 
boundary terms in the symplectic structure in such a way that the logarithmic divergences, 
present when parity conditions are not imposed, cancel. The final symplectic structure that 
we define has the form 

Q[6ig,62g] = ^hnik[Sig,^2g] + ^c.t.[^icr,Sik;52cr,hk], (3.3.7) 
where Obuik is the standard bulk symplectic structure and Qc.t. is precisely the boundary 



symplectic structure that can be derived from the boundary action in (3.3.2). Indeed, even 



though the logarithmic counter-term action is zero on-shell, it has a non- vanishing boundary 



contribution to the symplectic structure. The free actions for a and kab introduced in (3.3.3)- 



(3.3.4) are zero on-shell but their symplectic structures (defined with the same conventions 
as in the bulk) are the Klein-Gordon norm and the symplectic norm between two traceless 
transverse fields given by the integral of 

u}(^a)[Sia,62a] = id^x)aV-h(0) (^5iad''52a - (1 o 2)) , (3.3.8) 
uj(^k)[Sik,52k] = {d^x)aV^[\e'''''diBP'52kdb-{1^2)') , (3.3.9) 

over the sphere which is generally non-vanishing The total symplectic structure is then 



defined as announced in (3.3.7) with 



n,,t.[5ia,6ik,62a,62k] = ^-^ J (u^''^[5ia,62a] + uj'-''^[6ik,62k]y (3.3.10) 

The resulting prescription for fixing the boundary terms in the symplectic structure left 
unfixed in [58] [T3l [T^ amounts to the prescription argued in [75] to fix the boundary terms 
in the symplectic structure using the symplectic structure of the boundary terms of the 
action. Now, we see that this prescription is justified by the existence of a variational 
principle when past and future boundaries are taken into account. 



^The counter-term dP x\/ —h{K ~ K) has not the form of an off-shell action for the boundary fields 
and therefore it does not define a boundary symplectic structure. 
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3.3.2 Covariant phase space charges 



In this section, we go back to the covariant phase space charges and look at the contributions 



coming from the boundary symplectic structure (3.3.10). Indeed, since the symplectic 
structure is finite, the conserved charges should also be finite when contributions coming 
from the boundary symplectic structure are taken into account. The charge one-form ^Q^[ff] 
is now written as 

^QM = l^kiSg^g] + (u;('^)[5c7,55Ct] +a;W[<5A:,5gA;]), (3.3.11) 

evaluated on the sphere S at constant time t and at /? = A. Here, S^a, S^kab are variations 
of the first order fields induced by the Lie derivative of the metric along ^. 

In the previous section, we obtained the contribution from the bulk symplectic structure 



^ ^ d^S na ( log p{-2itilo) + 4Fa« - 4c7F«) 



(3.3.12) 

where we observed that logarithmic translations and Lorentz charges have a divergent part. 
Let us now see what happens when contributions of the boundary counter-terms are taken 
into account. 



Translations and supertranslations 



For translations and supertranslations, one checks that the boundary counter-terms do not 
contribute to the charges as 



/ '^(a)['^o-,'J5cr] = 0, / W(fc)[(5A;,(5^A:] = 0, 
Js Js 



(3.3.13) 



where 



6^a 



0, 



Sck, 



ab 



2(Wa6 + /ll?^) 



(3.3.14) 



For translations, it is relatively simple to see because 5^a = 5^kab = 0. For supertrans- 
lations, the first equality in (3.3.13) is also trivial as these transformations do not act on 
a. The second one can be proven after using S^B^^J = 0, since following Lemma 1 (see also 



(2.3.79) and [8]) one can write B 
after showing that 



(^ab — ^ab "^ where (□ + 3)a = 0, and eventually 



(1) 
ab 

noVc\(°''^'^{\i^'^cFed — \cF'^^ed — W(Te) ) is a boundary term. 
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The charges associated with translations and supertranslations are therefore precisely 
the ones which can be obtained from the bulk linearized theory 

~9] = -^j^ d^SE^^Jn-V%^) , (3.3.15) 
Q{u) b; 9] = ^ f d^S^Pmna ia'^u - au'') . (3.3.16) 



Let us insist here on the fact that in the absence of parity conditions, the charges 
associated to supertranslations satisfying (□ + 3)a; = are still conserved but do not vanish 
in general. 

Lorentz charges 

For the Lorentz charges, we saw that in the absence of parity conditions there was a log- 
arithmically divergent part. Following our prescription, this divergence should be exactly 



canceled by the counter-term contributions to the total charge (3.3.11). We have checked 
that the divergence indeed cancels after computing the following relationship between sym- 
plectic structures and Noether charges 

a;(.)(5^,£_5(„,a) = 5(y^r(-)»^e{0)fe(d'^)a) -d'5y^n"P^(2C(0)[,a;,]<5cT), 

u;^k){Sk,C-i^,,k) = 5(y^T('=)"^e{0)fe(d'^)a)+d25\/^n"P^P[,,], (3.3.17) 

where Pab = P[ab] is an anti-symmetric tensor. Following our previous results, the Lorentz 
charges are thus finite and can be written in the equivalent forms 



(3.3.18) 



where Vab, Wab are defined in (2.6.17)-(2.6.18). 



When parity conditions do not hold, the Lorentz charges are non- linear functionals of the 
asymptotic fields and therefore differ from the standard ADM and AD formulas [5l[10|. The 
standard ADM and AD formulas are restored when parity conditions hold. Such asymptotic 
non-linearities appeared before in the context of asymptotically anti-de Sitter spacetimes. 
In Einstein gravity, the charges are linear functionals of field perturbations around anti-de 
Sitter |10 1 176 ^ [77]. However, non-linearities may appear when matter fields are present, see 
e.g. [711 Eg ED]. 

Logarithmic translations 

If we do not assume parity conditions and introduce iab, logarithmic translations are allowed 
asymptotic transformations. Remember that they modify the first order fields as 

6^a = H, 6^kab = 0. (3.3.19) 
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Since logarithmic translations do transform a, the boundary terms in the symplectic struc- 
ture might play a role. We find 



log A 
AttG 



[ u;^,^{6a,6H<7) = / d^^x/^i^^i/V , (3.3.20) 

Js o"^^ Js 



where we have used Hab — Hta = —^Ej^i^H"'—V"'{H^a<^^) and discarded the total divergence 



term on the sphere. As one can see from ( 3.3.12[ ), the bulk covariant phase space charge 



associated with a logarithmic translation is given 

h[^9;g] = --^s I SsV^)E^^H''v' + ,^5 j d^^T^fc^^n'^F^ (3.3.21) 

J S J s 

We find that the two divergent contributions are opposite of each other and exactly cancel. 
The remaining finite part is trivially integrable. Logarithmic translations are therefore 
associated with the non-trivial charges 

2W = TTTT^ / d'S^/^)kam''H'' , (3.3.22) 
IbvrG Js 

which are conserved thanks to the property T)"'{kabH^) = 0. 

In the restricted phase space where kab = 0, logarithmic translations are associated 
with zero charges or equivalently they are degenerate directions of the symplectic structure, 
in agreement with Ashtekar's result [50]. When parity conditions are imposed, logarith- 
mic translations are not allowed transformations and the associated charges do not exist. 
The presence of non-vanishing conserved charges associated with logarithmic translations 
is therefore a particularity of the phase space without parity conditions and with kab 7^ 0. 

Some comments 

We have reviewed here that Poincare charges as well as charges associated to supertrans- 
lations and logarithmic translations can be non-trivial in the generic case. To answer the 
question asked at the beginning of this section, this also means that logarithmic and super- 
translation frames define inequivalent frames distinguished by their associated conserved 
charges. In this respect, the constructed phase space is bigger than the ABR phase space 

m ■ 

No exact solution of vacuum Einstein's equations is known to us which breaks parity 
conditions. Such a solution would also possess twelve boundary Noether charges in addition 
to Poincare, logarithmic translation and supertranslation charges. The boundary Noether 
charges are the Noether charges of the actions S'^'^^ and S^^^ for the first order fields associ- 
ated with the boundary Killing symmetries or equivalently with the bulk asymptotic Lorentz 
Killing vectors. A subclass of these solutions exists as an asymptotic series expansion at 
spatial infinity. Indeed, one can consistently set the logarithmic terms in the expansion 



(2.6.2) to zero and still obey Einstein's equations by fixing six linear combinations of the 



'^Here, the logarithmic translation is defined as the sum of a logarithmic translation, as defined in chapter 
2 (see also |44l I46| '). with a translation. 



118 



boundary Noether charges to zero, see section 2.4 for details. The original Beig-Schmidt 
expansion |33] which uses only polynomials in p is a consistent analytic asymptotic solution 
of Einstein's equations at all asymptotic orders which has six boundary Noether charges. 
We leave the existence, or non-existence, of a regular solution in the bulk with such charges 
as an open question. 

It is also interesting to remark at this stage that the presence of non-vanishing charges 
associated with supertranslations in addition to Poincare transformations is also a feature of 
null infinity where supertranslations along the null direction are associated with non-trivial 
charges as well [371 Ell [15] . For regular asymptotic fields, one expects that supertranslation 
charges should be conserved at infinite past times at future null infinity or at infinite late 
times at past null infinity where the news tensor vanishes. Indeed, at such late or early 
times the expression of j371 ISTl [15] becomes conserved and proportional to the first order 
electric part of the Weyl tensor and matches qualitatively with our expression (3.3.16). It 
would be interesting to make that qualitative agreement more precise by comparing the 
precise definition of supertranslations. 



3.3.3 Algebra of conserved charges 

In the last section, we obtained explicit expressions for conserved charges associated with 
translations, Lorentz transformations, logarithmic translations and supertranslations. We 
obtained that all asymptotic charges are non-trivial in general in our phase space. The 
set of infinitesimal diffeomorphisms form a Lie algebra defined from the commutator of 
generators. A natural question to ask is whether or not the algebra of translations, loga- 
rithmic translations, Lorentz transformations and supertranslations is represented with the 
associated conserved charges. 

General representation theorems are available |82[ [19] but one quickly realizes that 
they do not take into account boundary contributions to the symplectic structure. These 
contributions can be dealt with as follows. Every diffeomorphism in the bulk spacetime 
induces a specific transformation of the boundary fields through the Beig-Schmidt asymp- 
totic expansion that identifies boundary fields from bulk fields. Therefore, the Lie algebra 
of infinitesimal diffeomorphisms defined from the commutator of generators also induces a 
Lie algebra of transformations of the boundary fields. The Poisson bracket between two 
charges is then defined as 

{QdarglQi'W^m = -kQi'la^g], (3.3.23) 

where the variation 5^ acts on the bulk fields as a Lie derivative and on the boundary fields as 
the transformation induced on the boundary fields from the Lie derivative of the bulk fields. 
It would be interesting to develop a general representation theorem which takes boundary 
contributions into account along the lines of [83]. Here, we simply evaluate the Poisson 
bracket using the explicit expressions for the charges derived and taking into account the 
boundary field transformations. 

Under an asymptotic translation ^ = Lo{x)dp + o{p^) where VaVhUj + ^^ab^ ~ 0' 
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boundary fields transform as 

6^a = 0, S^kab = 0, (3.3.24) 

Su^iab = 0, 5^Vab = VciEi^Joj'') + 2e,diaB^^'oj'^ , (3.3.25) 

where and -B^|^^ are the first order electric and magnetic parts of the Weyl tensor while 
Lorentz transformations ^ = — C(o) ^-ct on the boundary fields as a Lie derivative 

'^-^(0)^ = '^-5(0)'^' 5-5(0) ^afe = 'C_5(Qj/i:„fe, (3.3.26) 

^-i(o)^ab = -^-5(0)^06, <5-5(o)Kb = -C-5(o)Kb- (3.3.27) 

Logarithmic translation^ act as 

6Ha = H, 6kab = 0, 5Hiab = -Vc{E^^H')-2e"'^^Bj^lHn, (3.3.28) 

SnVab = -^V,{kabH') + 2Vc{Ei^^H') + 8e"''l^B^lHn, (3.3.29) 

and supertranslations act as 

d^a = 0, 6^kab = 2ujab + 2/i^°^a;, 6,jiab = , (3.3.30) 



Cr''^c{ab) - (^^ab - 2-7^/1^ + UJ^aC^b) + Crc{a^h) + (o" ^ ^) j • (3.3.31) 

After an explicit evaluation, we find that all asymptotic transformations are well- 
represented: the Poisson bracket is anti-symmetric and is isomorphic to the semi-direct 
product of the Lorentz algebra with the (super)-translation and logarithmic translation al- 
gebra. In particular, the Poisson bracket between Lorentz charges and (super)-translation 
charges is given by 

{Q-€(„), QhI = -{Qh, Q-5(o)} = ^' = ^-€(0)^ • (3-3.32) 

and the Poisson bracket between Lorentz charges and logarithmic translation charges is 

{Q-«(o)' 2(H)} = -{QiH), Q-C(o)} = Qm, h' = c^^^^^h. (3.3.33) 

Logarithmic translations and supertranslations obey the algebra 

{Qh, QiH)} = -{QiH), QhI = ^Jd^S na^H'^co - Hu'^) , (3.3.34) 

where the right-hand side depends on the generators but does not depend on the fields. In 
the harmonic decomposition of a; on the sphere, the Poisson bracket is zero for all harmonics 
/ > 1 and is a Kronecker delta for the four lowest harmonics / < 1. The algebra of asymptotic 
conserved charges is isomorphic to the algebra of asymptotic symmetries. No non-trivial 
central extension of the algebra is present. Note that in order to derive these results, we 

*Here again, the logarithmic translation is understood as supplemented by an appropriate translation. 
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made extensive use of our classification of SD tensors and their properties, as detailed in 
chapter 2, to simphfy intermediate expressions and we discarded boundary terms. We have 



also used the property described in [Hill] (see also section 2.5) that regularity of kab implies 
that the four conserved charges 

^M) = ^ / d'SBi^^n^V%^^, /i = 0, 1,2,3, (3.3.35) 

s 

are zero. 

We obtained that all transformations: translations, logarithmic translations, Lorentz 
transformations and supertranslations are well-represented despite the (log/super) transla- 
tion anomaly. The fact that the Lorentz group is well-represented is not surprizing given 



that the cut-off needed to regularize the action, see (3.3.2), is invariant under asymptotic 
Lorentz transformations. Now, it is also important to take into account the shifts in the ac- 
tion when one changes the cut-off used to regulate the action. These shifts can be analyzed 
as follows. 

Under a change of cut-off A, the action will be shifted by a finite piece S(o) proportional 
to the anomaly action S^'^^ + 3^''^ given in (3.3.3)-(3.3.4). The conserved charges associated 



with the asymptotic Killing vector ^ will then be shifted by the boundary Noether charges 
of the action S^"'^ + S^^^ associated with the symmetry 5^. Using standard manipulations 
6^L = dK^, 6L = + (i©[50], the boundary Noether charges are defined as = — 
Q[6^(j)]. One then quickly sees that translations and supertranslations are associated with 
vanishing Noether charges Jg cPSJ^ = while Noether charges associated with logarithmic 
translations are proportional to the four-momentum Q[^) and Noether charges associated 

with Lorentz transformations are given by the integral of J^{o) = 2{T'^''^°'^ + T^^^'^^)sl^\d?x)a 
where T^'^)'*^ and T^^^"^ are the stress-tensors of the actions ( |3.3.3[ )-( [3.3.4[ ). 



Therefore, under a change of regulator, the translations and supertranslation charges 
are invariant. Logarithmic translation charges get shifted with the four-momenta and the 
Lorentz charges get shifted as 



-«(o) b; -9\- I d^sV^iT^^^ + TiJ))ero)^'' • (3.3.36) 

S 



These shifts can be obtained similarly by varying the regulator directly into the expression 
for the charges associated to logarithmic translations, and rotations and boosts, before 
the subtraction of divergences between the bulk and the boundary. Note that these shifts 
agree with the analysis presented at the end of chapter 2 where it was noticed that Lorentz 
charges are uniquely defined for our enlarged Beig-Schmidt ansatz up to the addition of 
those twelve boundary charges. Four-momenta and supertranslations are finite without 
needing a regulator. They are therefore manifestly unchanged by the regulator. 

The situation here can be contrasted to bulk infinitesimal diffeomorphisms which induce 
Killing symmetries and conformal Killing symmetries of asymptotically AdS spacetimes in 
odd dimensions as analyzed in [HU [851 [831 IBS] . First, the dependence of the Lorentz charges, 
associated with Killing vectors, upon the choice of regulator is analogous to the shift of the 
stress-tensor by Weyl anomalous terms [841 [85] . The expression for the conserved charges 



(3.3.18) indeed allows us to recognize Vab + '^iab as the second order part of the stress-tensor 
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which generahzes the one given in |5H H5] when kab = iab = 0. In our case, logarithmic 
translations are also present and they are also shifted under a change of regulator. 

In anti-de Sitter, infinitesimal diffeomorphisms associated with boundary conformal 
Killing vectors are well-represented even though they may act non-trivially on the action 
[83]. Indeed, the action only varies by a c-number which depends on the boundary condi- 
tions while the dynamical phase space is preserved. The non-conservation of the associated 
charges is related to this c-number. In asymptotically flat spacetimes, translations are also 
boundary conformal Killing vectors. Four-momenta as well as supertranslations are always 
exactly conserved and they do not vary under a change of regulator. 

That said, the anomaly in the action can also be described as follows. When the bound- 
ary conditions do not include parity conditions, logarithmic divergent integrals in the ac- 
tion and in the symplectic structure should be regulated by introducing a finite cutoff which 
breaks asymptotic (super/log)-translation invariance. If one regulates the action by pushing 
the cutoff to infinity, the resulting regulated action will not be invariant under asymptotic 
(super/log)-translations since it would be shifted by a finite piece. Therefore, the regulated 
action depends on the specific (super/log)-translation frame. 

Let us now try to describe how these results can be matched to the Hamiltonian for- 
malism. 



3.3.4 Revisiting the Regge-Teitelboim approach 

We have seen that parity conditions on the hyperboloid are not required in order to define 
a consistent phase space in the hyperbolic representation of spatial infinity. Moreover, we 
have seen that when these conditions are relaxed, charges associated with Lorentz rotations 
and boosts are non-linear functionals of the first order fields and logarithmic translations 
and supertranslations are associated with non-trivial charges. Both these characteristics are 
not shared with the standard treatment of Hamiltonian charges at spatial infinity [U EJ [H] 
we reviewed in chapter 1. There, parity conditions on the sphere are imposed in order for 
the rotation and Lorentz boost charges to be finite. Also, charges are linear functionals 
of the boundary fields, logarithmic translations are not allowed transformations and parity 
odd supertranslations are associated with trivial Hamiltonian generators. Let us try here to 
resolve this tension by proposing how the results of [6l [11] can be accommodated to enlarge 
the phase space to fields which do not obey parity conditions. 

Once parity conditions are relaxed, the fall-off conditions are preserved by both parity 
even and parity odd supertranslations, and at first order in the asymptotic expansion of 
the fields "^gij and vr*-' by the so-called logarithmic translations which are associated to the 
lapse and shift functions 



where and are constants. We have thus in mind that one should start by considering 




(3.3.37) 
(3.3.38) 
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the phase space of metrics where the generic expansions of the fields take the form 



9ij 



1 



(2) ij 



+ 



logr 



-TT 



(Zn,3) ij 



+ 



1 



(3) ij 



(3.3.39) 
(3.3.40) 



where, as in the covariant approach, the logarithmic branch is necessary in order to satisfy 
the constraints when parity conditions do not hold, as already noticed e.g. in |llj . 

Note that we do not intend to work out in detail the Hamiltonian formalism here. In- 
stead, our approach should be seen as a first step. Following the existence of a Lagrangian 
variational principle, we transpose covariant boundary conditions to the Hamiltonian for- 
malism. By "transpose" , we mean that we consider a phase space where parity conditions 
imposed on the three-metric, its conjugated momenta and the supertranslations are relaxed, 
and so that logarithmic translations are also allowed, but where we do impose additional 
boundary conditions on the fields such that the angular supertranslations are fixed. These 



last conditions impose the, a priori, generic form of the fields present in ( 3.3.39 )-( 3.3.40) 



to be fixed in terms of their covariant counterparts as detailed in Appendix I.D As al- 
ready mentioned, it would be interesting to include mixed terms Qpa in the Beig-Schmidt 
expansion and allow for angular supertranslation^ 

The canonical two- form on the canonical phase space used in the treatments of O |6l [11] 
is the bulk canonical two-form 



1 



d'x (^ivr^'^Ja ^9mn - '^2vr™"<5i ""g^n) , (3.3.41) 



defined from the bulk canonical fields ^gmn and vr™'" at the initial time surface S at t = 0. In 
the case of asymptotically flat spacetimes without parity conditions the bulk canonical two- 



form suffers from a logarithmic radial divergence. Using the boundary conditions (3.3.39)- 



(3.3.40), up to first order, one can express the canonical two- form as 



(3.3.42) 

where A is a large radial cut-off and S is the sphere at r = A. Now, exactly as in the 
Lagrangian formalism, we propose to modify the dynamics by adding a boundary term to 



the canonical form. We proceed by first writing the boundary actions (3.3.3)- (3.3.4) at 



t = in the 2+1 decomposition (the boundary metric becomes the real time line times the 
unit sphere). We then switch to the Hamiltonian formulation of the boundary action and 
propose to supplement the bulk canonical fields with the canonical fields of the boundary 
Hamiltonian. We then introduce counter-terms to the canonical form in order to minimally 
cancel the divergences in (3.3.42), following the Lagrangian prescription (3.3.10). The 



^ In the presence of mixed terms Qpa, there might be a distinction between the bulk covariant phase space 
symplectic structure defined from the action and the one defined from the equations of motion, see ( |3.1.23[ ). 
One would then need to prescribe which one is the bulk symplectic structure, see [87] for an example where 
such a prescription plays an important role. 
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regulation breaks translation, supertranslation and logarithmic translation invariance. We 
interpret this breakdown as a consequence of the translation anomaly in the action, which 
is manifest only when fields have both parities. 

Let us now discuss briefly the form of the Hamiltonian generators associated with asymp- 
totic Poincare transformations, logarithmic translations and supertranslations. The Hamil- 
tonian generators contain two parts: the part coming from the bulk canonical form and 
the counter-term contribution that cancels the logarithmic divergences. The surface charge 
derived from the bulk canonical form associated with a gauge parameter e"^ = {e^,e"^) is 
given, using the 2-form k^, by [6] 

fetO'"] 67r; ^g, vr] = G^^°P{e^6%\^ - efj'gop) + 2e°<5( Wvr'"") - e'^^^^^ovr"" ,(3.3.43) 

where 

Qmnop = 1 ( 3g^o 3gnp ^ S^mp S^no _ ^ 3gmn 3^op^ ^ (3.3.44) 

is the inverse De Witt supermetric. Now, one can readily obtain that this expression admits 
at most a logarithmic divergence when one uses our boundary conditions. Indeed, the RT 
linear divergences trivially cancel when one uses the explicit expressions, given in Appendix 



I.D 



of ^gab and n"-'' in terms of a, kah, h^^b ^ab- The logarithmic divergence is then exactly 
canceled by the boundary counter-term. The resulting final expressions for the charges in 
Hamiltonian formalism can then be obtained by a straightforward explicit evaluation. We 
will not provide them here. We only note that the four-momenta are given by the usual 
ADM formulae, while the charges associated with rotations and boosts contain non- linear 
contributions in the canonical fields. 
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Appendices Part I 



I. A Schwarzschild in Beig-Schmidt coordinates 

In here, we would like to put the Schwarzschild solution whose metric is given by 

ds^ = -V{r)dt'^ + V{ry^dr^ + r^{de^ + sm^ed(t)'^), F(r) = 1 - (I.A.I) 

in Bcig-Schmidt coordinates up to second order. For the sake of simplicity, we will set it in 
a gauge such that kab = 0. The strategy to implement all this goes as follows. 



1st step 



Make a change of coordinates that brings the metric (in the usual coordinates t,r,0,i 
to hyperbolic coordinates 



r = z cosh ( , 
t = z sinh , 



(I.A.2) 



and expand it to second order in z. The metric up to second order in the radial coordinate p 
is completely specified given a^^\a^^\ a2'\ h^^^ , h^^^ and h^^^. For the Schwarzschild 
solution, we find 



ds^ 



-z^ cosh^ C + 2M^ cosh C + 



sinh^ ( cosh^ C 
z'^ cosh^ C — 2M z cosh C 



+dz^ 



—z sinh C, cosh C, + 2M sinh ( + 



z^ sinh C cosh ( 
z^ cosh^ C ~ 2Mz cosh C,_ 



sinh^ C + 



2M sinh^ C 



+ 



z^ cosh^ C 



z cosh ( ' ^2 cosh^ C - 2M2; cosh 
cosh^ C(f^^^ + sin^ ^#^). 
If we now expand this expression up to second order in z and remember that 
4? = -dC + cosh^ CidO^ + sin^ 



(I.A.3) 
(I.A.4) 
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we get 



^ 12Mcosh(2C) AM'^iB.uh^C / 
-1 + r^r^ + n ^ + 0{l/z^) 



z cosh C 



+2zdzdC 



4 — sinh ( + 4^ tanh C + 0(l/z-^ 



+dz' 



^ 2Mcosh(2C) ^ 3^ 



z cosh z 
cosh^ C(de^ + sin^ Od^'^), 

and the metric, up to second order, is fuhy specified given 



(1) 

(2) 
(1) 

c 

(1) 
cc 



^cosh(2C) ^ (a«)2 + 2a(2)=4M2 
cosh ( 

1 

- — (-6 + 2cosh(2C) + ^^^) , 
4M sinh C , Af^ = tanh C , 



2a(i) , 



(2) 

CC 



c 

4M2 tanh^ C . 



2nd step 



(I.A.5) 



(I.A.6) 



Get rid of the following the Beig-Schmidt algorithm by doing the generic change of 
coordinates 



z = y . 



(I.A.7) 



which for the Schwarzschild solution, where only A^^^ is non-zero, is just 



z = y , 



4MsinhV' 

C = w -\ = w 



(-(/;) = 4M sinh ^. (I.Ai 



Plugging this into (I.A.3)(or equivalently ( I.A.5[ )) and keeping only terms up to second 
order, we get a metric specified by 



(1) 



.(2) 



A 



(1) 



''ee 
^(1) 



M 



+ 2a(2) = 4M2(-1 + 2^ 



cosh-f/; 

o— - 4cosh(2^) - cosh(4V')) 

4 cosh ip 



cosh 7p 



^ 



(2) 



-4M^tanhV' 



2M 

cosh';/; 



(2 + 3cosh(2V')) 



(2) 



2M2 

2-T(3 + 9cosh(2^/') + 4cosh(4V')) 



— 8M cosh iIj sinh 
/lii^ sin^ 9 



^"^ cosh'^ -0 
/i^y = leM^ cosh(2V') sinh^ V 

1,(2) I (2) . 2 a 

nil = iioQ sm &. 



(I.A.9) 
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At this point, we still need to get rid of o"*^^^ and A^'^\ Also, we do not have 



0^ h 



(1) 



^ab — ^ ^ '-ah 

The last step takes care of all these issues. 
3d step 



(1)7,(0) 



ab 



(I.A.IO) 



The general idea is to do a supertranslation of the form 

F(2)(0") 



P + UJ[ 



1 



+ 



_^(0) ab^^. 



G(2)a 

n2 



(I.A.ll) 



where (p = 9, (j)} and (p 



P 

{r, 9, (j)}, and look at the more general solution u such that 

(I.A.12) 



where h^^? was given in (I. A. 9) for the Schwarzschild solution. Then, we will fix the functions 



F^'^^ and in such a way that 0"^^-' and A^'^^ are set to zero. 

To solve for w, we plug in (I.A.12) a general u = uj{T,9,(j)). One can see that the 
component rr of the equation (I.A.12) is a differential equation for r that reads d^u — w + 

= f{T)g{9, (j)) , the most general solution /(r) of the 
(M + Ci + C2) cosh(T) - (2Mr + Ci - C2) sinh(r) . 



4M cosh(T) = . By writing cj(r, 9, ( 
previous differential equation is /(r) 
If we now plug this in the other components of (I.A.12), we see that co is independent of the 
angular coordinates and that the only equation left to satisfy is sinh(r)5T-/ — cosh(r)/ + 
M(cosh(2T) — 2) = . By plugging our previous solution into this last equation, we see 
that it is fulfilled only when Ci = —2M — C2 so that the more general non-trivial solution 
to the gauge fixing of supertranslations is achieved by 

uj{t, 9, 4>) = Mci sinh(r) - M cosh(r) - 2Mr sinh(r) , (I.A.13) 

where we have redefined Ci — C2 = ciM . 



Moving now to the functions appearing in the higher order terms, it is obvious after a 
close computer-assisted inspection that we will only need an F^^^ which is dependent on r 
to get rid of A^r ^ and a function G^^^'^(r) to get rid of cr^^^, so that our general change of 
coordinates reads 

y = P + f{r) + ^^ , V = r-^^ + A/. (I.A.14) 



P P P 

Plugging this in the metric we see that for o^"^^ to be zero, we have an algebraic equation 
for K{t) which gives 

M2 



K{t) 



5 - (ci - 2t)2 + (3 - (ci - 2Tf) cosh(2r) 
2 



+ 



cosh^(r) 



2(ci - 2r) sinh(2r) 



(I.A.15) 
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(2) 

Looking eventually for Ar to be zero, we see that the equation reduces to an algebraic 
equation for N{t) when using our solution for K{t). We find 

M2 



N{t) 



-2(ci - 2t) - 8(ci - 2r) cosh(2r) + (17 + (c - 2r)^) sinh(2r) 



+( 



1 



tanh(r) 



(I.A.16) 



Conclusions 

At the end of this procedure, we have obtained a metric which is written in the Beig- 
Schmidt form and that fulfills kab = 0. The value for a is given by 



a = M 



cosh(2'i/') 
cosh^/; 



(I.A.17) 



(1) 

ab 



2a h^^? . We have also obtained the values of h)V altough we will not provide 



(2) 



while h 

LLU LLU 

them here. Their expressions are in terms of quantities. It can be checked that the 
value of a is precisely (^^^y a solution of (□ + 3)cr = which is not one of the four solutions 

of aab + c^h^ab ~ ^- ^^"^ check that 



Q\q,) = d/dt] 



1 

'8^ 



(I.A.18) 



where E 



(1) 

ab 



I.B Properties on the hyperboloid 



In this small Appendix, we present results on the hyperboloid that are used throughout all 
this Part I. See also Appendix C of [l5] and Appendix D of [5T] . 
The unit metric on the hyperboloid is 

ds'^ = h^^^d(t)''d(l)^ = -dT^ + cosh^ T{d9^ + sin^ Odc/)'^), (I.B.I) 

and the covariant derivative associated to h^^^j is Va- 

The Riemann tensor of the metric h^^jj on the unit hyperboloid 7i is given by 

7^(0) _;j(0)^(0)_ ^(0)^(0) . 
'^abcd — "-ac "'bd '''ad ' (_i.I3.Zj 

The commutator of two derivatives acting on a tensor tab is 

[P„ V,]tf = ll^^X' - ^l?e V , (I-B.3) 
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which imphes that if t, ta, tab = t(ab) ^-^^ some arbitrary fields on the hyperboloid, then 

(I.B.4) 
(I.B.5) 
(I.B.6) 
(LB.7) 
(LB.8) 
(LB.9) 
(I.B.IO) 

These identities are useful for several arguments in the main text and for the proofs of the 
lemmae as presented in the next Appendix. Note also that upon using the equations of 
motion and the above identities, one can establish an infinite amount of identities for the 
fields (T and kab- For example, we have 





= -2Vat, 


['Da,Vi,] t. 






= 2/il°>,t^-4P(,t,), 










[Da, □] tbc 


= 4h^a{b'^%d-6^atbc) 







ca 
c 

ac 
men 



-3cr , 

_mne 



in n I ^ 

a a + a, 



^^ej^iO) ran 



(I.B.ll) 
(I.B.12) 
(LB.13) 
(LB.14) 
(LB.15) 



/. C Proofs of the Lemmas 



In this section, we present the proofs of Lemmae [T] and [2] given in section 2.3.3 of the 
Lemma |3] presented in section 2.3.4, and the Lemmae |4] and [5] given in 2.5.1 The five 
lemmae have an overlapping proof. In order to establish these lemmae we need to derive 
the decomposition of regular symmetric, divergence- free, and traceless (SDT) tensors on 
the hyperboloid. We do so in the rest of this appendix. 

A general regular symmetric tensor on the hyperboloid can be expressed as a linear com- 
bination of symmetric tensors built from two-dimensional spherical harmonics. A general 
such tensor has the form 



■J- T 



fiir)YUO,(f>), 



(LC.l) 
(LC.2) 

) 

(LC.3) 



where indices A; run over two-sphere {6,(j)), Yi^{9,(j)) are scalar spherical harmonics on 

(2) 

the two sphere with I = 0, 1, ... , and m = and is the covariant derivative 
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compatible with the round metric r/y on the two-sphere. In writing these expressions we 
have aheady made use of the identity 

{D^Df^ + + hH^^'^I"') ''^miO, <P) = 0, (LC.4) 

in order to reabsorb the tensor structure e^^e^-^D'^^'' Df^Yij^ into the definition of fi{T). The 
tensor is traceless if and only if 

/i(r) = 2sechV/6(r). (I.C.5) 

For the case I = 0, m = 0, only f^ij) parameterizes non-zero tensors. The divergence- free 
condition is solved only for /e ~ sechr. The general tensor then reduces to 

r.fe = PaAC(0) + /ii?C(0)- (I-C.6) 

When Z = 1, we have that ef^o'^^^ D^^^Yijn{6, (p) = 0. Therefore, /4 and /s do not lead to 
non-zero tensors. The divergence-free condition fixes 

/2(r) = -tanhT/6(r)-5^/6(r), (I.C.7) 
/3(r) = CisechV, (I.e. 8) 

/g(r) = C2sech2r-|-C3sechTtanhr, (I.C.9) 

where Ci, C2 and C3 are constants. There are therefore three solutions for each value of 
m = —1, 0, 1, so 9 solutions in total. Three independent solutions are the tensors admitting 
a scalar potentials Qj), i = 1, 2, 3, 

T,b = VaV,Cii) + h^^Ciiy (i-c.io) 

These tensors are curl-free and (□ — S)Tab = 0. The six other tensors can be written as a 
linear combination of the following two sets of three tensors, 

V{k)Tr = 2sechVC(,), = sechVtanhrL>f^C(fc), V^k)ij = Vij sech^TC(k), 

W^k)rr = 0, W^(fc)„= sechVe>Z?f C(fe), W^k)ij = 0, (I.C.ll) 
where (^(fc) = coshT/(;;), A: = 1, 2, 3. These tensors are dual to each other in the sense 

ea'^D^Vdb = -Wab, e^"^D,Wdb = Vab- (I.C.12) 

Since applying two times the curl operator on a traceless, divergence-free, symmetric tensor 
is equivalent to applying (□ — 3), we deduce that both tensors obey 

(□ - 2)Vab = 0, (□ - 2)Wab = 0. (I.C.13) 

These tensors also obey the orthogonality properties 

/ ^(ikHCtW"'''^''^ = 0, j W^k)abiLost{i)n'd^S = Q, (I.C.14) 

" S " s 
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where C is a cut of the hyperboloid. Since V(^k)ab ^i^d are divergence-free, these 

integrals are independent of the chosen cut of the hyperboloid. 

For / > 1, we can solve the divergence- free condition in terms of /2, /4 and /s as 

h{T) = -y^y^(tanhT/6(T) + 8,/«(T)), (I,C.16) 

= (i-l)i(i + l)(i + 2) (" + '' + ^°°'''^"'^'''"' 

+2coshr(3sinhT5^/6(r) + coshra^9^/6(r))y (I.C.17) 



Mr) = ^|y^coshT(2sinhr/3(T)+coshT9,/3(r)). (I.C.18) 

The general tensor with harmonics m), / > 1 is a linear combination of the following two 
tensors depending each on an arbitrary function /(r) of r, 

T^l^if) = (/3(r) = ^^^/(r), /6(r) = , (I.C.19) 

T!,i'\f) = T,, (/3(r) = 0, /6(r) = ^/(r)) . (I.C.20) 

These tensors obey the remarkable properties 

e:'-DcT^,i\f) = T^,'\fl (I.C.21) 

efV,T^,l'\f) = -T^,i\Of), (I.C.22) 

where Of is the following differential operator acting on /(t), 

Of = {I + l{l + I) sech'^T)f + 2tanhTdrf + drdrf . (I.C.23) 

We deduce also the following properties 

(□-3)ri;)(/) = -T^lHof), (I.C.24) 

(□-3)rif)(/) = -T^i'\Of). (I.C.25) 

Using the explicit expression for the tensors and the orthogonality of spherical harmonics, 
we also have 



J s 


= 0, 


J s 




= 0, 


[ T;,l'\mLosm^'d'^ = o 

J s 


[ T^,l\f)V%i)n>'d'S 
J s 


= 0, 


J s 



(I.C.27) 
(I.C.28) 

The above decomposition proves lemma [3} Indeed, one can isolate the / = 0, 1 harmonics 
and then all the higher harmonics can be regrouped in a tensor Jah that obeys JabCmt^^ — 
Is '^"bCboost^'' = as a consequence of p.C.26D -( |La27l ). 
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There are two special sets of two functions /(r): the ones for which the differential 
operator obeys 0/(o) = and the others for which = /(i). The two functions obeying 

0/(0) = define tensors Tjfh^\f(^Q-^) such that 

^[aT,^]f (/(O)) = 0, (□ - 3)ri;'V(0)) = 0. (I.C.29) 



The tensor T^Jif{o)) is a tensor potential for T^^ (/(o)) ^-nd is uniquely determined for the 

two solutions of 0/(0) = 0. From the explicit form of the tensor, we note that ^^^^''(/(o)) 
can be written as 

^if V(0)) = -DaVb^ + hf^^, (I.C.30) 

where ^> = EL=-/ is a scalar that obeys (□ + 3)^> = 0. The two 
independent solutions of 0/(o) = correspond to the two independent solutions of the 
equation (□ + 3)<I> = for fixed values of Z > 1, — / < m < /. 

The two independent solutions for /(r) of the differential equation 0/(1) = /(i) can be 
used to define two pairs of dual tensors 

Wab = riP(/(i)), Kb = rif )(/(!)), (I.C.31) 

which obey 

Ca^'^cKft = -Wab, efV.Wdb = Vab, (I.C.32) 

(□ - 2)Vab = 0, (□ - 2)Wab = 0. (I.C.33) 

Given the special role of the eigenfunction of the operator O, it is natural to decompose the 
functions /(r) in that basis. The equation 

0/H = (ri -!)%), (I.C.34) 

for each positive integer n is solved by associated Legendre functions of the first and second 
kind, 

/(^^j = sechrPi"[tanhr], /Jfj = sech rQf [tanh r] . (I.C.35) 

Lemma [T] is then proven as follows. A symmetric traceless divergence-free tensor obeying 
(□ — 3)Taf, = can be decomposed into harmonics. The only possible tensors in harmonics 
/ = 0, 1 have the form 

Tab = VaVk^ + h^^i^, (I.C.36) 

where (□ + 3)$ = contains / = 0, 1 harmonics. For / > 1, we have seen that any tensor can 

ri;)(/(^))andri;^ 



be decomposed as a combination of two different tensor structures Tj\\f^^^) and Tj\^\f^^^^) 



depending each on one function. We then see from (I.C.24)-( I.C.25[ ) that such tensors obey 



(0 — 3)Tab = if and only if /^^^ = f^^^^ = /(q) where /(q) are the solutions of the differential 



equation 0/(o) = 0. Then, we note using (I.C.21) that Tj^l\f{o)) is not curl-free and thus 



does not obey the preconditions of the lemma. The only remaining tensors have the form 
T^^^^(/(Q)) and they can be written in terms of a scalar potential (I.C.30) as shown earlier. 
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The general solution of (□ + 3)<I> = contains C(i)) ^ = 0,1,2,3 and the higher 
I > 1 harmonics. For each value of ^ > 1, m, there are two solutions for <I> that uniquely 
correspond to the two tensors 2^ib^^(/(o))- The four lower harmonics correspond to the 
tensor Tat built in (I.C.IO). The dependence in (^(j) is arbitrary since these scalars can then 
be added to without changing Tab- This ends the proof of lemma [!} 

The lemma [2] is proven by noticing that by lemma [l| all tensors derived from a scalar 
using ( I.C.36| ) that have / > 1 harmonics have the form ^'^^^^(/(o))- The tensor Tj^l\f(o)) is 



then the tensor potential for ^'^^^^(/(o)) by (I.C.21). 

Let us now prove lemma |4j We consider an arbitrary SDT tensor Tab- One can de- 
compose it in / = 0, / = 1 and / > 1 harmonics, and further the arbitrary functions /(r) 



appearing in (I.C.19)-(I.C.20) can be decomposed in eigenfunctions (I.C.34) with positive 



integer n. The 1 = 0,1 = 1 and / > 1 harmonics with n = 1 can be written as the sum of a 



tensor admitting a scalar potential and the curl of an SDT tensor. From (I.C.21 )-(I.C. 22 ), 



the I > 1 harmonics with n > 1 are explicitly the curl of an SDT tensor. Using in addition 
Lemma [2| we obtain that Tab can be written as a sum of the curl of an SDT tensor and a 
sum of Va'DbC{i) + h^ab^{i)} which proves the lemma. 

Let us finally prove lemmajs] Note that no SDT tensor obeying i^i + v? — 2n — 2)Tab = 
with n > 2 integer can contain spherical harmonics Z = or / = 1. This follows from the 
explicit form of the / = and I = 1 SDT harmonics presented above. Therefore, any SDT 
tensor obeying (□ + — 2n — 2)Tab = with n > 2 can be decomposed in the basis 



of tensors t'^? {f) and T^/\f) (1.C.19)-(LC.20) for /(r) obeying the eigenvalue equation 



(I.C.34). All such tensors are expanded in spherical harmonics with / > 1. The lemma then 



follows from the orthogonality of spherical harmonics (I.C.26)-(I.C.28) 



l.D Comparison of 3+1 and covariant boundary conditions 

The hyperbolic and cylindrical representation of spatial infinity are valid in the limits p — )• oo 
and r — )• CO, respectively. The key change of coordinates is the one mapping flat spacetime 
from the hyperbolic to the cylindrical representation of spatial infinity 



t2 



arctanh(-) 
r 



(LD.l) 



The hyperbolic and cylindrical representations coincide asymptotically in the limit where 
ADM time is kept finite, t/r — )■ which is equivalent to r — ?■ 0. In that case, p ~ r 
asymptotically. 

In order to obtain the form of the metric in r, t coordinates, we expand the right-hand 
side of r in powers of t/r and we expand the Beig-Schmidt fields in Taylor series around 
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r = 0, 

a{T,e,cl>) = a{e,<l>)+^-a^e,cP) + ^j{e,cP) + Oir-'), (LD.2) 

kab{r,e,(l>) = kab{e,4>) + lKb{QA) + ^lab{BA) + 0{r-^), (I.D.3) 
iah{r,e,(t>) = i„6(e» + ^i^,(e» + C»(r-2), (LD.4) 
^i?(r,0,0) = /,2)(0,0) + i/,-f)(0,0) + O(r-2), (LD.5) 
where we define a'^(6',0) = a^o-(0, 6*, kl^iOA) = drkab{^,9,4)), 7(6*, (^) = (9^a^(j(0, i9, (/>), 

7,b(^?,</>) = drdrkab{Q,e,4>), il^^ = driab{Q,e , 4>) , /l^f ^(e,</.) = ^^/l^J (0, ^, </)) . We will keep 

the same notation for canonical fields in Hamiltonian formalism as fields in Lagrangian 
formalism 

(7(0, e, (/.) = a{e, <t>), kab{(), e, ct>) = kab{e, 

iabio, e, (!>) = iabie, 0), 4J(o, e, 4>) = h'f^ie, (t>). (ld.6) 

The tensors decompose into scalars, vectors and two-dimensional tensors under decomposi- 
tion into temporal and spatial components. The meaning of the notation should be clear in 
either Hamiltonian or Lagrangian context. The fields 'y{6,(p) and 7a6(^,^) are determined 
from the equations of motion of a and kab- After a straightforward computation, we obtain 

%r = 1 + — + ^ + o{r 2), 

'9rc = --krc-t y ^ + a(r-2), (I.D.7) 

% = r'^g^, + {k,^ - 2ag^,)r + log r{^,) + {hf^ + tk:^ - 2ta''g^,) + o(r°), 
for the canonical fields and 

+1 {la^'^lf'^ - ^(5^)4? - 2*7 + Qta - ItKcglU^ + ltj,^gfs,) 
+2tkrT - krrcr'^ - tD^^s'^^k^i +{k-k terms)^ -|- o{r~^), 



-^^rcf^52) - cr^TC5^52) - ^^(52)A;rr + {k - k terms)^ -|- o(r ^), 



for the conjugate fields. Here, we denote by (A; — A; terms) terms quadratic in kab which 
do contribute to the finite part of the conserved Lorentz charges but that we omit here for 
simplicity. 
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Let us finally discuss how the notions of parity are related between Beig-Schmidt fields 
and canonical fields. A field on the hyperboloid is parity-time reversal even if it is invariant 
under the combined transformation of inverting the hyperboloid time r — t- — r and doing 
a parity transformation {6,(p) — >■ (n — 9,(p + n). Fields in canonical formalism are parity- 
time reversal even if their components in Cartesian coordinates do not transform under 
three-dimensional parity and if the components of their conjugate momentum in Cartesian 
coordinates transform with an overall sign under parity. From the dictionary of the Beig- 
Schmidt asymptotic fields in 3-1-1 decomposition, we see after switching from spherical to 
Cartesian coordinates that the even parity-time reversal conditions on a and kab lead to 
parity-time reversal even first order canonical fields on the initial time slice t = 0. 
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Part II 

Magnetic theory through duality 
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Chapter 4 



Electromagnetic duality for Maxwell's theory 



In this chapter we review the theoretical discovery of P.A.M. Dirac [88j, in 1931, who showed 
that Maxweh's equations can be made invariant under a symmetry that exchanges electric 
and magnetic fields at the cost of introducing sources for the magnetic field. This symmetry 
is known as the electromagnetic duality and the new postulated particles bear the name 
"magnetic monopoles" . 



In section 4.1, we review this duality at the level of the equations of motion. In section 
4.2, we briefly discuss electric and magnetic charges and the Dirac string. The major 



importance of Dirac's work is that, even if magnetic monopoles have never been observed in 
Nature, the presence of at least one of them would explain the quantization of the electric 
charge. This is what is reviewed in section 4.3 We eventually finish by a small discussion 



of some other aspects in section 4.4 



4. 1 The electromagnetic duality 

In 1861, Maxwell wrote the famous equations that bear his name and that describe, in a 
unified way, electricity, magnetism and optics. In the vacuum, these are 

V.^ = 0, V.B = 0, 

It is easy to see that they are invariant under the so-called electromagnetic duality which 
interchanges electric and magnetic fields 

E^B, B^-E. (4.1.2) 

As we said in the introduction of this thesis. Maxwell's equations were already fitted for 
special relativity. This can be seen by introducing an exact antisymmetric tensor, where 
the index i goes from 1 to 3, 

Foi = Ei, F,j = eijkB^, (4.1.3) 
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such that Maxweh's equations can be written in a covariant form 

d^F'^" = 0, e^'^P'^d^Fp^ = 0, (4.1.4) 

where indices are raised and lowered with the flat metric rjp,^, such that Fqq = F^^ , Fqi = 
—F^^, .... The first equation is called the equation of motion while the second is the Bianchi 
identity. Using differential forms, it is just 

dirF = 0, dF = 0. (4.1.5) 

The second equation (Bianchi identity) is an identity when F is obtained from a potential 

F^^ = d^Au - d^Af,, (4.1.6) 

where is called a gauge field. Local transformations of the form 

6A^ = d^A{x), (4.1.7) 



leave the field strength Ff^i, invariant. The electromagnetic duality (4.1.2) is rephrased as a 
Hodge duality on the field strength. Alternatively stated, Maxwell's equations are invariant 
under 



FfMu y F^i, — (c^F^^i/ — ^(^fii/paF^ . (4.1.8) 



In the presence of electric sources, we have 



V.E = Airpe, V.B = 0, 

dE dB 
VxB = 47rJe + — , -Vx^=— , (4.1.9) 

and the equations are not invariant anymore. To restore the symmetry, the idea of Dirac 
was to introduce a new density of charges and a new current in the following way 

V.E = ATTpe, V.B = A'Kprr,, 

V xB = 4nje + -g^, -Vx^ = 47rJ^ + — , (4.1.10) 

or rewritten with F^^,, = (peJl) and = {pmJm) 

d^F^" = AttJ^, 
'^-e'^-P-d.Fp^ = AttJ^. (4.1.11) 

By introducing a magnetic 4-current on the left hand side of the Bianchi identity, these 
equations are now invariant under the duality symmetry 

F^u — )• Ffj^u = —ep,upaFP , — )• J^, — )• —Je- (4.1.12) 
This duality intertwines the equation of motion with the Bianchi identity. 
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4.2 Electric charge versus magnetic monopole 



Electromagnetic duality tells us that for every "electric" field, there is a "magnetic" dual 
field. In the presence of sources, for every "electric" source there is a dual "magnetic" 
source. As we know, the electric charge is the source of the electric field. If electromagnetic 
duality is realized in Nature, Dirac postulated that there should exist a magnetic charge, 
source of the magnetic field. These particles are known as magnetic monopoles. A particle 
that contains both electric and magnetic charges is called a dyon. 

Let us consider an electric source generating an electric field E = such that 

At = ^, Ftr = Er = ^. (4.2.1) 

After an electromagnetic duality rotation, sending F ^ F and the source Q ^ H, we 
obtain the field generated by a magnetic monopole 

Fo^ = H sine. (4.2.2) 

Speaking of conserved charges, the electric charge is 

1 f -70i 



Q = -— (j) F^'dJ^i. (4.2.3) 

By analogy, one would like to associate a magnetic, topological, charge to the dual field 

1 ' Jjk 



H = — f e'^' F,k dY.i. (4.2.4) 



By taking the expression (4.2.2), we can actually check that the above expression does 



reproduce the magnetic charge H. 



The magnetic monopole and the Dirac string 



As we have already said, in the absence of magnetic sources, the Bianchi identity dF = 
ensures that the field strength can be expressed as F = dA. Also, from Stoke's theorem, it 
is easy to see that \i F = dA, we should have 



H=(bF=d)dA=(bA = 0, (4.2.5) 

where C is a closed curve. 

When we introduce the four- vector Jm, the magnetic charge sources the Bianchi identity 



and thus F = dA is no longer true. To describe the pure monopole field (4.2.2), we actually 
need to write 

F = dA + C, dC = Jm, (4.2.6) 
where C is a singular contribution as we now review. Indeed, let us consider the gauge field 

A = -H (cose + 1) # = -H — Axdy - ydx), (4.2.7) 

r(r — z) 
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which is singular along the positive z-axis, the so-called Dirac string singularity. For this 
gauge field, we see that the electric field is trivial while the magnetic field computed with 
(we closely follow [89]) 



gives rise to 



A = {H 



y 



H- 



r{r — z) ' r(r — z) 



(4.2i 



B = V X A = H- 



(4.2.9) 



where 6{z) is the Heaviside function which is zero for 2; < and one for 2: > 0, and I2 is the 
unit vector along the z-direction. Note that to obtain this last result, we used the following 
regularization procedure: we first set r — )• ii = \/r^~+~? and obtain easily 



5, 



reg 



H 



i?3 R3(^R 



4r, 



(4.2.10) 



We then take the limit of e — t- to recover (4.2.9) 



What we have described in (4.2.9) is a modified magnetic field which has a singular 



contribution along the positive axis. This unwanted singular contribution actually sets the 
magnetic charge to zero. 



To describe the pure monopole field (4.2.2), we actually need to write 



F = dA + C , 



Ci' 



H5{x)5{y)e{z) , 



(4.2.11) 



and we realize that C is precisely a string singularity along the z-axis canceling the one 



coming from our naive guess (4.2.7). It is sourcing the left hand side of the Bianchi identity. 



One can check that under an appropriate gauge transformation, the string can be sent along 
the negative z-axis so that, for the classical theory at least, the singularity in the gauge 
field should be seen as an artifact as it is really the electric and magnetic fields which are 
the physical gauge-invariant observables. 

One interesting remark, for further considerations in the next chapter, is that the in- 
tegrand appearing in the surface integrals for computing the charges is the field strength 
F = dA, a gauge invariant quantity. This means that if we consider F = dA + C, a. regular 
gauge transformation on A does not shift the string. It can thus always be fixed so as to 
cancel the singular term coming from dA. 



4.3 Quantization of the electric charge 

As we have seen in the previous section, when one wants to deal with gauge potentials, 
one needs to introduce the Dirac string. However, this string is not physical classically 
as the electric and magnetic fields, the true observables, are regular. The fact that the 
string should not be visible quantum mechanically led Dirac to the first explanation of the 
quantization of the electric charge in units of h. 
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One way to understand this result is to consider a system of an electric charge and 
a magnetic monopole separated by a fixed distance. This system will possess an angular 
momentum 



The fact that angular momentum is quantized in the quantum theory tells us now that the 
electric charge has to be quantized in units of h. 

The importance of this result lies in the fact that the very observation of a unique 
magnetic monopole would explain the quantization of the electric charge. 



Let us comment here on some other aspects that have not been considered in the above. 
Double field formalism and the invariance of the action 

Up to here, we have seen that the magnetic charge appears as a topological charge. This 
is due to the fact that we have described the monopole using an "electric" formulation as 
only the electric charge is considered to be dynamical. As we have pointed out in chapter 1, 
working in the Hamiltonian formalism, it is actually possible to introduce new gauge degrees 
of freedom. By doubling the number of gauge degrees of freedom, one can introduce two, 
dual, potentials. In this way, electric and magnetic parts can be set on an equal footing. 
This is known as the doubled field formalism. 

The equations of motion are invariant under the exchange of electric and magnetic fields. 
However, the action 



is obviously not invariant under such a transformation. To check that the action is invariant, 
it has been shown in [90], using the doubled field formalism, that one should actually 
consider transformations of the gauge field, which represent the true dynamical variables of 
the theory, instead of the field strength. Although the action can be written in a manifestly 
invariant way, it is no longer manifestly invariant under Lorentz transformations. 

The strong-weak duality 

Electromagnetic duality is a strong-weak duality. Indeed, the electric charge is directly 
related to the coupling constant, the strength of the electromagnetic interaction. Under a 
duality rotation the electric charge is sent to the magnetic charge. The fact that the duality 
is a strong- weak duality can be understood from the quantization condition of the electric 
charge. Indeed, let us write it as 





4.4 Other comments 





QH 



n 



(4.4.2) 



2 
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From this, we see that if the electric theory is "weakly" coupled, then the magnetic theory 
will instead be strongly coupled. 

Electromagnetic duality inspired C. Montonen and D. Olive who conjectured in |91j 
the presence of this symmetry inside non-abelian gauge theories. It was later shown by H. 
Osborn in ^92j to hold as a strong- weak duality in = 4 super Yang-Mills. 
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Chapter 5 



Gravitational duality in linearized gravity 



In this chapter, we review how electromagnetic duahty can be transposed to general rel- 
ativity. As we said at the beginning of this thesis, the main reason to believe that such 
a duality could be present in general relativity is the presence of the Taub-NUT solution. 
This solution has a mass M and a parameter N that play, at least in the linearized theory, 
the same roles as the electric and magnetic charges in electromagnetism. 

Instead of providing the reader immediately with the Taub-NUT solution, we would 



like to take a hopefully more interesting path. In section 5.1, we review the fact that 



general relativity reduced along a Killing direction has a pair of scalars which parametrize 
an SL{2, R)/S0{2) coset. Using this, we show that the Schwarzschild metric can be mapped 
under an SO{2) rotation, subgroup of Ehlers's SL{2,R) group, to a new solution, the Taub- 
NUT metric, of Einstein's equations. Gravitational duality is the name given to this SO{2) 
rotation. It is an exact duality of the full theory in the presence of a Killing direction. We 
finish this section by discussing the Taub-NUT solution as a solution of general relativity. 

In section |5.2[ we review how linearized equations of motion, in four dimensions and in 
the presence of electric sources, are invariant under an SO{2) duality rotation if one allows 
for the presence of a magnetic stress-energy tensor in complete analogy with the work of 
Dirac for electromagnetism. This duality is valid even in the absence of any Killing direction. 
The duality in the linearized theory in the absence of Killing directions has been proven to 
be a symmetry of the action using a double field formalism in |lj. This result was generalized 
in the presence of sources in [93] . Note that these works only deal with the linearized theory. 
In [26], it was proved that this duality can not be extended perturbatively to the 3-vertex 
in Einstein gravity using a proof similar to the one showing that electromagnetic duality of 
free Maxwell theory cannot be extended to Yang-Mills theory. 



In section 5.3, we give expressions for the ten Poincare charges associated to the elec- 
tric stress-energy tensor and the ten dual Poincare charges associated to the magnetic 
stress-energy tensor, generalizing in a way the Abbott-Deser construction in the presence 
of singularities. We show that momenta and dual momenta can be expressed as surface 
integrals while Lorentz and dual Lorentz charges require some gauge fixing in our "electric" 
formulation. 



Eventually, in section 5.4, we discuss several linearized solutions such as the Schwarzschild, 
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Kerr and Aichelburg-Sexl pp-wave and their respective dual solutions that we refer to as 
the pure NUT, rotating NUT and NUT-wave. Duality considerations lead us to an exotic 
interpretation of the source of the Kerr metric. The Aichelburg-Sexl shock pp-wave is ob- 
tained as an infinite boost of the Schwarzschild metric and its gravitational dual is also 
recovered by taking the infinite boost of the pure NUT metric. 



In this section, we start by reviewing the discovery of J. Ehlers who showed that 
Einstein's equations reduced on a circle possess an SL(2, R) symmetry. We then see how 
the Taub-NUT solution can be obtained by an SO{2) rotation of the Schwarzschild solution 
reduced on a circle, when the parameters M and N are seemingly rotated, and discuss some 
important aspects of this solution. 

To illustrate this, let us first perform a Kaluza-Klein reduction of Einstein's equations 
along a timelike direction. Start with a four dimensional metric that can be written in the 
form 



Plugging this ansatz for the metric into Einstein's equations, we obtain a set of three- 
dimensional equations: Einstein's equation for the three-dimensional metric, a Maxwell 
equation for the graviphoton A and a Klein- Gordon equation for the dilaton field (p. This 
set of equations can be obtained from the three-dimensional Lagrangian 



This is the standard Kaluza-Klein reduction that we will not review here, but we refer 
the interested reader to C.N. Pope's lectures available on the internet for a crystal clear 
presentation of the subject [95] . 

In three dimensions, the dual of a vector is a scalar. As we have seen for electromag- 
netism, duality typically exchanges equations of motion with Bianchi identities. The usual 
way to implement such a duality at the level of the Lagrangian is to add a term that enforces 
the Bianchi identity of the field to be dualized. In our case, the term is ^Fije^^'^dkX a-^id it 
is a boundary term when the Bianchi identity for the field strength is enforced. With this 
additional term, one can also integrate out A^. The equation of motion for the graviphoton 
is the defining duality relation. Rewriting the action with the supplemented term as 



5.1 Ehlers's symmetry and the Taub-NUT solution 



dsl = -e-^{dt + Af + e^dsl. 



(5.1.1) 




(5.1.2) 




and making use of the defining relation 



1 



(5.1.4) 
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the last term in the Lagrangian (5.1.3) is zero. We eventuaUy get a theory where the dual 
field has now become dynamical 

= V9i{Rz - lidcPf - \ e^-^ {dx?). (5.1.5) 

It is by now a well-known fact that the scalar sector parameterizes an SL{2, R)/ SO{2) 
coset. One can check that the Lagrangian is invariant under the non-linear transformations 
of the scalar fields 

g0 ^ e<P' = (cx + dfe^ + c^e"^, 
Xe^ Xe'l'' = {ax + b){cx + d)e'f' + ace-'^, (5.1.6) 

where a, b, c, d are the coefficients of 2 x 2 matrices such that ad — be = 1. In here, we will 
no longer discuss the SL{2, R) transformations but interest ourselves in an 5*0(2) subgroup 
of it 



a b \ f cos "0 — sin -0 
c d J \ simp cosV' 

Let us now see what happens if we apply a rotation ^ to the Schwarzschild metric 



(5.1.7) 



dsl = Jl^J^df + „ dr^ + r^dnl (5.1.8) 

* ^2 ^2 _ 2Mr 

One starts by performing the change of coordinates r — )• r + M to cast it into the form 

,2 (r2 - M2) , 2 (?- + Af )2 „ 

dsl = -\ ^dt^ + —9 ^dsl, 5.1.9 

dsl = dr^ + {r'^ - M^)dnl (5.1.10) 

with 

Under a rotation of angle ip, we get 

^, _ + M2 + 2Mrcos(2'(/') 2Mrsin(2V') 
^ ~ r2 -M2 ' ^ ~ ~r2 + M2 + 2Mrcos(2i/.)' (5-1-12) 

Now, one should also rotate the charges. We see that by defining 

M' = Mcos(2^), iV' = Msin(2'0), (5.1.13) 

we have 

(r + M'f + iV'2 ^ 2N'r 



^ 9 71 /r/9 A7-/9 ' ^ 



r2 - M'2 - iV'2 ' ^ (r + M')2 + A^'2 ' 
dsl = dr^ + {r'^ - M'^ - N'^)dnl (5.1.14) 
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Using (5.1.4) and the above information, the graviphoton is 



A = 2N'cos9d(p, (5.1.15) 
Upon uphfting to four dimensions, the four-dimensional metric is 

+ + ir' - M'^ - N-)dnl). (5.1.16) 

Now, by making r ^ r — M' , we find 

A i?2 
ds^ = - {dt + 2N cos ed^)^ + —dr^ + R'^ dn"^, (5.1.17) 
Jx A 

where A = — A^^ — 2Mr, B? = r"^ + N'^, dQ"^ is the metric on the unit two-sphere and 
where we have removed the primes on the charges for simphcity. 

This new solution of Einstein's equations is the so-called Taub-NUT metric, name given 
to the solution found by A.H. Taub in [96] and E. Newman, L. Tamburino and T. Unti in 
|97j . The Taub-NUT metric was studied by C. Misner in [98]. This metric reduces to the 



Schwarzschild metric (5.1.8) when = and to the metric 



dsl = -^^^;^^-j^{dt + 2N cos Ode/)) + jY2 ^^^ + (.r^ + N'^)d^l (5.1.18) 

when M = 0. In the following, we will refer to this last metric as the pure NUT metric. 

Let us now discuss some relevant aspects of the Taub-NUT metric. The first important 
thing to notice about the Taub-NUT metric is that 

gt^r^2N cos ed(l). (5.1.19) 

This resemblance with the gauge field of the magnetic monopole presented in the previ- 
ous chapter (remember we had A = H cos Odcj)) is the reason why Taub-NUT could be 
interpreted as a gravitational dyon, see for example [21], [99], |100j . 

As we have seen for electromagnetism, the potential is singular along the z-axis. This 
singularity for the Taub-NUT metric is known as the (Dirac)-Misner string. In [98], it was 
stated that the singularity has to be removed because "If one is given a manifold and on 
it a metric which does not at all points satisfy the necessary differentiability requirements, 
one simply throws away all the points of singularity". Misner showed that the singularity 
is a coordinate singularity (just like r = 2M is for the Schwarzschild black hole) and that 
it can be removed. Let us see how this works. 

As in the electromagnetic case, the singularity can be set on the positive or negative 
axis by an appropriate gauge transformation. In here, it is implemented by a change of the 



coordinate. Starting from the metric (5.1.17), one can make the change of coordinate 

t-ft^ + 2N(l), (5.1.20) 
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so that the string singularity is along the positive z-axis or 



-2N(t), (5.1.21 
and the string will then be along the negative z-axis. In the coordinate system ( |5.1.20 ), 



the metric is regular around the South pole and with (5.1.21) around the North pole. For 
consistency, we should impose that both regular metrics are equivalent on the equator. This 
is just 

= t^ + (5.1.22) 

Because (p is periodic with period 27r, the singularity is cured if one imposes t to be periodic 
with period SttA^ as stated in [98|. The drawback of identifying time is that it introduces 
closed timelike curves, another undesirable feature of general relativity. 

In the rest of this thesis we will not consider this identification but rather deal with 



the metric (5.1.17). The main reason is that we want to deal with linearized gravity where 
there is an exact duality pQ that rotates the linearized Taub-NUT metric onto itself (when 
the mass and the NUT charge are also rotated). Also, Taub-NUT metric is asymptotically 
flat (at least locally) following Regge-Teitelboim, see [27J. As one can check from Part I, 
remark that the metric fulfills the parity conditions, even if kab is now singular along the 
z-axis. Considerations about the existence of a variational principle in the presence of NUT 
charge can be found in [2^, |T7] and [H]. 



5.2 Gravitational duality for linearized gravity 

In this section, we would like to review how gravitational duality works for linearized general 
relativity in the absence of Killing directions. We will re-derive the duality invariant form 
of the Einstein equations, cyclic and Bianchi identities, following the lines of [27]. In the 
rest of this thesis, we will work in vielbein formalism. This was first motivated by the study 
of solutions of supersymmetric theories as we detail in Part III. However, we will see that 
it also has its utility in the rest of this chapter. 

Linearized general relativity seems to have a lot in common with electromagnetism, as 
they are for example both linear theories and possess both a duality symmetry. However, if 
one wants to generalize the electromagnetic duality to linearized gravity, there are subtleties 
that need to be taken care of. 

The first difference with electromagnetism comes from the fact that the duality is a 
Hodge duality on the Riemann tensor, a tensor that has two pairs of antisymmetric indices 
(the Lorentz and the form indices, respectively, in reference to the spin connection). There- 
fore, one is free, in the linearized theory, to pick the Lorentz indices, the form indices, or 
even a linear combination of these two. We argue in the following that gravitational duality 
is best understood when dualization is performed on Lorentz indices. 

In comparison with electromagnetism, the second subtelty arises from the existence of 
three different "objects" in general relativity. Indeed, we have a vielbein e"^, a connection 
w^"^, and a curvature Rab^iu- Because the singularity appears in the vielbein, one could 
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reasonably wonder why the connection could not be used, instead of the Riemann tensor, 
to play the same role as does the field strength F in electromagnetism. We show that 
the choice of dualization on Lorentz indices permits to lower the duality relation between 
Riemann tensors to a duality between spin connections. The important difference we point 
out is that the spin connection is a gauge- variant quantity while the field strength F is not. 
We show however that, by duality, a gauge choice can always be made such that the dual 
spin connection is regular. We eventually give an expression of the spin connection in terms 
of the vielbein and a three index object, first introduced in [27], that contains the magnetic 
information of the solution. Since we linearize around flat Minkowski space in cartesian 
coordinates, there will be no distinction between curved and flat indices in the following. 

Linearizing around flat space g^j^^ = V^v + h^y, the Einstein equations, cyclic and Bianchi 
identities, in the absence of magnetic charges, are just 

Rfj.lual3] = -^{RpuaP + Rp.(3va + RfiaPf) = 0, 

dla R\pa\l3-y] = '^('^'^ Rpcr/S-y + d.y Rpcra/3 + dj3 Rpa-fo) = 0, (5.2.1) 

where Rpa^ya is the linearized Riemann tensor. The Bianchi identities are solved by express- 
ing the Riemann tensor in terms of a spin connection. In turn, the cyclic identity is solved 
when the spin connection is expressed in terms of a vielbein or, when the local Lorentz 
gauge freedom is fixed, in terms of a (linearized) metric. 

In the absence of sources, gravitational duality tells us that for every metric there exists 
a dual metric such that their respective Riemann tensors are Hodge dual to each other, in 
complete parallel with the Hodge duality in electromagnetism. As explained above, we will 
prefer here a dualization on the Lorentz indices, the first two indices in our conventions, as 
is clear from the Bianchi identities above. We write the duality in the absence of sources as 

--e^.^pR'^'^p,, (5.2.2) 

where Rp^upa denotes the magnetic or dual Riemann tensor. To check that linearized Ein- 
stein's equations are invariant under this duality and also to generalize the duality in the 
presence of electric sources, it is useful to remark that the magnetic cyclic identity in the 
presence of electric sources can be written as 

{RljLvaP + Rp,l3i/a ~^ Rp,al3i/) — '^^[l/a|3]^^^P°''^ — ^^-yuafsi^'^^ Rp,paK) 

= -h-,,^p{2R\-5\R) = ST:Ge,^p^T\. (5.2.3) 

The electric stress-energy tensor appears at the right hand side of this last equation. Trans- 
posing Dirac's idea for electromagnetism to linearized gravity, we will add a magnetic 
stress-energy tensor Q^y on the right hand side of the "electric" cyclic identity. Under 
a gravitational duality rotation in the presence of both electric and magnetic sources, we 
have schematically 

R/iupa ^ Rpvpai Rpvpa ^ Rp,vpai 

T^,u ^ e^^, ^ -T^y. (5.2.4) 
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We write the full set of electric and magnetic equations respectively as 



de R-ySafS + da R-ySfSe + 9/3 R^Sta = 0; 



Gfj^u — 8TrG@fj^i,, 

R^uaf} ~\~ RfiPva ~\~ RfjLaPu — ^'^GEi^ce/BjT'^^j 

de R-i5al3 + da R^ySf^e + dp R^Sea = 0. (5.2.5) 

From these equations, the duality is manifest as soon as we write the electric and magnetic 
cyclic identities, by means of (5.2.3), as 

G^^ = 8^GG^^, Gp^ = SirGTp^. (5.2.6) 

One advantage of dualizing on Lorentz indices, as compared to a dualization on form 
indices, is that we do not need to modify the Bianchi identity because 

d[a ^\fiu\l3-,] = -^^fiu^dla R\pa\l3j]- (5.2.7) 

Note that the vanishing of the Bianchi identity is consistent with the cyclic identity having 
a non-trivial source term if and only if the magnetic stress-energy tensor is conserved, 
dpQ^'^ = 0, just as the ordinary stress-energy tensor. This is obviously an important 
property as we will construct charges from this quantity in the next section. 

As already mentioned previously, the Riemann tensor can only be defined in terms of a 
metric when both the cyclic and Bianchi identities have a trivial right-hand side. To deal 
with the introduction of magnetic sources we introduce, as in [27j, a three-index object ^^'^ p 
such that 

= -IdTTGe^, = (5.2.8) 

|.P-^ = $P-^ + l(5P^^.--5-^$P), ^.P = $P"^. (5.2.9) 



The Riemann tensor that is solution of the set of equations (5.2.5) when making use of 
(5^ is 

Ra^Xp = TapXp + \ ^a^paidx^'^ " dp^''\), (5.2.10) 

where rapxp is the usual Riemann tensor verifying the usual cyclic and Bianchi identities 
with no magnetic stress-energy tensor. This means that rapxp = '''Xpap and that it can be 
derived from a potential: Vapxp. = '^d^ah p-\y\^p^. 

Another advantage of the dualization on Lorentz indices comes directly from the van- 
ishing right hand side of the Bianchi identity. Indeed, as compared to the results presented 
in [27j , our dualization gives us the right to express the linearized Riemann tensor in terms 
of a spin connection by 

Rpi/pa = dpLOp_ua — d„Ulpi,p . (5.2.11) 
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This allows to lower the duality relation between Riemann tensors to a duality between 
spin connections. With the help of (5.2.2) and (5.2.11) the gravitational duality relation 
becomes 



fiua 



a/3 



(5.2.12) 



where this relation is true up to a gauge transformation as the spin connection is a gauge- 
variant object. 

The linearized vielbein and the spin connection for the Riemann tensor are defined 

as 



f) Q - f) Q 

dx^' + ]-ri^'''{Kp + v,p)dxP, 



flU 



fiup'^ J 



^p.up — 2^{^i^^p.p dphi/p + dpVpp^^ 



(5.2.13) 



where h^u = hyp^ is the linearized metric and v^y 



Using this together with relations 



(5.2.11) and (5.2.12), one obtains the spin connection in terms of the vielbein and the three- 
index object ^pvp 



pup 



pp ^pll'Up~r<~'pUi;p)-\- ^£pU"/5^ p- 



1 

4^ 



(5.2.14) 



From (5.2.12), it is clear that there always exists a "regular" (with respect to string singu- 
larities on the two-sphere at spatial infitinity) spin connection even when magnetic sources 
are present. From the expression above this can be achieved for a specific choice of Vp^ that 
cancels string contributions coming from ^pup- One also easily sees that 



1 



UJ 



pva 



■\[ep,^p{2d^h^, + d„v''P) + 2^p,„]. (5.2.15) 



5.3 Charges and dual charges 

Now that we have looked into more details how the duality works at the linearized level, 
we would like to deal with the definition of charges in the linearized theory. Since we 
have an electric and a magnetic stress-energy tensor, one should be able to define the 
usual 10 Poincare charges associated to T^j/, as we presented in chapter 1, but also 10 
other topological, dual, Poincare charges associated to the dual stress-energy tensor Qpy. 
This is what we explore in this section. We start by giving the generalized expressions for 
the ADM momenta and dual ADM momenta. We give a full treatment of the singular 
string contributions, obtaining gauge-independent expressions for the surface integral^ 
We eventually apply the same ideas to derive general expressions for the Lorentz charges 

'^Note that in jl01| . we only established them for a specific gauge choice of the vielbein. 
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and their duals. However, we will show that there is no possibility in this formalism to 
express these charges as surface integrals without partially fixing the gauge. Two copies of 
the Poincare charges, expressed as surface integrals, have also been derived by G. Barnich 
and C. Troessaert in [93j using a doubled (Hamiltonian) formalism. This gauge fixing is an 
artifact of our Lagrangian approach which is more "electric" in spirit as the magnetic charges 
are topological. The charges obtained in f93] should however be completely equivalent to 
ours. 

5.3.1 The momenta and dual momenta 

The generalized ADM momenta and dual ADM momenta are 

Pf.= [ n^d^x = ^ [ Gof^d^x, (5.3.1) 



SvrG 

K^, = I Bo^d^x = ^ / Go^d^x. (5.3.2) 



Given the definition of the Riemann tensor in (5.2.11), one easily obtains 



Coo — ij^Pijij — diOJijj, (5.3.3) 

Goi = Rojij = diUjQjj — djidQji. (5.3.4) 

The dual Ricci tensor is 

-R/ip = f] Rfiupa — 2^ ^^vajsR ^ pa- (5.3.5) 

The dual Ricci scalar and dual Einstein tensor are defined just as i? = rj^^^Rpp and G^p = 
R^J.p — ^Tlfj-pR- We thus have the following expressions 

<5oO = —^^ijkRoijk = ^ijkdiCOojk, (5.3.6) 

Goi = -T^^jklRklij = T^^jklidiUJklj — dj^kli) = £jkldlU>ijk- (5.3.7) 



In the last equality of (5.3.7) we have used the identity d^iOJjki] = 0. Note also that Goi / Gio 
for an arbitrary (i.e. off-shell) spin connection. 

Eventually, we can express the electric and magnetic Einstein tensors in the more com- 
pact form 

Gop = e'^^d.Lo^jk- (5.3.8) 
This enables us to formulate the momenta as surface integrals 

Kp = ^ e'^'^u^jkd^i. (5.3.10) 
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With the help of (5.2.14), we have 



Po 
Pk 



1 



IGvrG 
1 

IGvrG 



Ojk 



^ f e''^[dihoj+djVio] + <^'\ 



WttG 
1 

IGvrG 



10 



(5.3.11) 



dT.1, (5.3.12) 
(5.3.13) 
(5.3.14) 



When there are no magnetic charges, is zero and thus and ^^^up also by definition. 
Then, setting ourselves in the gauge where v^i^ = 0, one easily recognizes the ADM momenta 
P^. Remember that in electromagnetism the contribution of the Dirac string was always 
equal to the opposite of the string contribution coming from the regularized connection as 
F is a gauge-independent quantity. Even if our charges are obviously gauge invariant, the 
important difference with electromagnetism is that here the surface integrals for calculating 
the charges depend on the spin connection, a gauge-variant object. If we want to cancel 



the string contributions in the expressions (5.3.11), we need the additional gauge freedom 



of the vielbein to be fixed in the right gauge. As we have seen in the previous section, this 
trick can always be used as the duality can always be lowered to a duality between spin 
connections. For each electric solution with a regular spin connection, there exists a regular 
spin connection for the dual magnetic solution. Note that computations can also be made 



using our expressions (5.3.9)-(5.3.11 ) or even the volume integrals (5.3.1 )-(5.3.2). 



5.3.2 Electric and magnetic Lorentz charges 

In the same spirit, the general expression for the Lorentz charges and their duals are as 
follow^] 

L^" = J (x^r°^ - x^r°^)(i=^2; =^ J {x^G"^" - x''G^'')d^x, 

Lf"" = J (x^G°^ - 2;^G°^)d3x = ^ J {x^'G^" - x''G^^')d^x. (5.3.15) 



Plugging the expression (5.3.8) into the definition of the electric Lorentz charges leads 



^Note that the fixed timelike index is now upstairs, contrary to the definitions of the momenta. We hope 
that this (arbitrary but innocuous) switch in the convention will not upset the reader too much. 
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us to 



ttG J 



SvrG 



8ttG 



^— I {tG"^' - x'G'^)d'x 
tG J 



8ttG 
1 

8^ 



-tUJ 



Oh _ ^li^Ok 



X UJ 



(5.3.16) 



We see that in the presence of non-trivial ^^up, we have a priori no way to express the 
charges as surface integrals. However, we know that the charges are independent of the 
choice of Vf^^- We can thus try to choose a gauge, an appropriate v^^, such as to cancel the 
^tj.i^p contributions present in the volume integrals. Expanding the volume integrals in the 
above expressions 



j [djh'^ - d'h^j + djv^' + e'^''<^>ojk] d^x, (5.3.17) 



where we simplified the last equation using the relation g'^^b^^^-^' = e'^^^^f^^, we see that 
we can absorb the ^i_iup by choosing the Vij and the v^i such that 



djv'^ d^x 



e'^''<^Ojk d^x, 



e'^^^ko^ d^x. 



(5.3.18) 
(5.3.19) 



Actually, these gauge choices do not fix completely the local Lorentz gauge, and hence 
v^i^. Rather, they restrict the gauge to a choice satisfying the above integral relations. Of 
course this can be done in the simplest way by choosing a v^u that locally compensates the 
singularity contained in ^^up- 



Picking a gauge such that (5.3.18) and (5.3.19) are fulfilled, we obtain 



1 

8^ 



OH xli, fik 



dT., 



dT,i, 
(5.3.20) 
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If we look at the dual Lorentz charges, we have 



Oi 



1 



SttG 
1 

8^ 
1 

8^ 
1 



{tG"' - x'G"'')d-'x 
{x'G^^ - x^G°')d^x 



1 



IGttG 



1 



£'''^[uJoki-iOoik]d^x 



SttG r " '''''' kn.m + ^ I e'^Wid^x , 



(5.3.21) 



where in the last equality we used e'^^'^oj^km — ^^^"^^^km = ^^•'^^ki- 

It is amusing to observe that the pieces in L^^ and L^u that cannot be expressed as 
surface integrals actually enjoy a duality relation, L^'^}^ = \^iiupaL^^^^. This surprising 
property cannot of course be extended to the full charges, as is obvious from their definition 
in terms of the stress-energy tensor and its dual. However, a consequence of this observation 
is that with the previous choice of gauge, we can also express the dual charges as surface 
integrals 



1 



SvrG 
1 

8^ 



e^^''[tuj'jk + x'ujQjk] + ^e'^'h 



ilk I 



Ok 



dill , 



dT.,. 



(5.3.22) 



The expressions derived here for the electric and magnetic Lorentz charges are thus 



valid in whatever gauge when expressed as volume integrals like in (5.3.16) and (5.3.21). 



Moreover, we have shown that there exists a gauge choice valid for the Lorentz charges and 
their duals that permits to eliminate the ^^up and express the charges in terms of surface 
integrals. Note that if all ^p.vp are zero, any gauge is obviously fine and the charges reduce 
to the ADM expressions. 

In the next section, we will consider several different solutions and their dual counter- 
parts. Instead of applying these formulas explicitly, it will prove more efficient to work out 
the sources of the solutions, encoded in T^jy and Qp,y, and compute the charges from their 
original definitions (5.3.1) and (5.3.15). One is ensured, following the above arguments. 



that the surface integrals, with a correct choice of gauge, will yield the same results. 



5.4 Examples illustrating the duality 

In this section, we review various linearized "electric" solutions and their "magnetic" coun- 
terparts. For each of them, we illustrate how the duality works and what are their associated 
charges. The solutions that we will consider are the Taub-NUT metric, its infinitely boosted 
limit, and its rotating version called the Kerr-NUT. 
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5.4.1 The Taub-NUT solution 



The metric for the Taub-NUT solution is 

A 

ds^ = -—,{dt + 2N{k + cos9)d^f + —dr^ + R^dn'^, (5.4.1) 
K A 

where A = — N'^ — 2Mr, B? = r'^ + iV^, dil^ is the metric on the unit two-sphere, and k 
is a parameter. Here, we have introduced a parameter k such that for k = 1, respectively 
k = —1, the string is afong the positive, respectively negative, z-direction. For any other 
value of k, the metric has a singularity all along the z-axis. As already stated, it is easy 
to see that the value of k can be mapped to A; -|- c if one performs the coordinate change 
t^t + 2Nc(j). 

Here, we would like to review the duality that maps the linearized Schwarzschild to the 
linearized pure NUT solution. We show that, by gravitational duality, the string singularity 
determines a magnetic stress-energy tensor and is thus non-physical in an "electric" theory; 
it is a topological charge. It is also called the magnetic mass A^. For the sake of completeness, 
we eventually consider what would happen if we do not consider this singular contribution. 
One can easily realize that the magnetic stress-energy tensor is zero, as it is clear from 
its definition. The pure NUT solution is then described as a semi-infinite massless source 
of angular momentum N. This is Bonnor's interpretation |102j of the pure NUT solution 
where the string is considered as a physical singularity in the "electric" theory. 



Linearized Schwarzschild solution 

The non-trivial fluctuations of the linearized metric and spin connection for the Schwarzschild 
metric are 

_ 2M _2M 

flff , llij T^XiXj^ 

2 r-^ 

1 M 
^ijk = ^{djhik - dihjk) = ^{6jkXi - 6ikXj). (5.4.2) 

The non-trivial components of the linearized Riemann tensor are 



RoiOj = -djUjQio = M{ ^ + ^ + -^^ijH^))^ 



SxjXi 6ii 47r 
^_J. -\- ^ -\ 

y 3 ^ 

Rijkl = dkUJiji — diLdijk 

,2M SttM 

^{Sik Xj xi - 5jk Xi xi - 5ii Xj Xk + Sji Xi Xk), (5.4.3) 



3 H —^{^)){SikSji - Sii6jk) 



where we used 



Xk 5jk 3XkXj AtT (r. a a\ 



157 



We eventually see that the Ricci tensor and Ricci scalar are 

Roo = 47rM(^(x), Rij = 47rM5ij(5(x), R = 87rM(^(x). (5.4.5) 
This also means that 

Goo = 87rToo = 8^M5(x), G^j=Tij = 0, Goj=Toj = 0. (5.4.6) 
The source for the linearized Schwarzschild solution is a point of mass M. 

The NUT solution from the dual Schwarzschild 

To obtain the "electric" spin connection for the NUT metric, we use the duality relation 

^fiua = (5.4.7) 

where oj is the spin connection for the linearized Schwarzschild after we applied the duality 
rotation lo ^ oj and M ^ N . In this way we obtain a regular spin connection. It is given 

by 

^ijO = ^ijk^OkO = —NSijk^, tOQij = —-^EiklCbklj = NSijk^- (5.4.8) 
One can now compute the non-trivial components of the Riemann tensor 



RoiOj — 0, Rijki — 0, 

Roijk = djUJQik — dkiOoij 

2iV..,.(^ + f 5(x)) + m{s.,i^ - e^ki^). (5.4.9) 



RijOk = Nsijidki^) = Nsijii^ 5 \- ^SkiS{-x.)), 



Einstein's equations are trivially satisfied as Rqq = Rij = and R^i = RiQ = 0, meaning 
that T^u = 0. However, plugging the above expressions in the cyclic identity, we obtain 

Roijk + Rokij + Rojki = SlTeijkQ^^ 

= -2Neijk{^ + 47r5(x)) + 6N{eiji-^ ^ifc'^s" " ^kji-^), 

RoOij + RojOi + RoijO = —87TeijkQ''o, 

RiOjk + RikOj + RijkO = —dj{uiQik + ^iko) + dk{u}Oij + Wjjo) = —STTEjklQ^i- 

(5.4.10) 

This implies that the dual solution is characterized by 

= iV5(x), e°^' = 0, e'' = o. (5.4.11) 

Let us now remark that for a solution to describe such a magnetic particle of mass A^, and 



thus a magnetic stress-energy tensor Q^^ = N5{x), we need, as one can see from (5.2.8), 

$0^0 = -ldTTN5{x)5{y)'&{z). (5.4.12) 
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From (5.2.14), we see that the previous non-trivial components of the spin connection can 



be readily expressed as 

Wjjo = -^{djhQi — dihoj) + -Eijok <&°^0) 

^oij = ^{dihoj + djVio) - ^soijk ^^''o, (5.4.13) 

where we only assumed that the linearized vielbein is independent on time. As we have 
established that the regular spin connection is such that UijQ = —ujQij, we immediately see 
that the right gauge fixing will be hoi = —Vio- The previous spin connections are recovered 
with 

hox = vox = 2N . ^ . , VOy = hoy = -2N . ^ . , (5.4.14) 
r[r — z) r[r — z) 

where the metric has a singularity on the positive z-axis, in agreement with the form of the 
<I>200 term. To check that this is the right result, one can go through the same standard 
regularization procedure as we used for electromagnetism ( see e.g. |89]). We set 

A = {hox,hoy,hoz), 

B = V X 1 = 2N^ - 8TTNd{x)6{y)^{z)z, (5.4.15) 
where z is the unit vector along the z-axis and we obtain 

k 

djhoi - d^hoj = -2Neijk^ + e,^J87^N6{x)6iy)^{z). (5.4.16) 

Note that the non-trivial contribution to the linearized metric in spherical coordinates is 

ho^ = -2N{l + cose), (5.4.17) 
which is also the only non-trivial component for the linearized pure NUT metric as one can 



directly obtain from (5.4.1) with k = 1. 

Here, we interpret the singularity at = as non-physical in an "electric" way. However, 
it contributes to the magnetic stress-energy tensor. The solution describes thus a particle 
of magnetic mass A*". 

The NUT solution without the string 

To recover Bonnor's interpretation, we set to zero the ^^'^p. Then, we obviously have 
Qfiu = 0. With the previous choice of v^^iy, the non-trivial components of the spin connections 
are now 

uJijo = -Nsijk^ + ezij4:TTN6{x)5{y)'d{z), 

uJoij = Ne^jk^ - £,ij47rN6{x)5iy)^z). (5.4.18) 



Note that we still have Uijo = —iooij so that from (5.4.10) we still have 0*' = 0*^* = 0. Now, 
we can also check that ©^^ = as it should be. 
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The non-trivial components for the Einstein tensor are 

Gio = -djie,ij4nN6ix)6{y)^{z)), (5.4.19) 
giving non-trivial contributions to Tfj_i, 

N N 
T.0 = --5ix)6'iyMz), Tyo = -8' {x)5{y)'d{z). (5.4.20) 

Note that such T^j^ is conserved. 

Given this, we see that = and lS.L^y / /S.z = N all along the singularity. This 
agrees with Bonnor's interpretation of the NUT solution as a massless source of angular 
momentum at the singularity = 0. 



5.4.2 The Kerr and the rotating NUT 

There exists in the literature a generalization of the Taub-NUT metric with three parame- 
ters, the ADM mass M, the NUT charge iV, and a rotation parameter a. This solution is 
known as the Kerr-NUT metric. It is a particular case of the general Petrov type D solution 
found in |103| . It is given by 

ds"^ = -^[dt-(asin2 0-2iVcos0)d(/>l2 + ?^[(r2 + a2 + Ar2)rf^_adt]2 

+ ^dr^ + R^de^, (5.4.21) 

where = - 2Mr + a? - N"^ and = r"^ + {N + a cos 9)"^. 

If we set a = in the above solution, we recover the Taub-NUT solution (5.4.1) with 
A; = 0. If we set = in the metric (5.4.21 ), we recover the Kerr metric in Boyer-Lindquist 
coordinates 

ds^ = -(1 - ?^)dt2 _ !^ sin2 edtdcf) + ^dr' + ^de^ + ^ sin2 (5.4.22) 

where A = \^{N = 0) = - 2Mr + a^ S = R'^{N = 0) = + a^cos^O, and B = 
(r^ + a^)^ — Aa^ sin^ 6. One can linearize this metric at first order in the charges, meaning 
we only keep terms in M and Ma and obtain 

2M ^ 2M ^ 2Ma ,^ ^ 

/loo = — , f^ij = ^^i^j^ noi = —^EzijX-' . (5.4.23) 

We will review rapidly hereafter that the source for this solution is a rotating mass M with 
angular momentum = L^^ = Ma. A more interesting metric is the one where we set M 
to zero in (5.4.21). This is what we refer to as the rotating NUT metric. The linearized 
contributions of the metric are 



~ _ 2Nyz ~ _ -2Nxz ~ _ 2A^az ^ 

*^ r(x2 + y2^' ^ y2\^ ^^^^ ^3 
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We will see that this linearized metric (after we set the string along the positive z-axis) 
supplemented with the $^!/p contributions 

$0^0 = -l67TN6{x)6{y)^z), (5.4.25) 
<^>0y^ = -$o^y = -$^?^o = ^'^''o = 8TTNa5{x), (5.4.26) 

where 'd is the usual Heaviside function, describes the dual solution to the linearized Kerr. 
The rotating NUT solution is understood as a point of magnetic mass N and a magnetic 
angular momentum L^^ = Na. 

As we have seen for the Taub-NUT case, taking or not taking into account singularities 
contributions from <&^jyp lead to different interpretations of the "dual" metric and thus to 
different interpretations of its sources. As an example, we have just discussed Bonnor's 
interpretation of the Taub-NUT metric. Here, we will discuss what happens if one does 



not include the singular delta contributions (5.4.26) for the rotating NUT solution. In the 



last part, we see that by duality the Kerr metric could be given an exotic interpretation if 
singular contributions of this type were added. 

In the following, we only present the additional information not contained in the previous 
Taub-NUT example as the non-trivial contributions of the linearized Kerr-NUT metric 
split into contributions that were already present in the Taub-NUT case and additional 
contributions in Ma or Na. 

Kerr metric 

The additional (with respect to the Schwarzschild metric) non-trivial components of the 
linearized metric and linearized spin connection are 

2Ma j 

1 o , A 47r 3Ma , 
woij = -OihQj = -Maezij{^ + —0{yL)) ^e^jiXiX , 

/ 2 Svr^, 3Max\ 
= Masziji^ + ^o(x)) 5 — {SziiXj - EzjiXi). (5.4.27) 

To T 

The additional non-trivial components of the linearized Riemann tensor are 
Roijk = -MaEMidjdidi^) + Maezjiidkdidi^), 
RijOk = -Mae^ji{dkdidi-) + Maeziiidkdjdi-), 



(5.4.28) 



where one can show that 



didjdk- = -15-^ h -^{dijXk + SkiXj + SjkXi) 

47r 

-Y^^iASir) + 5kidj5{r) + 6,kdAr)). (5.4.29) 
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Combining these results with the ones obtained for Schwarzschild, we easily find 

Rjo = Roj = Roi/ = Ma£zji{diA^) = -4TrMaezjidi5{x), 

i?oo = 47rM5(x), Rij = iTrMSijS{x), R = 4TrM6{x.). (5.4.30) 

Eventually, we get 

Goo = SttToo = 87rM,5(x), = Ti^ = 0, (5.4.31) 

Goj = Roj = SttToj = -4TrMa£^jidi5{x). (5.4.32) 

This solution describes a point of electric mass M with an electric angular momentum 
L^f = Ma. 

The rotating NUT solution from the dual Kerr 

As for the dual of linearized Schwarzschild, by duality rotation we obtain the additional 
components of the spin connection of the dual Kerr metric 

+^^{xk{xjSzi - XiSzj) + z{xi6kj - Xj6ki)), (5.4.33) 

where we used £ijj.£^^^ = 2S? and £ijk£^^^ = SlSf — (5^5|. Following the same reasoning as 
before, one can easily derive the Einstein tensor and find that this solution corresponds to 
a magnetic point of mass A'^ with a magnetic angular momentum L'-^y = Na. This is the 
gravitational dual of the Kerr solution where Q^u has a structure equal to the stress-energy 
tensor for Kerr, meaning 

G00 = iV(5(x), e^^ = ^dy6{x), eO^ = -^a,(5(x). (5.4.34) 

From this last result, we see that the non-trivial components for ^^up are 

$0^0 = -l6TrN6{x)6{y)^{z) , 

= -$% = = $2/^0 = 87rAra<5(x). (5.4.35) 

We also have 

^ijk = \{djhik - dihjk + dkVji) + ^£ijQi^^\, (5.4.36) 
where for our choice of ^^up, we find 

Isijoi^^'k = Isijoi^^'k = i^iz^jk - 6jAk)^''''x- (5.4.37) 
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We then easily obtairj^ 



2Naz 2Naz 2Na.^ _ , , 

"■00 ^ ^3 i "-ij = ^3 Oij, Vij = —^[OziXj - OzjXi). (5.4.38) 

The non-trivial components of the linearized metric in spherical coordinates are then 

V = ho^ = 2N{l + cos9). (5.4.39) 

These are the non-trivial components of the linearized rotating NUT metric, where the 
string is along the positive z-axis. 

The rotating NUT without the delta contributions 

If we set ^^^x = —^^^y = — <l*^^o = 'I'^^o = 0, the difference with the previous case appears 
for 

u^oio = -Nadidz{-), 
r 

Lo.jk = -Na[6ikdjd,{^)-6,kdid,{^) + l6,idkdj{^)-ld,jdkdi{^)]. (5.4.40) 

r r 2 r 2 r 

This means that 

/?oo = -ATTNa5{x)6{y)5'{z), Rij = -A7rNa6ij6{x)6{y)6'{z), (5.4.41) 

and the electric Einstein tensor has now a non-trivial component 

Goo = -87rNa6{x)6{y)6'{z). 

The solution has associated charges Kq = N and L^^ = —Na, describing a point magnetic 
mass with in addition a "boost mass" —Na which can be understood as a dipole of electric 
masses M and —M separated by a distance e in the limit where e — >• and Lqz = Na = Me 
is kept constant. Positivity of energy in general relativity tells us that this interpretation 
should however be discarded. 

The interested reader could eventually wonder about different combinations of the pre- 
vious considerations. One could for example try to interpret the rotating NUT solution with 
only the delta contributions and no string contribution (or respectively no ^^up contribu- 
tions at all). Following our analysis this only partially matches the proposal of J.G. Miller 
in |104j to interpret the Kerr-NUT metric as a Kerr black hole and an infinite source of 
angular momentum along the singularity. Indeed, our calculations show that it should also 
be supplemented with a magnetic angular momentum when delta contributions are included 
(respectively with a dipole of electric masses in the same limit as previously discussed). 



^Note that the obtained here, and which lead to a regular spin connection, do not satisfy the gauge 



fixing conditions (5.3.181 and (5.3.191 proposed in Section 5.3 where the aim was rather to define surface 
integrals. 
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Comments about duality of the Kerr metric 

We have seen that the string singularity input from <&^j/p in the case of the Taub-NUT 
solution found its meaning in the existence of an unphysical string singularity in the lin- 
earized metric. This is also justified by considering the Schwarzschild metric as electric 
and imposing gravitational duality. From this perspective, Bonnor's proposal seems rather 
unphysical. 

However, in the case of the Kerr-NUT solution, we have seen that some ^^up terms 
are only singular in r = 0. Besides duality, we do not have any a priori argument in favor 
of adding these delta contributions to the rotating NUT solution. As we just described, 
one could think of the linearized rotating NUT with only the string contribution ^^^q as 
another physical solution. This interpretation is however to be rejected on physical grounds 
because of the presence of a negative mass in the compound. 

Let us amuse ourselves by contemplating the dual situation, i.e. the usual Kerr solution, 
where we insert a non-trivial magnetic stress-energy tensor so that the non-trivial charges 
become Pq = M and Lq^ = Ma. The sources for this solution are 

Too = M5(x), Ooo = Ma6{x)6{y)6'(z), (5.4.42) 

an electric point of mass M and a di-NUT, a dipole of NUT charges +N and — A^, separated 
by a distance e when we take the limit e — )• and N ^ oo but with the product A^e constant 
and equal to Lq^ = Ne = Ma such that 

Boo = lim,^o[N6{x)6{y)6{z + e/2) - N6{x)6{y)5iz - e/2)] 

= Ma5{x)5{y)5'{z). (5.4.43) 

This situation is physical since there is no obstruction in having negative NUT charges. 
Indeed, the Taub-NUT metrics with opposite signs of A^ are just related by a flip of the sign 
of the cj) variable. We should however note that this leads seemingly to a clash between the 
statement of gravitational duality and positivity of the mass for the Schwarzschild solution. 
In other words, according to the above arguments the gravitational dual of a physical 
situation is not necessarily physical. It would be nice to understand this issue better, with 
the use for instance of positive energy theorems. 

Concerning the euclidean Kerr black hole, this interpretation had already been noticed 
a long time ago in |105j . For the Lorentzian signature, it has recently been observed in |106| 
that the Kerr metric could be reproduced by a non-linear superposition of two Taub-NUT 
black holes of opposite NUT charges]^ Here, we have clarified that if this is indeed true from 
the perspective of the metrics, there is nevertheless a difference depending on whether the 
6' singularities find themselves in the Tqi components of the ordinary stress-energy tensor or 
in the ©oo component of the magnetic, dual, stress-energy tensor. The difference is encoded 
in the tensor ^^.up and is reflected on which Lorentz charges are non-trivial, the electric or 
the magnetic ones. We suggest to identify the Kerr metric as a di-NUT only in the case 
where there is a non-trivial 0oo- 

''We would like to thank A. Virmani and R. Emparan for pointing out this reference to us. 
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5.4.3 Shock pp-waves 



Pp-waves, or plane-fronted waves with parallel rays, were first introduced by Brinkmann in 
1925 as metrics on Lorentzian manifolds. They are described by 



where H is a smooth function. Moreover, if the function H is harmonic in x and y then it is 
a solution of Einstein's equations. Here we will consider shock pp-waves, a particular case 
where the function H factorizes its u dependence in a delta function such that H{u, x, y) = 
F{x,y)6{u) and F{x,y) is a harmonic function. 

To start with, we review the result of P. C. Aichelburg and R. U. Sexl in |107] where 
the infinite boost of the Schwarzschild metric was considered and shown to be of the form 
of a shock pp-wave. It is now referred to as the Aichelburg- Sexl solution. This shock 
pp-wave was later re-discovered by T. Dray and G. 't Hooft in jlOSj and understood as 
the gravitational radiation of a particle traveling at the velocity of light measured by an 
observer at rest. The method of Aichelburg and Sexl was generalized in |109j and used, for 
example, to compute the infinite boost of the Reissner-Nordstrom black hole. This more 
general analysis was then used in |11U| for the infinite boost of the Kerr black hole where 
the Aichelburg-Sexl metric is shown to be recovered in a certain limit. 

Inspired by these generalized methods we describe, in a second part, the infinite boost 
of the pure NUT metric (M = 0) and obtain the NUT-wave, another shock pp-wave. 

In the last part, we show that the gravitational dual of the Aichelburg-Sexl pp-wave 
is precisely the NUT-wave, the infinitely boosted NUT wave. More generally, we establish 
that any pp-wave solution described by a function F{x, y) of Einstein's equations possess a 
dual pp-wave which is characterized by the harmonic conjugate of y), which we denote 
as F{x,y). 

The Aichelburg-Sexl shock pp-wave 

In here, we reproduce the result^ presented in [lL)7j . Let us start with the usual metric of 
Schwarzschild in the so-called Schwarzschild coordinates 



H{u, X, y)du^ — dudv + dx"^ + dy"^ 



(5.4.44) 



ds^ 



(1 



2M 



)dt^ + (1 



2M 



)~^dR^ + R^ide"^ + sir?ed(f^), 



(5.4.45) 



R 



R 



and make the change of variables 



R 




(5.4.46) 



to obtain the metric in isotropic coordinates 



(1 + ^)2 



dt^ + (1 + A)^{dx'^ + dy'^ + dz'^) 



(5.4.47) 



^Note that several typos are present in the computations of this original paper. 
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where A = M/2r and dx"^ + d'lp' + dz^ = dr"^ + r'^ {dO"^ + siv? Odcj)'^). Let us now apply a boost 
along the z-direction 



t = j{t-Pz), 



(5.4.48) 



where j = 1/ y/l — /S"^, and obtain 

(1 - „,2 



ds' 



Y{dt - /3 dsy + (1 + A)^{dx' + dr + r{dz - p dty) 



(1 + Af{-dt^ + di^ + df + dz^ 



+ 



(1 + ^) 



4 (1-^)' 



(1 + ^)2 



j'^{di- ^dzf, 



(5.4.49) 



where A is now A = M/2y^ x'^ + y"^ + j-^ {z — 13 tY and where in the last equality we made 
use of 



-f^{dz-l3dif 



-di^ + dz^ + -i'\dt - 13 dif . 



(5.4.50) 



We now want to consider the infinite boost limit where /3 — t- 1, M — t- but where we keep 
M7 = p, p being a constant. From its definition, we see that A is going to zero, so that we 
can linearize the metric in A and rewrite ( 5.4.49| ) as 

ds'^ = (1 + 4A){-dP + dx'^ + df + dz'^) +8 A j'^idi-^ dzf . (5.4.51) 

Immediately performing the infinite boost would mean that we only keep terms in 'y^A 
because 



A-f^ 



P 



2y^j-^p^ + {z-f3if 
where p'^ = xP' + 'tp . The metric would be 

„2 



2\z - t\ 



ds' 



dP + dx'^ + dy^ + dz^ + Ap 



z-t 



{di- dzf. 



(5.4.52) 



(5.4.53) 



However, this metric is only valid for t ^ z. If we want to carry the limit /3 — )• 1 for points 
where t = z, we need to make the "awkward" change of coordinates (singular 'mt = z when 

/3 = 1) 



Tiv) : z' - f3t' = z- /3t, 

z' + f3t' = z + /3i- Ap In 



^{z-pif + j~^-{z-i) 



(5.4.54) 



To apply this change of coordinates, we first start by re- writing (5.4.51) as 
^2 - (1 + 4^) 



ds' 



dx^ + df + {dz - I3di){dl + Pdi) - (1 - p'^)d? 
{dz - p dtf - (1 - /32)dz2 + (1 - ^■i)dP 



(5.4.55) 
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Moreover, we see that only terms in will contribute. Indeed, the contributions in 
(1 — /3^) will drop in the infinite boost limit. Prior to any change of coordinates, we write 
the metric as 



dx^ + df + {dz - f3di){dz + pdi) + 8 A -f"^ {dz - f3 dtf. (5.4.56) 



Now, as one can see from (5.4.54), the change of coordinates is trivial for dz — Pdt 
dz' — I3dt' and also 



dz + (3di = dz' + I3dt' + Ap 

which we could rewrite as 

dz + (3di = dz' + f3dt' + 4p 



(z-l3i){dz-l3dt) 
V(5-/3i)2+7-2 



{di - di) 



^{~z-(3i)^ + -f-^-{z-i) 



(5.4.57) 



y^{z' - Pt'f + _ (5 _ pi) + (1 - P)i 

(z' - f3t'){dz' - /3dt') 

^ ' {dz - l3dt) + {1 - p)dt 



y^(z'-f3t'y + j-2 

If we now again drop the contributions in (1 — /3), we get 

1 

dz + l3di = dz' + ^dt' - 4p 



(5.4.58) 



V(^'-/3t')2 + 7-2 



{dz'-pdt'). (5.4.59) 



By plugging this in (|5.4.56|) and taking the limit /? — )• 1, we get 

= —ui -r ux -r uy 

1 1 



ds' 



-dt'^ + dx'^ + dy'^ + + 



4p lim 



/5^HV(^' -;5t')^ + 7"V^ - /St')^ + 7" 



(di' — dz 



i\2 



(5.4.60) 



To take this limit, we use the fact that 



for a function / such that 



lim-/(2:/e) = 5{z), 



f{z)dz = 1. 



In our case, if we write Z = z' — j3t' and 7 ^ = e, we see that 



(5.4.61) 



(5.4.62) 



g{Z/e) = g{i{z'-pt')) 



^{z' - pt'Y + 7- ^{z'-pt'Y + -i 



-2 



(5.4.63) 
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where 



f{Z/e) 



(5.4.64) 



However, one can see that 



+00 



f{Z/e) = -Hp% 



(5.4.65) 



such that usmg (5.4.61) the hmit for the function g{Z/e) is 



\i^Q{Z/e) = lim -fiZ/e) = - ln(/5'^)5(Z). 

e^O e-!>0 e 



(5.4.66) 



Using this result in (5.4.60), we recover the result of Aichelburg and Sexl 



-dt'^ + dx'^ + dy'^ + dz'^ 

J2 , „/2 



4p ln{x'^ + y'^) 6{t' - z'){dt' - dz') 



l\2 



(5.4.67) 



We have thus recovered the fact that the infinitely boosted Schwarzschild metric is a shock 
pp-wave with function H{u,x,y) = — 41n(x^ + y'^)6{u), where F{x,y) = ln{x'^ + y^) is an 
harmonic function as it verifies d^F + dyF = 0. Note that, for t ^ z, this result only 



coincides with (5.4.53) after we implement the inverse of the change of coordinates (5.4.54) 



such as explained in [107] . 

Another procedure to perform such limits was proposed in |1U9| and applied to the 
Schwarzschild black hole in [110]. The idea is to look at the Schwarzschild solution as a 
perturbation of flat space, perturbation which we linearize before taking the limit in the 
sense of the distribution as explained here above. We refer the reader to the original paper 
for this derivation. However, we will illustrate this method now by applying it to the pure 
NUT metric. 



The infinitely boosted NUT metric 

We want to perform the infinite boost of the pure NUT solution. Instead of finding an 
equivalent awkward change of coordinates, let us write the metric as 

ds'^ = -df + dx^ + df + dz^ + dsj^f, (5.4.68) 

and only consider the linearized part of the deformation which writes 

(5.4.69) 

Here, for convenience, we will take the Misner string along the x direction (namely inter- 
changing X and z in (5.4.69)) and boost along the z direction. At leading order in 7, we 



dsdef = -4iV cos 0dt d4>. 
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find 



t — )• 7 n, 
z — > —7 u, 

-2 , 2 2 , / 2 I 2\ 



cos^ = — x/a/7^ ti^ + (x^ + y^), 

r 

7 + 7 

where tan(j) = y/z. Also, we defined u = t — (3z and by leading order we mean that 
z — )• ^{z — (3t) = — 7?/ + 7(l — + ~ — 7?x. Note that we can also drop in d(j) the second 
term in u dy as we will see that a contribution appears only at n = 0, when the infinite 
boost limit is considered. The deformed part of the metric becomes 



2 ^ AT ^ 7 1 ydu 

^def = -4iV oV - 2 _L -2 2 • 



In the limit of infinite boost, we take 7 ^ 00 and N ^ while keeping Nj = k. This 
means we have 



1 Adu^ 



dslf = -8k hm^ ^ . . (5.4.72) 



where we wrote e = 7 ^rc and = y/x. Following the same limiting procedure described 
for the infinitely boosted Schwarzschild metric, we find 

dsdef — arctan(l/74) d{u) du^ = —8k arctan(x/y) 6{u) du^, (5.4.73) 

and the metric of the infinitely boosted pure NUT metric is just 

ds'^ = -dt^ + dx^ + dy"^ + dz^ - 8k arctan(a;/y) S{t - z) {dt - dzf. (5.4.74) 

The above metric is obviously also a shock pp-wave as it has a function H(u, x, y) of the 
required form and arctan(x/y) is an harmonic function. In the following, we refer to it as 
the NUT-wave. 

Charges of shock pp-waves 

Using previous results, one can straightforwardly consider a finite boost of the Taub-NUT 
metric and obtain the charges 

Po = 7M, Pi = -jPM, Ko = jN, Ki = -^/3N. (5.4.75) 

To show this for the pure NUT metric, we can directly work with the linearized pure NUT 
solution 

dslin = -dp - 4N COS ed4)dt + dr^ + r'^{de^ + sin^ Od^"^), (5.4.76) 
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which can be written in cartesian coordinates as 



z 1 

-dp - AN- -^(xdy - ydx)dt + dx'^ + dy'^ + dz"^, 
r 



(5.4.77) 



where p'^ = x'^ + y"^. If we now perform a boost in the z-direction 



t 

X 



we get 



ds^ 



-t{t-(3z), z = ^{z-pt), 

X, y = y, 



-dt^ + dx^ + dy^ + dz^ 



(5.4.78) 



-4iV- 



{dt — f3dz){xdy — ydx). 



(5.4.79) 



One should be careful while treating the coordinate r as the large radius limit is really 

r = (x^ + + z'^Y^'^ — > oo and thus 



x"^ + y'^ + -f'^{z- ptf 



1 

r 

] 

rB 



'1/2 



(sin^0 + 7^ cos^e)+Y^ {t /r^)-'irPcose{t/r) 
+ 0(1A'), 



-1/2 



(5.4.80) 



where we defined B = \J siv?0 + ^'^cos^Q. Our choice for the vielbein is 



dt - 2N- 

dx, 
dy, 



-{ydx — xdy), 



-2N 



rp^ 



{y dx — X dy) + dz, 



(5.4.81) 



where it can be checked that the spin connection is regular so that we can directly use our 
expressions for the charges without taking care of the singularities. Note that our choice is 
precisely the triangular vielbein e*^ for the linearized static pure NUT metric transformed 

6^;^ + Iv'^^'iK^ + v^f,). Looking at ( |5.4.79[ ), the 



under the boost to = A\ ^^^6% 
linear perturbations are 

h 
h 



2p{z-Pt) y 



r + y^ 



yz 



x^ + y^ 



(5.4.82) 
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As we can directly see from (5.4.81 ), we have vta = hta and Vza = hza for a = x,y. We can 



now easily proceed to the calculation of Kq 



N 2 /■ sin( 



47r^ 53 

7A^. (5.4.83) 



Note also that the time dependence in the integrand (5.4.83) is subleading and tends to 



zero when r — )> 00. The calculation for Kz is readily the same and we find 

Kz = i e''idMjdti = -PKo = -iPN, (5.4.84) 



while Kx = Ky = 0. 

With this knowledge, it is also easy to see that the charges associated to the Aichelburg- 
Sexl pp-wave are just Pq = —Pz = p and for our NUT-wave Kq = —Kz = k. For the 
Aichelburg-Sexl pp-wave, this was done in |lllj . For the NUT-wave, one can use the 
symmetric vielbein 

F F 

e° = dt - —{dt - dz) , e^ = dx, = dy , = dz - —{dt - dz) , {5A.85) 

where F is an harmonic function, so that f^i, = and the spin connection is regular. We 
eventually obtain 

Ko = r^je''^dihojdi:i = -^j^-5{t-z)d-Lr 

= k j) r sin 5{t — r cos 6) d9 = k <j) 5{t — r cos 9) d(r cos 6) 

= k. (5.4.86) 

Again, the calculation for Kz is readily the same and gives —k. 

Let us now check that the NUT-wave is the metric one obtains by acting with a gravi- 
tational duality rotation on the Aichelburg-Sexl pp-wave. 

Duality among shock pp-waves 

It is easy to see that the NUT-wave is the gravitational dual of the Aichelburg-Sexl pp-wave. 
The non-trivial fluctuations for the Aichelburg-Sexl pp-wave are 

htt = hzz = -htz = -8p ln(v/x2 + y2) . (5.4.87) 

The non-trivial components of the linearized Riemann tensor defined by Rap-yS = 29[q,/i^][^ ,5] 
for the Aichelburg-Sexl metric are 

Rtatb = — 2 dadbhtt , Rtazb = " ^ ^adbhtz , Rzazb = " ^ ^aObhzz , (5.4.88) 
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for a,b = X, y. The NUT-wave has non-trivial fluctuations 



Hz 



-8 k arctan(2;/y) 



(5.4.89) 



where h^u refers to the dua l metri c. The non-trivial components of the Riemann tensor 



write in the same way as in (5.4.88) but with hn,y replaced by h 



A small computation permits to show that the duality relation is satisfied 



1 



j5 



(5.4.90) 



Doing so, one checks that the gravitational dual of the Aichelburg-Sexl pp-wave is the 



NUT wave. From (5.4.88) and (5.4.90), it is easy to see that the function F for the NUT- 



wave is the harmonic conjugate of the function F describing the Aichelburg-Sexl pp-wave. 
By definition, this implies we can construct a complex variable = y + ix whose logarithm 
is In^" = In \Jx^ ^ip- + iarctan(x/y) and attribute the real part of this logarithm to the 
Aichelburg-Sexl metric and the imaginary part to the dual pp-wave. This last fact can be 
generalized to any solution (5.4.44), where H{u,x,y) = F{x,y)5{u) and F{x,y) is a har- 
monic function. The gravitational dual solution is characterized by H{u, x, y) = F{x, y)6{u) 
where F is the harmonic conjugate function of F (namely J-{C) = F + iF is an holomorphic 
function of C)- The holomorphic nature of -F(C) is reminiscent of the holomorphic nature 
of the complex Ernst potential for BPS solutions (see for instance Section 3.4 of [112]). 
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Part III 

Gravitational Duality and Supersymmetry 
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Chapter 6 



A short introduction to Supergravity 



As for now, we have mainly been concerned with the Poincare group which is the symmetry 
group of Minkowski spacetime. In the 60's, along with the understanding of the importance 
of internal symmetries, physicists started wondering if a larger, external, symmetry group 
containing the Poincare group could be of any interest to describe the Nature we observe. 

The first important result in this direction is the no-go theorem of S. Coleman and 
J. Mandula who proved in |113j "the impossibility of combining space-time and internal 
symmetries in any but a trivial way". Without going into technical details, what they 
actually showed is that any symmetry group of the S-matrix, that would not lead to trivial 
physics, should be a direct product of an internal symmetry group and the Poincare group, 
up to additional {7(1) 's. This result describes the fact that any non-trivial mixing would 
bring in additional conserved quantities, and thus quantum numbers in the quantum theory, 
which are not observed experimentally (see also |114j for concrete examples). 

No-go theorems are based on assumptions and they can a priori always be bypassed 
if some of these assumptions are relaxed. Independently from these considerations, Y.A. 
Golfand and E.S. Likhtman achieved in |115j a non-trivial mixing of the Poincare symmetry 
with a new type of symmetries by enlarging the concept of Lie algebra. They constructed the 
so-called superalgebras. The superalgebras are generalizations of the Lie algebras where one 
is allowed to introduce charges verifying anti-commutation relations. Following the spin- 
statistics theorem, these charges have half-integer spin, and are called fermionic or odd 
charges, as compared to integer-spin charges which are called bosonic or even charges. This 
is the basic ingredient that we will need to recover the so-called supersymmetry algebra. 

Actually, the work |115j remained unnoticed for a long time. The real birth of super- 
symmetry is to be found, some years later, in the study of two-dimensional models (see 
|116j . |117j . |118| ) where supersymmetry on the two-dimensional world-sheet was observed. 
Referring to these works, J. Wess an B. Zumino generalized the idea to four dimensions 
and proposed in [119j the first example where supersymmetry is linearly realized in four di- 
mensions. In a subsequent paper |120j . the same authors pointed out that "the supergauge 
transformations evade the Coleman-Mandula no-go theorem because their algebra is not a 
ordinary Lie algebra" . See eventually |121| for more details on the birth of supersymmetry. 

Nowadays, supersymmetry is the name given to a type of symmetry that relates bosons 
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and fermions, elementary particles of different quantum nature. Under this symmetry, and 
because the transformation parameter has spin 1/2, a particle of spin s is mapped to its 
so-called superpartner particle which differs by half a unit of spin. To each known boson of 
integer spin, respectively known fermion of half-integer spin, there corresponds a supersym- 
metric partner which is a fermion, respectively a boson. For example, the supersymmetric 
partner of the photon of spin 1 is a spin 1/2 particle called the photino and to each quark 
of spin 1/2 there corresponds a bosonic particle of spin called the s-quark. 

On one side, it seems that the main reasons why physicists started considering such 
symmetries was that these were bringing cancellations such as in the computation of ra- 
diative corrections to the mass of the Higgs boson. Because supercharges commute with 
the generator of translations, each known particle in a supermultiplet, a representation of 
the supersymmetry group, should have the same mass. This means that all known par- 
ticles should have superpartners with the same mass. As these particles have not been 
observed experimentally, even if supersymmetry was part of our lives, supersymmetry must 
be broken. Nowadays, there exists a plethora of models to explain how supersymmetry 
can be broken. These models can be classified following that the breaking is explicit or 
spontaneous. Explicit breaking for the MSSM has been considered by adding all possible 
soft terms to its Lagrangian. However, a spontaneous breaking, explaining the origin of the 
breaking and fixing by construction the form of the soft terms, is more desirable. Due to 
constraints coming from experimental facts such as flavor changing neutral currents or con- 
straints coming from supersymmetry itself such as non-renormalization properties (see for 
example |122j ). models to describe supersymmetry breaking are somehow constrained. For 
a fresh start into more experimental facts about supersymmetry, and a general introduction 
to supersymmetry and its breakings, see the detailed review of S. Martin [123j . 

On another side, even if we know that supersymmetry must be broken in Nature, su- 
persymmetry is a beautiful theoretical framework which brings in many new features. It 
is thus interesting to study supersymmetric theories as they are often more tractable than 
non-supersymmetric ones. If gravitational duality has anything to do with the non-linear 
sector of Einstein's theory, we believe that the study of supersymmetric generalizations of 
gravity theories could help in understanding this duality. 

This chapter is intended as a review of the material needed to deal with supergravity, 
i.e. supersymmetric extensions of gravity theories, and some of its specific solutions as we 
will be concerned with in the last chapter of this thesis. In section 6.1 , we start by reviewing 
the global supersymmetry algebra. We then illustrate in section 6.2 how a global symmetry 
is turned into a local one by means of Noether's procedure. Based on this procedure, in 
section 6.3, we briefly comment on how a local supersymmetric theory, where the parameter 
of transformation is required to be local, is a theory of gravity. In section 6.4, we provide 
the reader with the so-called M = 1 and N = 2 supergravities we will be interested in. We 
sketch how these theories are invariant under local supersymmetry transformations. We 
eventually recall some facts, in section 6.5, about the search for bosonic solutions of these 
supergravities and discuss the integrability conditions, necessary conditions for the existence 
of Killing spinors, that lead to the BPS bound. We finish this chapter by discussing, in 
section 6.6, two methods for solving specific Killing spinor equations. 
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6. 1 The supersymmetry algebra 



The Poincare group P is generated by the translations and the Lorentz transformations 
M^i, that satisfy the relations 

[P^, Pu] = 0, [P^, M^p] = rip^Pp - i^^pPy, 

[M^,u, Mpx] = r^^xMup + VvpMpx - {p ^ A), (6.1.1) 

where rjpu is the flat metric. As we have just discussed, the Coleman-Mandula theorem 
shows that there exists no extension of the Poincare algebra which presents a non-trivial 
mixing with the Lorentz generators if we want a non-trivial S-matrix. In mathematical 
language, what they state is that any symmetry group made out of the Poincare group and 
a symmetry group G with generators Tq such that 

[r,,r,] = r„ [P^,rj = o, (6.1.2) 

must actually be a direct product of P and G, meaning that we should also impose 

[Mp„Ta]=0. (6.1.3) 

In modern language, this is just the statement that only internal (global or local) symmetries 
can be considered under their hypothesis. This conclusion can be bypassed if one allows the 
introduction of "odd" generators Q satisfying anti-commutations relations. We will require 
the algebra to have a Z2 graded structure 

[even, even] = even, 
{odd, odd} = even, 
[even, odd] = odd. 

If one imposes the generalized Jacobi identities (as detailed for example in |114] ). one can 



construct the so-called M = 1 super- Poincare algebra whose algebra is given by (6.1.1) in 
addition with 

[P^, Qa] = 0, [Qa,Mp,] = 2(7m.)/Q/3, (6.1.4) 

{Qa,Qf5} = {7^C)^pP^. (6.1.5) 

where the last anticommutator is referred in the following as the superalgebra, the algebra 
of anticommuting charges. Note that we have chosen four-component real Majorana super- 
charges and C is the charge conjugation matrix, which we take here to be C = 70. In our 
conventions, gamma matrices are also real, see Appendix A. Actually, when considering a 
number Af of supercharges that we denote , the superalgebra can be centrally extended, 
i.e. one can add Lorentz scalars to the super algebras. The so-called extended superalgebras 
where obtained by R. Haag, J. Lopuszanski and M. Sohnius in |124] 

{Q^ Q^} = l''CPp 5^^ + GU^^ + 75 C V^^ , (6.1.6) 

where U^'^ = —U^^ and V^^ = —V^^ commute with all generators. Let us remark that, 
to be precise, in [124], only point-like particles interactions were considered. With the 
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apparition of p-branes, more general extensions with Lorentz-tensor central charges, or 
brane charges, have also been considered (see for example |125j . [126j ). In these works, 
such extensions are permitted as the hypothesis of locality (point-like interactions) of the 
Coleman-Mandula theorem is relaxed. 



6.2 From global to local symmetry: Noether's procedure 

In this section, we would like to review the standard procedure that is used to turn a 
global theory into a local one, i.e. where the symmetry parameter is made dependent on 
the space-time coordinates. This procedure is often shortcut by saying that it amounts 
to a replacement of the standard partial derivatives into covariant derivatives, where the 
so-called "compensating" field has been introduced to make the action invariant under the 
local symmetry. In here, we would like to review the Noether procedure and re-derive this 
standard textbook result by applying the procedure to a simple example. This will turn out 
to be quite useful if one wants to understand why gravity appears when dealing with local 
supersymmetry, or how supersymmetric theories of gravity have been firstly constructed. 

As a starting point, let us pick a generic theory whose field content is denoted by the 
collection of fields and the Lagrangian is given by 

£ = £($, , ^^'^^). (6.2.1) 

Let us also assume that the theory is invariant under a global symmetry and denote the 
constant parameter of the transformation by A. In general, the variation of the Lagrangian 
is a total derivative 



5C = d^Rf" 



(6.2.2) 



If we want to make the symmetry local, we allow the transformation parameter to depend 
on the spacetime coordinates and set A — t- A(x). One can easily realize that the variation 
of the action will now be of the form 



5C = d^K'^ + (5^A)5^ 



(6.2.3) 



where one can check that is actually the Noether current J^. Indeed, a generic variation 
of the Lagrangian 



6C 



dC dC ^„ ^ 



{^-8 



dC 



tells us that, when considering (6.2.2) and (6.2.4), the Noether current is given by 

dC 



-6^i - K^'. 



(6.2.4) 



(6.2.5) 
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Comparing both expressions (6.2.3) and (6.2.4), where (6.2.5) is taken into account, we find 

da ^Z~. . ]S^, = a^A(5^ - - A9^J^ (6.2.6) 



Since the left-hand side does not depend on d^A, we must have = J^. 

This last result is the starting point of the Noether procedure which consists, in a first 
step, of replacing the original Lagrangian by 

£' = £ - gX^J^", (6.2.7) 

where g is a. coupling constant and denotes the compensating field, and demand that 

5X,, = ^d,A. (6.2.8) 



g 



We will also consider the addition of a kinetic term for the compensating field. The usual 
next step is to vary the new action (6.2.7) 

dC = -gX^SJ^", (6.2.9) 

and compute explicitly the variation of the Noether current. What the first implementation 
(6.2.7) does is actually to make the Lagrangian invariant up to order one in the coupling 
constant g. In the second step, we will add terms in g^ . One can thus start an iterative 
procedure in powers of g to make the action invariant up to all orders in g. 

To illustrate this procedure, let us consider the theory of a complex scalar field 



(6.2.10) 



This theory is invariant under a global U{1) symmetry because the action is invariant when 
the fields transform as 



0(x) 



0(x) 



or as infinitesimal transformations 



+iA4>, 64> = -iAcj), 



(6.2.11) 



(6.2.12) 



where A is a constant parameter. If we consider the variation of this action by allowing the 
parameter A to depend on the spacetime coordinates, we find on-shell 



6£ = (9^A)(i09^0 - i^df"^) = ((9^A)5^. 
One can check that is just the Noether current 

AJ^ = ,^ 66 + 



dC 



dC 



(6.2.13) 



(6.2.14) 



Following Noether 's procedure, we must introduce a gauge field A^, the compensating field, 
by modifying the Lagrangian as 



£' = C- gA^J'', 



(6.2.15) 
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and impose 



5A^ = -d^K. (6.2.16) 
9 

Then, we compute the variation of C and find 

= -2gAf,^^d^'K. (6.2.17) 

Now, one can check that this last varied term can be exactly canceled by adding the term 
g'^Afj_A^(j)(j) to the Lagrangian. We have thus completed the procedure as our theory is now 
invariant under the local symmetry up to any order in g. The final Lagrangian, where we 
have added a kinetic term for the gauge field, reads 

£ = F^.F'^'' + ^f,(t>^''^-gA^J>' + g^A^A^'cf>^ 

= F^^F^"^ + D^,cl)D^'4>, (6.2.18) 

where in the last equation = — igA^ is the covariant derivative. Starting from a 
theory that is invariant under some global symmetry, one can make it invariant under a local 
symmetry by allowing the symmetry parameter to depend on the space-time coordinates 
and replacing partial derivatives by covariant derivatives. In standard language, this is the 
so-called minimal coupling. 

One other enlightening example of this procedure is the construction of the Yang- Mills 
theories. To construct these theories, one starts with a collection of abelian gauge fields, 
i.e. each invariant under a local U{1), that transforms under some global symmetry. Making 
this last symmetry local through the Noether procedure, one obtains a local Yang-Mills 
theory. 

In Part II, we have been dealing with electromagnetic, respectively gravitational, du- 
ality which is a global symmetry of electromagnetism, respectively linearized gravity. One 
could then wonder if these duality symmetries can be gauged. It is just recently that this 
computation has been considered for the electromagnetic duality by M. Henneaux and C. 
Bunster in |127j (see also the work of S. Deser for an Hamiltonian version jl28j ). Following 
the Noether procedure, it is shown that such a gauging is impossible. In their words "the 
fact of being electric or magnetic does not seem to be a space-time dependent concept" . In 
|129j . A. Diffon and H. Samtleben and M. Trigiante have considered gaugings of this type 
but at the cost of losing a Lagrangian description. 

The Noether procedure to gauge a global supersymmetry is the subject of the next 
section. 

6.3 Local supersymmetry is supergravity 

The question we would like to answer here is: what happens if one considers a theory which 
is invariant under global supersymmetry and tries to make the spinorial parameter e of 
the transformation dependent on the space-time coordinates ? As we said, starting from 
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a theory invariant under global supersymmetry and following the Noether procedure, one 
sees that the variation of the Lagrangian, when the parameter is made local, will be of the 
generic form 

6C = d^K^' + {d^e)S^, (6.3.1) 

where e is the parameter of global supersymmetry transformations. To restore the symme- 
try, one modifies the Lagrangian by adding 

- AtV^^J'^, (6.3.2) 

where is the Noether current associated to the global supersymmetry invariance of the 
initial theory, and imposes the variation 

6ip^ ~ KT^d^e. (6.3.3) 

For global supersymmetry, the compensating field ^jj^ must have a vector and a spinor index. 
It is a spin 3/2 field. If one goes on with the procedure by computing explicitly the variation 
of the Noether current , the stress tensors associated to the matter fields of our initial 
theory appear. These can only be cancelled by the introduction of a new Noether coupling, 
the metric g^y, which is a spin 2 field. The spin 3/2 field is the supersymmetric partner 
of the spin 2 field and it is in this respect that it is called the gravitino. See the excellent 
review |130j of supergravity by P. Van Nieuwenhuizen for more details. 

The first supergravity theories, or supersymmetric theories of gravity, have been con- 
structed using the Noether procedure. After that, some theories were constructed by di- 
mensional reduction of known supergravities. Indeed, the standard Kaluza-Klein reduction 
preserves supersymmetry. One should remember that Noether's procedure is an iterative 
procedure. Although in the simple example presented in the last section, this procedure 
stops at second order, it is often not the case for supergravity. This is why most supergrav- 
ities constructed by the Noether procedure are only dealt with up to a certain order in the 
fermions. 

In the next chapter, we will be dealing with the so-called M = 1 and M = 2 supergravities 
in four dimensions which are exactly invariant under local transformations when including 
quartic interactions. In the next section, instead of going through the Noether procedure to 
construct such theories, we will just present them and check that they are invariant under 
local supersymmetric variations. 

6.4 The Af = 1 and M =2 supergravities 

General relativity is a theory for a spin 2 field, known as the graviton. In its simplest 
supersymmetric version, we will couple it to a spin 3/2 particle known as the gravitino. 
Those fields form the N = 1 supergravity multiplet. The (3/2, 2)-theory is known as 
the N = 1 supergravity. The action is invariant under local supersymmetry where the 
parameter of transformation is allowed to depend on the space-time coordinates. This 
M = 1 supergravity was constructed first in |131j (see also |132j ) by applying Noether's 
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procedure (and a lot of intuition) to the sum of the free actions of Einstein-Hilbert and 
Rarita-Schwinger, describing respectively the spin 2 and spin 3/2 free fields. In this way, an 
interacting theory invariant under local supersymmetry was found. As we explain below, it 
can be written as [133J 

e-i£ = --^R+ ^ij^^^^'^PD.tPp, (6.4.1) 

where = 9^ + ^co^^'^jab and where the spin connection is fixed by its own equation of 
motion 

l^fiab = ^tj.ab — ^fiba — ^ab/i-, (6.4.2) 

^.u" = d[,ej^ - ^V^;.7V.. (6.4.3) 

Note that the "hat" for spin connection or covariant derivative is used in the presence of 
fermions. It is invariant under the supersymmetry transformations 

6e; = ej'^i;^, 5^;^ = D^e. (6.4.4) 

We also have SeJ^ = —e'j^tpa- In the original work |131j . the independent fields are the 
vielbein and the gravitino. The disadvantage of their method is that the computations 
are quite involved: "A term in fifth power of the gravitino field has been shown to vanish 
by a computer calculation". Their method is referred to as the second order formalism 
because the Einstein-Hilbert Lagrangian depends on the metric, actually the vielbein, and 
provide second order equations of motion. In [132], they considered the spin connection as 
an independent field. This is a first order formalism. For general relativity, the first order 
formalism is known as the Palatini formalism. Instead of considering the Einstein-Hilbert 
Lagrangian, one considers the action 

^P = -\ \e\ e/e,^i?^/n^], R.u"' = 2 u;^f' + 2 (6.4.5) 
which depends on both independent quantities e and oj. By varying this action, one finds 

SCp = -\\e\iR; - ^e^R) 5eJ^ - \\e\{D,e:) e^^^e.^e^f ^a;,''^ (6.4.6) 

upon using dR^^""^ = 2D^^uj^^^. The equations of motion are thus 

D^^eJ"^ = ^ OJ = u;[e]. (6.4.8) 

This is a set of two first order equations. Upon implementing the defining equation for the 
spin connection into the first equation, we go back to the second order Einstein equations. 
First and second order formalisms are thus equivalent on-shell. This first order formalism, 

^ We have the same conventions as in [133] . We would hke to warn the reader that supergravity is a 
jungle of conventions and one should always pay great attention when using conventions of others. 
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where the vielbein and the spin connections are taken as independent fields, was used in |132j 
to construct the N = 1 supergravity. One disadvantage of this method is that it requires 
the appropriate variation of the spin connection, as it is considered to be an independent 
field, under local supersymmetry. 



In (6.4.1 ), we have provided the reader with an action that combines benefits from both 



methods and simplifies a lot the verification of its invariance under local supersymmetry. 
This is referred as the 1.5 order formalism. We will start by considering that the vielbein 
and spin connections are independent fields just as in the first order formalism. However, 
while varying the action, we implement the fact that the spin connection is not completely 
an independent field but can be solved in terms of the vielbein and the gravitino. Indeed, 
one can check that the variation of the spin connection in the action 



yields its defining equation in terms of the vielbein and the gravitino 

^ „ „ „ 1 

6uj 







D 



u) = uj[e,ip] . 



(6.4.9) 



(6.4.10) 



Pay attention to the fact that the action (6.4.9) has a non-hatted covariant derivative. 



Following the 1.5 order formalism, let us check that we have an action invariant under the 



local supersymmetry transformations ( 6.4.4 ) . As we look at the variation of our supergravity 



action and implement w = a;[e, -0], we see that 

6L 



5C 



6L 
8L 



+ 



+ 



5il) 
6L 



+ 



5L 



i—6e + —6ip 
^V] ^ oe dip 



ui=Lu[e,ip] 



(6.4.11) 



This method is thus much easier as one does not need to provide the variation of the spin 
connection, such as in the first order formalism, or vary it when checking invariance under 
supersymmetry as in the second order formalism, only variations with respect to the vielbein 
and the gravitino are needed. 

Variation of the Einstein-Hilbert term, with respect to the vielbein, was already provided 



in (6.4.6) and is just 



\e\{R: 



\e\{R;--e;R)eri;a 



(6.4.12) 



The variation of the Rarita-Schwinger term is a bit more involved but we find, up to quartic 
order in fermions, that it is precisely of the form 



(6.4.13) 



One can also rapidly obtain the quartic order terms and chek, using a Fierz-identity, that 
they cancel. This concludes our verification. 

Although we will quickly consider the M = 1 theory to study supersymmetric pp-waves, 
we will mostly focus on = 2 supergravity. From representation theory, one sees that the 
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content of the gravity multiplet is a metric g^u, a pair of real gravitini and a Maxwell field. 
It can also be understood as the coupling of the M = 1 gravitino multiplet, composed of 
a gauge field and a gravitino, to the J\f = 1 supergravity just described. One can rapidly 
imagine that the construction of this supergravity in |134j through Noether's procedure has 
been a real nightmare. 

The pure N = 2 supergravity lagrangian is given in 1.5 formalism by |133| 

e-'C = -\r+ \f^uF^''' + iv^^^A^-^V.V'p + + ^)'^>a7[M7""7.]V'K, (6.4.14) 

where ipti = (l/V2)(V'/i + ^V'^) is a complex gravitino, = D + \Fah'~i°''^'^^ is called the 
super-covariant derivative, F^y = 2d\^^Ay^ and F^y = F^y — Im^'ijj^ipy). The spin connection 
is defined just as for the Af = 1 supergravity but with 0.^jf- = c)[^e^j' — ^Re(V5^7"'i/'i/)- The 
lagrangian is invariant under 

= Re(e7'^VM)> Si;^ = V^e, 6A^ = lm{e^l^^) , (6.4.15) 

where now e is a complex spinor, as one can check following an equivalent procedure as the 
one described for the M = 1 case. 



6. 5 Boson ic solu tions of sup ergra vities 

When looking at supersymmetric solutions of supergravity theories, one is often only inter- 
ested in bosonic solutions where all fermions have been set to zero. In this case, variations 
of the bosons are trivial. However, for consistency, we should impose that variations of the 
fermions do not introduce bosons. Schematically, we need to set 

(5(fermions) = 0. (6.5.1) 

In this thesis, we will not discuss the classification of the solutions but pay attention to 
particular solutions. Let us consider only the J\f = 2 supergravity. The results for M = 1 
are obtained by setting the Maxwell field, and one gravitino, to zero. In the M = 2 case. 



the requirement (6.5.1) is just 

= {d^ + |<'7ab + ^i"a67"S/.) e = 0. (6.5.2) 

This equation is known as the Killing spinor equation. When we say that a bosonic solution 
(of the equations of motion of the supergravity theory) is supersymmetric, or more exactly 
preserves some supersymmetry, we mean that one can find non-trivial solutions to the 
Killing spinor equations. Remark that if one starts by finding a configuration of bosonic 
fields that solves the Killing spinor equation such that non-trivial Killing spinors exist, one 
still needs to check that it is a solution of the equations of motion. Killing spinor identities, 
developed in |135j , have however been useful to show that most of the equations of motion 
will be trivially fulfilled in this case, see also |136j . This, and the use of G-structures, has 
enabled the classification of all supersymmetric solutions of various supergravities (see for 
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example the illuminating work of J. Gauntlett, J. Gutowski, C. Hull, S. Pakis and H. Reall 
in |137j where they deal with the minimal supergravity in five- dimensions). 

Coming back to the Killing spinor equations, consistency conditions for the existence of 
such Killing spinors is of the general form 

[V^,V,]e = 0, (6.5.3) 



one easily sees, using [D^,Di,]e = (jR^^^^ab)^, that 



where = V^|^=o. These are also often referred as integrability conditions. From (6.5.2), 



[V^, V,]e = [-R^riab + --i''\,D^^Fab)e = 0. (6.5.4) 



For all solutions we will be concerned with, one can check that (6.5.3) is of the generic 
form 

[V^,V^]e = X^^ee = . (6.5.5) 

This equation is an algebraic equation and has non-trivial solutions if and only if the oper- 
ator acting on the supersymmetry parameter e has vanishing eigenvalues, i.e. 

det 9 = 0. (6.5.6) 

This last equation involves a relation among the sources of the solutions ( such as the 
mass, the NUT charge and the electromagnetic charges as we describe after for the charged 
Taub-NUT metric). Actually, upon implementing this relation, we see that becomes a 
projector. The trace of this projector gives us the number of supersymmetries that are 
preserved by the solution. The consistency conditions for Minkowski space are trivial such 
that all supersymmetries are preserved. Minkowski spacetime is said to be maximally 
supersymmetric . 



6.6 Solving Killing spinors equations 

Even if it is already non-trivial to find supersymmetric solutions, it is an even more difficult 
task to actually solve the Killing spinor equations to obtain the expressions for the Killing 
spinors. A method to solve these equations in a specific set-up was presented in |133j . We 
will start by reviewing this algorithm and we will then present a more generic, although 
more intuitive, alternative procedure to compute the Killing spinors we will be interested 
in. In the next chapter we will apply both methods to compute the Killing spinors of the 
Reissner-Nordstrom and Taub-NUT solutions with electric charge Q and magnetic charge 
H . Although the final expressions obtained with each method seem rather different, we 
provide at the end of this section a small generic argument to check that they are actually 
equivalent. 
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6.6.1 Romans' algorithm 

As in [133j , we will be interested in solving a system composed of the integrability condition 
(6.5.5), an algebraic equation on the Killing spinors, and the Killing spinor equation for r 
obtained after all t, 9, (p dependence has been worked out. The system we want to solve is 
thus of the form 



ne(r) = ^ (l + x{r)Ti + y{r)r2^ e{r) = , 
dre{r) = (a{r) + b{r)Ti + c{r)T2)e{r) , 



where Ti and r2 are such that 



(ri)' = (r2)' 



1 



(6.6.1) 
(6.6.2) 

(6.6.3) 



where 11 is a projector 11^ = 11 which imposes that + = 1, and where we also assume 
that y ^ 0. This last condition permits us to set, without loss of generality, c = as we 
can always use (6.6.1) into (6.6.2). There is eventually a last consistency condition that 
needs to be imposed on the parameters. This arises when one takes the derivative of the 
projection equation 



He = ^ ^^(ne) = {drU)€ + UdrC = 0. 



(6.6.4) 



-rir2e = o 



It is now rather easy to see, using = ■ 
last equation is just 

2y^ ri(i + .r06- 

which is satisfied (when y 7^ 0) if and only if 

x' + 2by^ = 0. 
The more general solution can be written as 

e(r) = l[A{r) + B{r)Ti + C{r)T2 + D{r)ru]eo. 



'l/y)(l + xri)e and y' /y = —xx'/y'^, that the 
(x' + 26y2) 



(6.6.5) 



(6.6.6) 



(6.6.7) 



For simplicity, we will moreover assume that A - 
projection equation (6.6.1), we see that a non-trivial solution requires 

:i-x) 



c 



-A- 



y 



B and C = D. Plugging this in the 

(6.6.8) 



while the Killing spinor equation requires 

A' = {a- h)A , C = {a + b)C. 



(6.6.9) 



Summing those last two equations such as to get rid of b and using (6.6.8), we obtain a 
differential equation for A 



A' = [a + 



2(1 -x) 2yJ 



(6.6.10) 
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One can easily check that the solution is 



1 + x 



, (6.6.11) 



and then we also get 



C(r) = qix, y)e^, q{x, y) = - W — . (6.6.12) 



We eventually recover Romans' result 

e{r) = {A{r) + C(r)r2)P(-ri)eo, (6.6.13) 
where -P(ri) is the projector 

p(ri) = ^(i + ri). (6.6.14) 

6.6.2 Alternative method 



Let us consider once more the system (6.6.1 )-(6. 6.2 ) and write the projection equation in 
the generic form 

ne = ^(l + y)e = 0, (6.6.15) 

where 11^ = 11 implies that Y'^ = 1. One could try to shortcut Romans's procedure by 
writing the solution directly as 

e{r) = f{r)]^{l-Y)eo. (6.6.16) 

This is indeed a solution of the projection equation He ~ (1 — y^)e = 0. We can then solve 
for the function /(r) by directly plugging it into the differential equation. We will see that 
this method is much more efficient to obtain the Killing spinors of the solutions we will 
consider in the next chapter. 

As we will check on specific examples, one may be tormented by the fact that this 
method will generically provide different expressions for the Killing spinors than obtained 
with Romans' method. However, one can see that the respective projections on eo actually 
project on the same space. Let us see how this works. 

Let us denote the two Killing spinors derived using each method as 

ei(r) = /(r)nieo, £2(0 = /(OHaeo, (6.6.17) 

where Hi and 112 are projectors. We will say that the apparently different projections are 
equivalent if we have 

HiHa = = n^, HzHi = Hi = H?, (6.6.18) 
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and Tr(ni) = TV(n2). Indeed, introducing lis = Hi — 112, one can rewrite (6.6.18) as 

U3U2 = 0, U3U1 = 0. (6.6.19) 
Substracting these last equations implies also that 



n 



(6.6.20) 



where X'^ = and Tr(X) = 0. We thus see that Xe does not bring in additional information. 
Both projections are thus equivalent. 
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Chapter 7 

Gravitational duality in Af = I and Af = 2 
supergravity 



In this chapter, we want to discuss the supersymmetric properties of the bosonic solutions, 
and their gravitational duals, discussed in Part II. Our main concern will be to understand 
how the supersymmetry algebra copes with the charges generated under gravitational du- 
ality. In particular, in the context of D = 4, = 2 supergravity we review how the BPS 
equation is generalized in presence of NUT charge to |138j 



v/m2 + m = \z 



and in turn we show how the superalgebra itself takes into account the possibility of turning 
on a NUT charge, or more generally a dual momentum. We eventually see how these 
conclusions apply to the M = 1 superalgebra by studying supersymmetric pp- waves. 



We start by reviewing, in section 7.1, the charged Taub-NUT solution of the coupled 
Einstein-Maxwell equations and its BPS bound in the M = 2 supergravity theory. We apply 
the methods described in the previous chapter to find the Killing spinors of the Reissner- 
Nordstrom solution, helping us in deriving those of the charged Taub-NUT solution. In 
section 7.2, we comment on the form of the asymptotic projection found for the charged 
Taub-NUT solution and how this is related to the left hand side of the superalgebra. In 
section 7.3 we show that the complexified Witten-Nester form is actually holding all the 
information that we would require on the right hand side of the superalgebra. In section 



7.4, we justify the presence of this extra term, containing the dual momenta information. 



as a topological extension of the algebra of bosonic supercharges. We see that supercharges 
undergo a transformation under gravitational duality which tells us to consider a generalized 
superalgebra that includes the dual momenta. In section 7.5 
phenomena arises when considering the NUT-wave in N 



we show that the same 
1 supergravity. We relegate 



properties of gamma matrices to Appendix III. A 
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7.1 The charged Taub-NUT solution of Af = 2 supergravity 



As we explained in section |6.5[ when searching for supersymmetric solutions of supergravi- 
ties, one is usually focusing on purely bosonic supergravity solutions, i.e. where all fermionic 
fields have been set to zero. We will thus consider the purely bosonic part of the N = 2 
supergravity Lagrangian, which is just the Einstein-Maxwell Lagrangian 



e-^C = -\R+\F,,F^\ (7.1.1) 
and impose the Killing spinor equation 

^V-M = V^e = D^e + -^Fab^"^ 7m e = 0. (7.1.2) 

All supersymmetric solutions of the N = 2 supergravity have been classified by P. Tod 
in [139] . 

A particular solution to the equations of motion derived from the action (7.1.1) is the 
charged Taub-NUT black hole solution carrying, besides the mass M, a NUT charge A^, 
and both electric Q and magnetic H Maxwell charges 

A R^ 
ds^ = --^{dt + 2N cos ed^)^ + —dr^ + dn^, (7.1.3) 

XL A 

Or + NH , -H(r^ - A^) + 2NQr 
^t = ^^2 ' ^<t> = ^ ^cos^, (7.1.4) 

where dO^ is the metric on the unit two-sphere and where 

X = r'^-N^-2Mr + Z^, R^ = r"^ + N'^ , Z'^ = + H"^ . (7.1.5) 

Note that in the following, we will also describe the Reissner-Nordstrom solution with 
electric and magnetic charges. It is obtained from the above solution by setting A = 0. We 
get 

ds^ = -1 + ^)df + (l + ^y^dr^ + r^dn^, 7.1.6) 

^t = ^, A^ = -Hcos9. (7.1.7) 

As we are interested in the supersymmetry properties of the charged Taub-NUT solution, 
we will need to solve for the Killing spinor equations. For this reason, let us introduce here 
the vielbein 



= ^{dt + 2N cos ed(l)), = ^dr, 

R V A 



= RdO, = R sine dcj). (7.1.8) 
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With this, one can also compute the non-trivial components of the spin connection 



UJ. 





A' A 








R 


, , 23 


2 

= -cos6'(l + - 
















= 2iVcose(A_ 



The non-zero components of F^b are 



Foi = j^{Q{r^-N^) + 2HNr) 



Q_ Qr + NH 
F.S = l^Hir^ - N^) - 2QNr) = § - 2N^^, 



so that 



ab 



-2Foi7oi + 2F23723 



i?4 



7oi{r + j5Nf{Q-j5H). 



(7.1.9) 



The expressions for uj^^^ab are 



^flab 
^flab 



0, 



701 [(r-M)i?2_A(r + 75iV)] 



,VA 



c^eSab = -2^7i2(r- + 75iV), 



-2-^ sin 6'7i3(r + 75Af) - 2 cos 6*723 
-F4Arcos6'-A^Q^ [(r _ M)i?2 - A(r 75A^)] 



(7.1.10) 
(7.1.11) 
(7.1.12) 

(7.1.13) 



We also have 



^ R 
It = ^70, 7r = ;^7i, 7e = ^72, 



a/a 

i?sin^73 + 2Ar-^cos^7o. (7.1.14) 
R 
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Plugging all this into the supersymmetric variation of the gravitino, we find 



1 R 



5^Pt 


= dte+- 




= dr€ — i 




= dee + -^ 







R 



+ 75A^)'(Q-75^)i?72}e, 

cos 6*723 

+2N cos 6*701 [(r - M)R^ - \{r + -fr^N)] 



-ilm{r + l5Nf{Q--i^H) |^i?sine73 + 2iV^ cos07oj | e. (7.1.15) 

As we said in the previous chapter, necessary conditions for the existence of Killing 
spinors will generally introduce relations among the constants. The BPS bound for the 
charged Taub-NUT solution was recovered using integrability conditions in |138t I140j . For 
simplicity, we introduce the following expressions 

r±75A^ = i^e^^(^)^^ 

Q±-f5H = Ze^^-J^S (7.1.16) 



where U = V + A^^, and as discussed in section 6.5 , we check that integrability conditions 
impose the algebraic equation 



1 / iZR P^'^'S r/p"m75 



As an example, for the one willing to explicitly check this, we find 

iZ 



[Vr, Vgje = XreQe, Xre = -^e 



(3/3-a,)75 



(7.1.17) 



(7.1.18) 



The equation (7.1.17) has non-trivial solutions if the determinant of is zero. Imposing 

(7.1.19) 



this, we recover the BPS condition 



Plugging this last relation back into (|7.1.17|), we immediately get 

Ge 



^(^l-fe(^+""'""'')T57o^ 



e = . 



(7.1.20) 



We can then easily check that is a projector, as 0^ = 0, with tr = 2. As the projection 
will halve the number of independent Killing spinors, we say that we have an half-BPS 
solution. In the case we set A^ = 0, and thus also /? = Om = 0, this simplifies to 



ee= ^(l_ie-"«^57o)e = 0, 



(7.1.21) 
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and we thus obviously also describe half-BPS states. In our paper |101j . a more intuitive 
derivation of the same condition (7.1.19) was provided. We do not wish to reproduce it here 



and refer the reader to this paper for more details. 

), 

-Z7oie(^-°'")^5 {l 



Given the above BPS bound (7.1.19), the SUSY variations can be rewritten as 
M 



5i>t 


= dte + 




= dre — 




= dge - 




= d^e - 



2i?3 
Z 

2R{r - M) 



le 



^e 



(2/3-a,)75 



1 Z ( 



7oe, 

am)75 |]^ 



le 



{/3+am-aq)'y5 



70 



h 



(sin07i3 + cos 6*723 )e + 



(7.1.22) 
(7.1.23) 

(7.1.24) 
(7.1.25) 



+ 



Z . ^ NZ{r-M) 
— sm 6'7i3 H ^3 cos djoi 



1 



Upon imposing the projection equation, we immediately see that the set of equations 
reduces to 



dte, 
dre - 

dge - 
drhe 



Z 



2R{r - M) 
1 

n7i2e, 



•g(2/3-a,)75^^jg^ 



(sin6l7i3 + cos 6*723 )e. 



(7.1.26) 
(7.1.27) 

(7.1.28) 
(7.1.29) 



and we can solve the Killing spinor equations for the 6 and (j) dependence by writing the 
solution in the form 



e(t,r,6l,0) = 62 
where e(r) is a solution of the system 



^7l2f g|723<^ 



Qe -- 
dre 



|l_^e(/*+"m-",)75^g|g = 0. 



z 



2R{r - M) 



.g(2/3-a,)75^pg. 



(7.1.30) 

(7.1.31) 
(7.1.32) 



The above projection equation (7.1.31) will be essentially enough for the rest of the 
discussion on the relation between the Killing spinor and the supersymmetry algebra. How- 
ever, for the sake of completeness, and in order to show that a solution indeed exists, we 
would like to provide the reader with the complete expressions of the Killing spinors (see 
also [TOT] '). 

The system ( 7.1.31 )-( 7.1.32 ) is exactly of the form presented in section 6.6 We will start 
by applying Romans's algorithm and our alternative algorithm to the Reissner-Nordstrom 
black hole with electric charge and with electric and magnetic charges. These results are, 
for example, presented in |133J. We start by reviewing this firstly because it is easier to 
illustrate both methods, and secondly because it strongly suggests how one should deal, as 
we will do just after, with the charged Taub-NUT black hole. 
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RN with only electric charge 

Here, the BPS condition is M = Q, and also /3 = Um = Og = 0. The projection simphfies 
to 

ne = ^(l-i7o)e = 0, (7.1.33) 
Following Romans's procedure, we need y ^ and we thus set x = 0,y = 1 and r2 = —i^o- 



The Killing spinor equation (7.1.32) simplifies to 



MM , , 

drc = — rrzi-foe = — — e. 7.1.34) 

2r{r-M) ' 2r{r - M) ^ ' 



Following Romans's algorithm, we have 

M 



6 = 0, (7.1.35) 



2r(r - My 

and the integrability condition is trivially satisfied as x = 6 = 0. We obtain 



p=l, q = -l, e^ = ^ll-^. (7.1.36) 



The general solution is 



e(r) = ^/l-^(l + i7o)eo. (7.1.37) 



Note that we will obtain exactly the same result if we apply our alternative method. 



Indeed, from (7.1.33), we start by stating that 

e(r) = /(r)(l + i7o)eo . (7.1.38) 
The differential equation for /(r) gives precisely the same result as above. 

RN with electric and magnetic charges 

In this case, the projection equation is 

0e = i(l-ie-'^^7o)e = ^(l + ^(-no) + ^(ni23))e = 0, (7.1.39) 
and the Killing spinor equation is the same as in the previous case 

dre = -'-{l - yrH^,{-Qloi + g723))7ie = ^^^^^ ^^ e , (7.1.40) 

upon using the projection equation. Given this, we have 

M 

6 = 0, 



2r(r - M) ' 
X = H/M , y = Q/M , 

Ti = «7i23 , r2 = -170 , (7.1.41) 
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and the solution is 



M , M + H M-H,l, 
e(r) = y 1 - + - f^i23)eo • (7.1.42) 

In here, our alternative method is actually equivalent to an approach presented in |133j 
which relies on the use of electromagnetic duality. It is implemented by setting 

Q = Mcosa, H = Msm.a, (7.1.43) 

and realizing that 

V(a) = exp(-^75a)V(0)exp(+^75a) . (7.1.44) 
Given the Killing spinors for the purely electric RN case (a = 0), we immediately find 



, , , Ml, 

e(r) = Wl -(l + z7o(cosa + 75sma))eo 

" r 1 



1-— J(l + ie-°'^^7o)eo. (7.1.45) 
r I 

This last result is obviously what one obtains using our alternative method. Although 



the projections, let us call them Hi and 112, appearing in (7.1.42) and (7.1.45) seem rather 



different, one can check that they are equivalent following the argument presented in section 



6.6 Indeed, we have nin2 = Hi and n2ni = Ii2, but also Tr(ni) =Tr(n2) = 2. 



TN with electric and magnetic charges 

Here, if one wants to follow Romans's algorithm, the system to solve is 

Be = ^ |l - ie^^+^^-^'^^s^o} e = , (7.1.46) 

meaning that we set 

(Qr2 + 2NHr - N'^Q) N 



2yR^{r- M) ' 2R'^y ' 

{MH - NQ)r - N{MQ + NH) _ {MQ + NH)r + N{MH - NQ) 

Ti = i7i23 , r2 = -«7o , (7.1.48) 



and that 



// Z'^vir — M\ 
adr] = Ky — , (7.1.49) 
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where K is an integration constant that we fix such that in the hmit — t- we recover the 
result for the charged RN. By setting K = 1/ yJMQ, we have 



M 

expH(iV = 0) = Wl - — , (7.1.50) 

where y{N = 0) = Q/M, Z{N = 0) = M. The final result takes the rather complicated 
form 



e(r) = ^(\/rT^ + i7o^r^)(l-^7i23)eo • (7.1.51) 

Now, one can try to solve it using our alternative method. However, it is a bit more 
involved as the projection is now an r-dependent projection. Let us first rewrite this pro- 
jection into a more enlightening form 



^(^1 -ie(^+°'"-"«)T57o)e = le^f-"™)^-^ (^e"'"^^ _ ie»,i5^^y-^j5^ ^ (7.1.52) 



where we made use of e^"™^^ = e^"'''''^ which is valid when + N'^ = and also 
7570 = ~7o75- Given all this, it is now easy to realize that the solution will be 



eo (7.1.53) 



!_^e2^4(e"™^' +^e-°'^5 7o)eo . (7.1.54) 
li 2 



Indeed, it is easy to see that it reduces to the result found for the RN solution (7.1.45) when 
N = and that it trivially fulfills the projection equation. Eventually, one can check that 
it also fulfills the Killing spinor equation 

dre = ^ ^ie(2/3-'^')T57oe. (7.1.55) 

2R{r-M) ' ^ ' 

Indeed, by plugging our guess for e, we rewrite it as 
Now, we are just left with checking that 

This is trivial after computing 



r-M _ Mr + N^ r-M 
''^'^f' ~ 2{r - M)R^\I ' 



(7.1.58) 
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and also 



Mr + 75iV (M - 75 A^) (r + -f^N) 



2{r - M)R^ 2i?2 2(r - M)R^ 



y 

= - e(/3-am)75 (-7 Y 5Q^ 

We have thus shown that, provided the BPS bound M^+A^^ = is satisfied, the metric 
has a Killing spinor, which actually depends on two complex numbers. The metric thus 
preserves half of the 8 supersymmetries. This is in agreement with the results presented in 
[139] (see also dMHHO]). 

As a last word, we could worry about the issue whether the Killing spinor is globally 
defined. Indeed, as we discussed in Part II, the metric has a coordinate singularity along 
the z axis. However, we said that one can remove the singularity along half of the axis 
by a coordinate transformation. Essentially, one obtains two completely regular patches on 



the upper and lower hemispheres, where the metric is the same as (7.1.3), but with cos^ 
replaced by cos0± 1. It amounts to shift the time coordinate t by ^2N(j). Since the Killing 
spinor is t-independent, we can already see that it will be the same on the two patches. 
This can be verified by re-deriving its expression as above with the regular metric in each 
patch. As expected one finds the same result as above. 



7.2 Asymptotic projection and the superalgebra 

In this section, we analyze in more details the solution for the Killing spinor found in the 
previous section. In particular, we consider the projection that defines the Killing spinor 
and take its limit of large radius, where the metric is asymptotically flat. The projection 
can be recast in a form which is similar to the right hand side of the N = 2 supersymmetry 
algebra. However, we point out that the term containing the NUT charge has the wrong 
hermiticity condition and thus does not seem to fit in any of the central (or else) extensions 
of the most general M = 2 supersymmetry algebra. 

The projection defining the four independent real components of the Killing spinor is 
given by 

|l - ie(^('')+"'"-"«)^5^o} e = 0. (7.2.1) 

We have emphasized that it is r-dependent. There are two observations one can make about 
this dependence. Recalling that tan /3(r) = N jr and that tanom = N/M, we see that when 
the NUT charge is absent, both /3 = and am = 0. The projector becomes r-independent. 
However, even when A^ 7^ 0, in the limit of large radius, r — )• 00, we observe that /3 — )• and 
the r-dependence also disappears. We are left with a constant asymptotic projector which 
depends on all of the four charges (where it is of course understood that they satisfy the 



BPS bound ( |7.1.19D ). 

Let us rewrite the projector in a more readable form. By setting /3 = and multiplying 

by e~"'"'^5, we obtain 

{M - 75Ar - i(Q - 7577)70} e = 0. (7.2.2) 
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Let us now try to motivate the fact that the NUT charge should find its place in the 
supersymmetry algebra. Remember that the most general N = 2 superalgebra including 



the scalar central charges (see e.g. |114j ) was already presented in section 6.1 for Majorana 
supercharges (with / = 1,2 in our present case) . It is 

{Q^, QJ} = ^^'CP^.S^'^ + CU^-^ + 75Cy^-^, (7.2.3) 

where both U^'^ = — C/"^^ = Ue^^ and V^^ = —V^^ = Ve^'^, and C = 70 is the charge 
conjugation matrix. In our conventions, Majorana spinors are real and we can define a 
single complex Dirac supercharge 

1 



2 = ;^ (2' +^2')- 

The only non trivial relation of the superalgebra becomes 

{Q,Q*} = l^CP^-i{U + j5V)C. 



(7.2.4) 



(7.2.5) 



When there is a multiplet of BPS saturated states, some combinations of the super- 
charges have to be represented trivially, i.e. they have to vanish. This translates into the 
statement that the matrix {Q^ , Q"^}, or equivalently {Q, Q*}, is not of maximal rank. This 
means also that the right hand side of (7.2.5) must have vanishing eigenvalues. In the 
present case, for a massive state at rest, we identify Pq = M. Further, if we set U = Q and 
V = H, we see that we have preserved supersymmetries if the equation 



{M -^(Q- 75^)70} e = 0. 



(7.2.6) 



has solutions (note that we have multiplied the expression in (7.2.5) by 7*^ on the left and 
C on the right). 



We recognize the equation (7.2.2) for A'^ = 0. So, we see that for a Reissner- Nordstrom 



black hole with electric and magnetic charges, the projection on the Killing spinor in the 
extremal case maps directly to the right hand side of the M = 2 superalgebra. Actually, we 



could have guessed the superalgebra (7.2.5) from the expression for the projector (7.2.6). 



It is thus tempting to do this for the case where 7^ 0. From (7.2.2), we see that must 



belong to a "charge" which carries a Lorentz index. The most straightforward guess is that 
A*" = Kq of a vectorial charge which enters the superalgebra as 



{Q, = l^CP^ + 757''C'K^ - KU + -i^V)C. 



(7.2.7) 



We see that the NUT charge A^ seems to belong to an extension of the superalgebra which 
is not central in the sense that it is not a Lorentz scalar. Such extensions have been studied 
|141j , and the most general N = 2 superalgebra taking them into account has been written 
|125l I126j . It is however straightforward to see that our term with K^^ is not part of any 



extension considered so far. The reason why Eq.(7.2.7) is wrong is extremely simple: it 
violates hermiticity. Indeed, we have that (757^C)^ = — 757'^C, while any term on the right 
hand side must be hermitian since {Q, g*}t = {Q, Q*}. Alternatively, it is stated in jll4| . 
that if one tries in general to include such a term, the Jacobi identity of the schematic form 



[{Q', Q'], J] + [{Q', J], Q'] + [{Q\ J], Q'] = 0, 



(7.2.^ 
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can never be satisfied unless the additional term mixes non-trivially with the Poincare 
generators. This is however excluded by the Coleman-Mandula no-go theorem. 

Before seeking a way to solve this puzzle, we wih provide the reader with a more stronger 
procedure to understand how the left hand side of the superalgebra is related to the pro- 
jection acting on the spinors. We will see in the following section that the dual momenta 
Kfj^ arise naturally through a generalization of this construction. 



7.3 The Witten-Nester form 

A general theorem proving positivity of energy in general relativity was first proposed by 
R. Schoen and S.T. Yau in [112j . A simplified proof was given by E. Witten in [9] where 
spinorial techniques are used. This last construction was even more simplified by J. Nester 
in |143j where a covariant tensor is introduced, known as the Witten-Nester two-form. 
Positivity of the energy in supergravity was proved in |144j (see also |145j ) by showing that 
the Hamiltonian is the square of the spinor supercharges just as for globally supersymmetric 
theories. 

In here, we are not interested in positivity energy theorems and refer the reader to these 
papers for more information. However, for our purposes, it will be interesting to review 
the fact that these constructions for general relativity have, surprisingly, a deep connection 
with supergravity constructions as was pointed out in [S] and made precise by C. M. Hull in 
|146| . Especially, we want to review the fact that the Witten-Nester two- form can be seen 
as describing the right hand side of the superalgebra. This was explicitly shown for M = 1 
supergravity in [llfij and M = 2 in [145) . At first sight, it is not so astonishing that such a 
connection exists. Indeed, the positivity energy theorems have connected this two-form to 
the usual ADM definitions of energy and momenta, while we have reviewed that appears 
in the superalgebra. 

Let us begin by showing how the Nester form |143| is related to the variation of the su- 
percharge, expressed as a surface integral (see \1^7\ 1145] I146j ). which is just the algebra of 
charges. The bosonic algebra is then linked to the superalgebra. This construction enables 
us to see how the Witten-Nester two-form provides an expression of the bosonic charges, 
appearing on the right hand side of the superalgebra, in terms of surface integrals at infinity 
and coincides with the usual ADM expressions. Actually, we show that complexifying the 
Witten-Nester form, the ADM momenta appear together with the dual, magnetic, ADM 
momenta and are equivalent to the expressions already derived in Part II. This complexi- 
fication is triggered by considering a "topological", symmetric, contribution to the algebra 
of bosonic supercharges. We will show that these contributions are the ones describing the 
dual charges. Evaluated on the charged NUT black hole, the right hand side of the modified 
superalgebra reduces exactly to the asymptotic expression contained in the definition of the 
Killing spinor, discussed in the previous section. We follow closely |146j . 

Using the Noether method one computes the generator of supertranslationaM It can be 



'^Here, supertranslations have obviously nothing to do with the supertranslations discussed in Part I. 
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written as a volume integral, which in turn can be expressed as a surface integral 



I 

I 

An 



(7.3.1) 



where Vp is the supercovariant derivative acting on a spin-3/2 field, c.c. denotes complex 



conjugate, e = e^C = e^7o and we take the convention £0123 



-0123 



1. Although we are 



being quick here, note that we are just stating that the supercharge is obtained by taking the 
volume integral of the linearized Rarita-Schwinger field equations contracted with a Killing 
spinor (see |146j), in complete analogy with the Poincare charges obtained in chapter 1 by 
contracting the linearized Einstein equations with a Killing vector, "a la Abbott-Deser" . 

The charge Q[e, e] is bosonic and transforms the supergravity fields according to a su- 
pertranslation. When acting for instance on the bosonic fields, which are real, it generates 
a variation which is also real. We recall that in the present J\f = 2 case, the gravitino ■0^4 is 
Dirac and hence complex. In terms of the fermionic Dirac supercharges defined in (7.2.4), 
and because (eQ)* = —Qe, we have 



Q[e,e] = iieQ + Qe). 



(7.3.2) 



It follows from the theory of surface charges (see for instance \18\ I19j) that the variation 
of the supercharge should define its bracket in the usual way 



5ei,eiQ[e2,e2] = « Q[ei , ci] , Q[e2 , £2 



(7.3.3) 



In terms of the fermionic supercharges (7.2.4), using the expression (7.3.2), we would then 
obtain 



Q[ei,ei], Q[e2, £2] = i^Q, Q*}Cei - iei{Q, Q*}Ce2. 



(7.3.4) 



However we will see that our analysis will force us to consider a possible "topological 
extension" 



5ei,fiQ[e2,e2] =i Q[ei,ei], Q[e2,e2] 



(7.3.5) 



The crux of the matter is that Sei,tiQ[£2, £2] is not antisymmetric in the exchange of ei and 
€2, as we now show. 



Using (7.3.1) one finds for the bracket term and the "topological" term the following 



expressions 



Q[ei,ei], Q[e2,e2] = -((^ei.ei Q[e2, £2] - l^ea.faQiei' ^i]) 



4tt 



e^"^"e2757pV,ei dS^, + —(f> e^"''"Vpei757<xe2 - (1 o 2), (7.3.6) 



and 



T = -{5,,-,,Q[e2,e2]+S,,,,,Q[euei]) 



^e'^^''"Vp(ei 757^62 + e2757aei) d^^,^. 



(7.3.7) 
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Note that obviously (7.3.6) is identically zero when ei = €2 but T is non-zero. 



We now focus on the following expression which is the "building block" of the expressions 



appearing in ( 7.3.6 )-( 7.3.7) 



(7.3.^ 



This is precisely the two-form presented by Nester |143j and generalized by Gibbons and 
Hull |145j . albeit in its complex version pj (rec all that e is Dirac in our set up). One can see 
that the (antisymmetric) bracket term (7.3.6) and the (symmetric) topological term (7.3.7) 



map respectively to the real and imaginary parts of the Nester form (7.3.8). 



We are now going to use the expression (7.3.8) to obtain a linear combination of purely 



bosonic surface integrals, which correspond to space-time momenta and Maxwell charges. 
In order to proceed, we linearize gravity around Minkowski spacetime, in cartesian coor- 
dinates. As we have already seen, we consider space-time endowed with a NUT charge as 
asymptotically flat, at least as far as spacelike surface integrals are concerned [27]. 
First of all, following jl45] , we rewrite the complex Nester form as 



where 



An 



(7.3.9) 



(7.3.10) 



One can readily check that H^''^ is actually real, hence any surprise will necessarily come 
from the purely gravitational term E^'^. 

In the following, we will express everything in terms of the linearized spin connection 
iOfj^i^p. Hence the covariant derivative on a spinor becomes (note that we no longer distinguish 
between flat and curved indices, since they are the same at first order) 



(7.3.11) 



We now plug back this expression in E^''^. Note that in the surface integral, the piece pro- 
portional to dfj_e will drop out as explained in detail in [9l I146j . The spinors will henceforth 
be identified with the constant value that they take asymptoticallyj^ Hence we restrict to 



EP" 



1 

16^ 



Using the relation (see appendix HI. A) 

7p7At = VpXlr - r]prjx - SpXra^-f5, 



we obtain 



fiupa 



(7.3.12) 



(7.3.13) 



(7.3.14) 



^ In references [143] and [145], they indeed considered + 

^Indeed, we can actually take the spinors to be the Killing spinors of flat space in cartesian coordinates. 
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Note that the first term above is real while the second is imaginary. 

Integrating the above 2-form at spatial infinity, we select the E^^ component, with 
i = 1,2,3. We can then reexpress the integral in terms of purely bosonic surface integrals 
as 

E'^'dti = ej^Pxe + ej5l^Kxe, (7.3.15) 

where we recover the following expressions for the ADM momenta and the dual magnetic 
momenta, already obtained in Part II, 

Pa = l-^{u;'\ + 5U%-6lu;''%)dt„ (7.3.16) 

Kx = ^ j e'i'^ojx.kdti. (7.3.17) 

At last, we can also address the second term of the generalized Nester form, which is treated 
as in [145] . By writing 

H^"" = i^e^'''''FxrllAl,l^^l. - 7<x7^"7p)e, (7.3.18) 



and using (see appendix III. A) 



IplXrlu - lalXrlp = '2^^ pXrulb + '^{VpWra " VprVXcr), (7.3.19) 

we obtain 



The surface integral then becomes 



jjp,. = -^F'^'ee + iz^^^^^FpaH^^- (7.3.20) 



H^'dti = -ieUe - ie-f5Ve, (7.3.21) 

with the central charges defined by 

U = j F^'dti, (7.3.22) 

^ = ^ f e''''Fjkd±i. (7.3.23) 

It can be checked that U = Q and V = H on the electromagnetically charged RN or TN 
solutions. 

Summing up all the terms, we have 

E'^'dti = ej^Pxe + ej5l^Kxe - ieUe - ie-f^Ve. (7.3.24) 

It is clear that the above expression cannot be equated to e{Q, Q*}Ce, which would then 



result in the "wrong" superalgebra (7.2.7). But now we see that the obstruction to do so is 



precisely the presence of the topological term T in (7.3.5). 
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Using the definitions of T (7.3.7) and of the complex Nester form (7.3.8) we see that 



T{e,e) = -ij{E-E*). 



Using then the result (7.3.24) we finally indeed find 

r(e, e) = -2ie757^i^Ae. 



(7.3.25) 



(7.3.26) 



To sum up, we see that a refined analysis of the Nester form in its complex version 
permits to recover precisely the additional term which was guessed from the asymptotic 
projection acting on the Killing spinor. In this context, we see that this additional term is 



actually violating the relation (7.3.3) and corresponds to a "topological" term leading to 



the bosonic algebra (7.3.5). It would be interesting, but beyond the scope of this thesis, to 
understand better under the lines of [H], the appearance of such topological terms. 



7.4 A modified superalgebra 



As we have already discussed in Part II, Taub-NUT spaces are notoriously problematic for 
the time identifications that they imply [22j, and for the presence of the Misner strings 
[98] . which are gauge- variant singularities. It has been suggested that these pathologies 
are enough to conclude that such spacetimes are not globally supersymmetric |148) . even 
though they have locally (and globally as well) Killing spinors. However from the point 
of view of the surface integrals that define both the bosonic and the fermionic charges of 
the superalgebra, the spacetime with NUT charge is asymptotically fiat according to the 
simplest definition [27] . If we were to assume that the presence of Killing spinors implies 
that the spacetime is supersymmetric, we would be faced with the challenge of including 
the NUT charge in the superalgebra. The (asymptotic) projection acting on the Killing 
spinor must be the same as the projection acting on the supercharges which are represented 
trivially on a BPS multiplet. However, as we have shown, the NUT charge enters in a 
term which cannot be part of the superalgebra because of its wrong hermiticity. Below, we 
suggest a tentative path to trivialize this problem. 



A logical possibility is to write the corrected variation of the supercharge (7.3.5) in a 
different form, by introducing a new supercharge Q' 

Se^,eMe2,e2] = i [q' [ei, h], Q[e2, 62]] . (7.4.1) 

The above expression is not antisymmetric under the exchange of ei and €2, which is another 
way of encoding the presence of the (symmetric) topological term. In terms of the fermionic 



supercharges Q and Q' , (7.4.1) reads 



Seu-eiQ[^2,e2] = i^Q, Q"'}Cei - iei{Q', Q*}Ce2, (7.4.2) 

where we have supposed that {Q,Q'} = 0. Then, equating the above to the expression 
obtained through the Nester form, we get 

{Q, Q'*} = rCP^, + 757^^^^ - i{U + 15V)C. (7.4.3) 
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Now the l.h.s. is no longer hermitian, so there are no obstructions to having the antiher- 
mitian term containing in the r.h.s. The question is of course what is Q' . It must be 
related to Q otherwise we would be doubling the number of supercharges. We now show 
that it is related to Q through an "axial" phase shift. 

Let us rewrite for definiteness the relation (7.4.3) on our particular static massive, 
charged states with NUT charge 



{Q, Q""} = M + 757V - iiQ + 75^)70- 



Using the angles defined in (7.1.16), it can be rewritten as 
If the charge Q' is related to Q by a simple phase rotation 



70- 



then eq. (7.4.4) takes a more standard, hermitian form 

{Q, Qn = M'-i(g' + 75^070, 

with 



M' = \/M2 + iV2, Q' 



QM -HN 
VM2 + Ar2 ' 



H' 



HM + QN 

VM2 + iV2 ■ 



(7.4.4) 

(7.4.5) 

(7.4.6) 

(7.4.7) 
(7.4.8) 



Hence, through a non-linear redefinition of the charges, we obtain the relation (7.4.7) that 
in the new variables defines an hermitian superalgebra. Actually, the new variable M' is 
precisely the result of a gravitational duality rotation that eliminates the NUT charge 



cos a. 
— sin a 



m 



sm a„ 

cos Or 



M 

N 



M' 




(7.4.9) 



Note that also Q' and H' are obtained from Q and H through an electromagnetic duality 
rotation of the same angle. 

The phase rotation (7.4.6) depends on dynamical quantities, such as N and M. The 
latter however commute with the supercharges for consistency of the superalgebra, hence 
for instance we are assured that {Q, Q'} = 0. Moreover, one could wonder what modified 
supersymmetry variation is induced by Q' . This clearly deserves to be investigated, though 
for consistency we anticipate that we should not find any modification in the transformation 
laws of the elementary fields. 

In a more general case where both ordinary and NUT momenta Pi and Ki are non zero 
the situation is a bit subtler. Indeed, focusing only on the "gravitational" part, we would 
have 

{Q, Q'"} = Po + I5K0 + {P^ + j5Ki)Ylo. (7.4.10) 
After a rotation similar to ( |7.4.6 ) we would get 

1 



Pi + K^o + 



[PiPo + KiKo + i^{K,Po - PiKo)] 7*70. (7.4.11) 
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We thus still have an offending anti-hermitian term, which is however proportional to KiPQ — 
PiKo and is thus not present when is parallel to P^. Now, under a general gravitational 
duality rotation |27j we have that 



cos Q sm a 



/ , (7.4.12) 



siuQ COSQ J \ J \ -"-^ 

and a NUT 4- momentum can be completely eliminated only if it is parallel to P^. We 
thus seem to be able to make sense out of a superalgebra in the presence of NUT charges 
only when the latter can be eliminated by a gravitational duality rotation. 

When this is not possible, we do not seem to be able to define a superalgebra. Note 
that we are not aware of solutions with non-aligned Ky^ and charges. Actually, it can 



be shown on simple examples that the r.h.s. of (7.4.3) does not have vanishing eigenvalues 
when K^jL and are non parallel. 



In the case K^^ = AP^, we have A = N/M = tana^. and performing the rotation (7.4.12) 



with a = am, the relation (7.4.11) becomes the usual superalgebra 

{Q,Q-}=^^CP' (7.4.13) 



Note that is always parallel to P^ if the spatial components Ki and Pi are obtained 
by boosting a static object with Kq and Pq charges. Indeed, remember that we have seen 
in Part II that boosting a pure Taub-NUT solution, one indeed obtains a solution with 

7^ 0. Notice that this solution will however not be supersymmetric. Actually, in the 
infinite boost limit, one recovers the magnetic dual of the usual pp-wave, which is moreover 
half-BPS. This latter fact lends support to the presence of the dual magnetic momenta even 
in the M = 1 superalgebra, along the same lines as above. We will discuss that in the last 
section. 

We could thus sum up in the following way the answer to the question that motivated 
this work, namely how does the NUT charge enter in the supersymmetry algebra. When 

is parallel to P^, which seems to be the only situation where we have Killing spinors, we 
can eliminate by a gravitational duality rotation (7.4.12). The superalgebra then incor- 



porates the NUT charges through the (duality invariant) combination P' . Alternatively, we 



can define a generalization of the superalgebra (7.4.3) where the NUT charges appear on 



the r.h.s. but where we have to define a new supercharge through the axial phase rotation 



(7.4.6). It is this latter generalized superalgebra that can be directly related to the com- 
plex Nester form. Nevertheless, both alternatives give the same BPS bound and projection 
on the supercharges, and are hence compatible with the projection on the Killing spinor. 
In conclusion, this is evidence that backgrounds which are obtained through gravitational 
duality rotations from ordinary BPS solutions, such as Reissner-Nordstrom black holes, are 
indeed supersymmetric. 

In the following section, we review how this argument can be understood in = 1 
supergravity. 
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7.5 Supersymmetric pp-waves 



Here, we want to review the fact that the shock pp-wave is a supersymmetric solution of 
M = 1 supergravitjj^ As the BPS bound is Pq = — P3 for the Aichelburg-Sexl metric, we 
want to estabhsh that the BPS bound is Kq = —K3 for our dual pp-wave. From Part II, 
we see that the charges for the dual pp-wave verify this BPS bound. 

As explained in Part II, we will work with a regular spin connection. Let us start with 
a pp-wave of the form 

ds'^ = -dt^ + dx^ + dy^ + dz^ + F{dt - dzf 

= -du{dv - Fdu) + dx^ + dy"^, (7.5.1) 

where F = F{x, y) and where we defined light-cone coordinates u = t — z and v = t + z. 
Note that we dropped again the delta function for simplicity. An obvious vielbein choice in 
light-cone coordinates is 

e~ = du, = dv — Fdu, 

= dx, = dy, (7.5.2) 

and the metric is ds"^ = rjabe"" where the non- vanishing components are r/n = ?722 = Ij 
r/_| = r] ^ = —1/2. Going back to cartesian coordinates, we obtain the symmetric vielbein 

1 F 

e° = -{e^ + e-) = dt- -{dt-dz), 

= dx, 
(? = dy, 

e' = ^{e"^ -e-) = dz-^{dt-dz), (7.5.3) 

where symmetricity is understood by the fact that v^u = —Vvfi = 0. The non-trivial 
components of the spin connection are 

woa = -W3a = ]^daF{x,y)[dt - dz), (7.5.4) 

where F(x,y) = — 4pln(x^+y^) for the Aichelburg-Sexl pp-wave and F(x, y) = — 8A: arctan(x/2/) 
for the dual pp-wave. Even if in the case of our dual pp-wave the metric has a string sin- 
gularity, one can see that the spin connection is "regular" in the x — y plane. 

It can be easily seen that the pp-wave solution is an half-BPS solution of = 1 super- 
gravity when looking at the Killing spinor equation 



5^ + ^<"7n^n 



e = 0. (7.5.5) 



*Note that all supersymmetric solutions of A/" = 1 supergravity were classified in [139| . 
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Indeed, we obtain 



dt - -daF{x,y){-fo + 73)7a 



dxe 
dye 





1 



dz + -,daF{x, y)(7o + 73)70 







(7.5.6) 



As the second and third equations show that e does not depend on x and y, then the first 
and fourth equations imply the projection (70 + 73)6 = 0, which is also what one obtains 
when using the integr ability conditions. This determines that the solution preserves half of 
the supersymmetries and has a constant Killing spinor. This projection corresponds to the 
BPS bound Pq = —P3 for the Aichelburg pp-wave and Kq = —K3 for our dual pp-wave. 

Our computation shows that the infinite boost of Taub-NUT, a shock pp-wave, is also 
a half-supersymmetric solution of A/" = 1 supergravity. This provides more evidence that 
the NUT charge should be included in the Af = 1 supersymmetry algebra in the same lines 
as described in the previous section 



(7.5.7) 



where Q' is related to Q by a phase Q' = Q e°'^^ with tan a = Kq / Pq . Indeed, the "modified" 



superalgebra (7.5.7) is consistent with the projection and the BPS bound just derived. 
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Appendices Part III 



III. A Gamma matrices 

We will consider 4 real 4x4 matrices 7a, called gamma matrices, that satisfy the Clifford 
algebra 



{7a, 7&} = 7o76 + 767a = ^Vab I- 

For definiteness, we list below a choice of real gamma matrices: 



70 



72 



/o 








-1 






/ 1 





\ 












1 












-1 












-1 










, 71 = 





1 









V 1 











) 









-1 J 






/o 








1 






f ° 


-1 





\ 








-1 









-1 













-1 










, 73 = 








- 


1 




V 1 











) 




I 





-1 


/ 



We also have 



7 



7 = -70, 



7 =7i 



Let us now define the parity matrix 

75 = 70717273, 



(75)^ 



-1, 



(III.A.l) 



(III.A.2) 



(III.A.3) 



(III.A.4) 



which is real and antisymmetric. The conjugation matrix used in the main text is defined 
as C = 70- Let us eventually define 



7a 



7[ai •••7anl ' 



(III.A.5) 
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which imphes as one can check 

1 



lab 
labc 

labcd 



ilalb - Ibla) = lalb " ??a6, 



(III.A.6) 

(IILA.7) 
(III.A.8) 



7a 767c - Vablc + Vaclb " Vbcla 
lalbc - riablc + 'naclb, 
lalblcld + lalcVbd " lalbVcd " laldVbc 

-IblcVad - Icld-riab + IbldVac - VacTlbd + llabVcd + rjadllbc (III.A.9) 



1 



(7a7fec7d - 7rf76c7a) " ^labVcd + VacVbd, 



(III.A.IO) 



One can also verify the fohowing identities 



7a7" = 4 /, 7b7'^7'' = -27^ 7c7"7S' = 4r?'^' /, 
7d7''7''7'7'^ = 27'*7S' - 47''r/^'= + 47^'^^ - Aj^r]''''. 



,,abc 



From the above definitions and identities, one can check that 7""'" = —7^7' 
implies that 



abed 



-,abc ^abcd., 

7 = e 7d75, 



where eoi23 = +1- Indeed, 75 can be written as 



75 = 70717273 = <Joi237a7b7c7d 



e"'"^Sa7fe7c7d, 



and one readily sees that 



1 



ubcd^, „ ^abcd„, ^ „,e„f„,g„A 

e 7rf75 = e Id^eefghl 7-' 7^7 



-7rf7 



abed 



Another useful relation implied by the previous one is 



Idlblab = Idlablh 

= ldabl5 + '^r]d[alb]75 
= -^dabeY + '^r]d[alb]l5, 



where in the second equality we have used (III.A.8). 



A last useful relation that can be obtained from (III.A.8) is 



lalbeld - Idlbela = '^Gabedlb + '^{rjabVed " Vaeribd), 



(III.A.ll) 
(III.A.12) 

This also 



(III.A.13) 



(III.A.14) 



(III.A.15) 



(III.A.16) 



(III.A.17) 
(III.A.18) 



which can be checked by replacing 75 with (III.A.14) 
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